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Preface

Everything changes in the universe with the passage of time. The change occurs for the
better performance and better result. Similarly, the change has occurred in the Mathematics
Curriculum as well. The present book entitled "Basic Mathematics" grade 12 is the new form of
our books "Higher Secondary Level Basic Mathematics for grade XI and XII". The new and
updated curriculum in Mathematics needs a revision of our books "Higher Secondary Level
Basic Mathematics Vol. I and Vol. II" for grade XI and XII in order to meet the necessity of the
latest changes. So, we revised our previous books and presented under the title "Basic
Mathematics" grade 12.

In this edition, we have as usual preserved many features and characteristics of the
previous edition which are highly liked and appreciated by the teachers and taught while
incorporating many changes in both content and extent. New chapters on use of quadratic
functions, differential equations and its application such as cobweb model, keynesian macro
economic model have been added. These topics have been carefully written so that they may
easily be understood. The questions at the end of the exercises under the heading A, B, C, ...
are either for the practical work or for the project work.

We must not forget to thank Mr. Ananda Krishna Shrestha of Sukunda Pustak Bhawan
for the determination and dedication he has shown on publishing the book in time. We also
thank Mr. Kiran Shakya for the appreciable work done by him in computer typing and figure
designing.

Any suggestion for the improvement of the book will be highly appreciated and
thankfully acknowledged. '

Poush, 2077 Authors







Secondary Education Curriculum
2076

Maths
Grade: 12 Subject code: Mat. 402 (Grade 12)
Credit hrs: 5 Working hrs: 160

1. Introduction

Mathematics is an indispensable in many fields. It —is essential in the field of
engineering, medicine, natural sciences, finance and other social sciences. The branch of
mathematics concerned with application of mathematical knowledge to other fields and inspires
new mathematical discoveries. The new discoveries in mathematics led to the development of
entirely new mathematical disciplines. School mathematics is necessary as the backbone for
higher study in different disciplines. Mathematics curriculum at secondary level is the
extension of mathematics curriculum offered in lower grades (1 to 10).

This course of Mathematics is designed for grade 11 and 12 students as an optional
subject as per the curriculum structure prescribed by the National Curriculum Framework,
2075. This course will be delivered using both the conceptual and theoretical inputs through
demonstration and presentation, discussion, and group works as well as practical and project
works in the real world context. Calculation strategies and problem solving skills will be an
integral part of the delivery.

This course includes different contents like; Algebra, Trigonometry, Analytic Geometry,
Vectors, Statistics and Probability, Calculus, Computational Methods and Mechanics or
Mathematics for Economics and Finance.

Student’s content knowledge in different sectors of mathematics with higher
understanding is possible only with appropriate pedagogical skills of their teachers. So,
classroom teaching must be based on student-centered approaches like project work, problem
solving etc.

2. Level-wise Competencies

On completion of this course, students will have the following competencies:

1. apply numerical methods to solve algebraic equation and calculate definite integrals and
use simplex method to solve linear programming problems (LPP).
2. use principles of elementary logic to find the validity of statement.

3. make connections and present the relationships between abstract algebraic structures with
familiar number systems such as the integers and real numbers.

4, use basic properties of elementary functions and their inverse including linear, quadratic,
reciprocal, polynomial, rational, absolute value, exponential, logarithm, sine, cosine and

tangent functions.

5. identify and derive equations or graphs for hnes, circles, parabolas, ellipses, and
hyperbolas,

6.

use relative motion, Newton’s laws of motion in solving related problems.
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3. Scope and Sequence of Contents
Contents

S.N. | Content area

Working

1.1 Permutation and combination: Basi_c principle of
counting, Permutation of (a) set of pbjects all
different (b) set of objects not all different
() circular arrangement (d) repeated use of the same
objects, Combination of things all different,
Properties of combination

1 | Algebra

1.2 Binomial Theorem: Binomial theorem for a
positive integral index, general term, Binomial
coefficient, Binomial theorem for any index (without
proof), application to approximation, Euler's number,
Expansion of ¢*, a* and log(1+x) (without proof)

L3 Elementary Group Theory: Binary operation,
Binary operation on sets of integers and their
properties, Definition of a group, finite and infinite
groups. Uniqueness of identity, Uniqueness of
inverse, Cancelation law, Abelian group.

1.4 Complex numbers: De Moivre's theorem and its

applica?ion in finding the roots of a complex number
properties of cube roots of unity. Euler's formula,

1.5 Quadr:?tic equation: Nature ang roots of a
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Trigonometry

2.1
2.2

Inverse circular functions.
Trigonometric equations and general values

Analytic
Geometry

3.1

3.2

Conic section: Standard equations of Ellipse and
hyperbola.

Coordinates in space: direction cosines and ratios
of a line, general equation of a plane, equation of a
plane in intercept and normal form, plane through 3
given points, plane through the intersection of two
given planes, parallel and perpendicular planes,
angle between two planes, distance of a point from a
plane.

13

Vectors

4.1

Product of Vectors: vector product of two vectors,
geometrical interpretation of vector product,
properties of vector product, application of vector
product in geometry and trigonometry.

Statistics &
Probability

5.1

5.2

Correlation and Regression: Correlation, nature of
correlation, correlation coefficient by Karl Pearson's
method, interpretation of correlation coefficient,
properties of correlation coefficient (without proof),
rank correlation by Spearman, regression equation,
regression line of yonx and x on y.

Probability: Dependent cases, conditional
probability (without proof), binomial distribution,
mean and standard deviation of binomial distribution
(without proof)

Calculus

6.1

6.2

6.3

Derivatives: derivative of inverse trigonometric,
exponential and logarithmic function by definition,
relationship between continuity and differentiability,
rules for differentiating hyperbolic function and
inverse hyperbolic function, L’Hospital's rule (0/0,
oo/c0), differentials, tangent and normal, geometrical
interpretation and application of Rolle’s theorem and
mean value theorem.

Anti-derivatives: anti-derivatives of standard
integrals, integrals reducible to standard forms,
integrals of rational function.

Differential equations: differential equation and its
order, degree, differential equations of first order and
first degree, differential equations with separable
variables, homogenous, linear and exact differential
equations.

31
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4. Practical and project activities
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12.

13.

14.

15,

Take four sets R, Q, Z, N and the binary operations +, —, x. Test which binary operation
forms group or not with R, Q, Z,N.

Prepare a model to explore the principal value of the function sin-ix using a unit circle and
present in the classroom.

Draw the graph of sin-ix, using the graph of sin x and demonstrate the concept of mirror
reflection (about the line y = X).

Fix a point on the middle of the ceiling of your classroom. Find the distance between that
point and four corners of the floor.

Construct an ellipse using a rectangle.

Express the area of triangle and parallelogram in terms of vector.

Verify geometrically that: " x (7+ ™) ="x"+7x -

Collect the grades obtained by 10 students of grade 11 in their final examination of

English and Mathematics. Find the correlation coefficient between the grades of two
subjects and analyze the result.

Find two regression equations by taking two set of data from your textbook. Find the point
where the two regression equations intersect. Analyze the result and prepare a report.

Find, how many peoples will be there after 5 years in your districts by using the concept of
differentiation. _
Verify that the integration is the reverse process of differentiation with examples and
curves.

Correlate the trapezoidal rule and Simpson rule of numerical integration with suitable
example.

Identify different applications of Newton's law of motion and related cases in our daily
life.

Construct and present Cobweb model and lagged Keynesian macroeconomic model.

5. Student Assessment

Evaluation is an integral part of learning process. Both formative and summative

evaluation system will be used to evaluate the learning of the students. Students should be
evaluated to assess the learning achievements of the students. There are two basic purposes of
evaluating students in Mathematics: first, to provide regular feedback to the students and
bringing improvement in student learning-the formative purpose; and second, to identify
student's learning levels for decision making.

a. Internal Examination/Assessment

.
l.

Project Work: Each Student should do one project work from each of eight content areas
and has to give a 15 minute presentation for each project work in classroom. These seven
project works will be documented in a file and will be submitted at the time of external
examination. Out of eight projects, any one should be presented at the time of external
examination by each student. '
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Chapter 1
Permutation & Combination

ﬁ

Introduction

We very often come across problems in which we have to compute the number of ways a
set of objects can be arranged under some conditions. As examples concerning these problems,
we can have, in particular in the probability theory. To tackle them we have to study different
counting methods. The study of counting methods comes under the field of combinatorial
algebra. From this field, we have selected only the topics, permutation and combination which
will prove helpful in our future study.

The Basic Principle of Counting

This principle can be best understood with some examples. B_c | aBC
Let us consider three letters A, B, C and see in how many ways A <
they can be arranged in a row. o n| s
ABC BCA CAB Bl
ACB BAC CBA " s <
Thus we see that they can be arranged in six ways. This A—c | BAC
can be explained in a simple way. When we choose a first letter ket | cam
we can choose any one of the three. So there are three choices.
For each choice of the first letter there are only two letters left G
from which we have to choose the second letter. So these first R==h | £OA

two letters can be chosen in 3.2 = 6 ways. For the third choice
there is no alternative but to choose the only letter left. Thus we have 3.2.1 = 6 possibilities.
This is illustrated more clearly in a tree diagram shown aside.

This consideration leads us to the following principle known as the basic principle of
counting. “If one thing can be done independently in n, different ways and if a second thing can
be done in n, different ways and if a third thing can be done in n; ways and so on (for any
finite number of things), then the total number of ways in which all the things can be done in the

stated orderis n, ny n5 ...... %
Worked Out Examples
Example 1 '

8 buses run between Kathmandu and Biratnagar. In how many ways can a man travel from
Kathmandu to Biratnagar and return by a different bus?
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rent ways. AS he has to return

diffe
atnagar by 8 e basic principle of counting,

Solution: | Kathmandu t0 Blrt ways. Now by th

l -
?Tmm: e A return by 7 differen
by differen Y
the total num 8 x

bus, so he can
ber of ways =

s of two different digits can be formed from the integers 1, 2, 3

Find how many numbers

and 4.

Solution : |
There are 4 choices for an intege
are altogether 4.3 =12 two-digit numb

hoices in the units digit. So there

in the tens digit and 3 ¢ he un
; m four given integers.

ers that can be formed fro

How many odd numbers of three digits can be formed from the integers 1, 2, 3,4 and 57

Solution: )
For the three digits odd numbers, the digit in the unit's place must be 1, 3 or 5. So, the
unit's place can be filled up in 3 ways. After filling up the unit's place, 4 integers are left. The
ten's place can be filled by 4 ways and hundred's place by 3 ways. Then by the basic principle of
counting, the number of three digit odd numbers =3 x 4 x 3 =36

Example 4

In a certain election, there are four candidates for president, six for secretary and only two
for treasurer. Find in how many ways the election may turn out.

Solution :

; There are four choices for president,
1nd_ependent of one another, by the basi
which the election may turn out.

Example §

six for secretary and two for treasurer. As they are all
¢ principle of counting there are 4.6.2 = 48 ways in

: H_O\_v many three digit numbers less than 400 ¢
If no digit is repeated? How many of these are divis;
Solution:

an be formed from t

ble by 52 he digits 1,2, 3, 4,5, 6

tha R
ere are 3 ways of filling u n 400, 50 the digit in the hundred's
lling the
lled up in § &
. ways and the unit's
K n(‘). of three digit numbers less than 400 = 3x5 _-
gain for the numbers divisible by 5, we fix the ¢ X 4= 60
’ c i

one choice for filj : itS i
or filling up the units Place. There are 3 w of o e units
a

ways of fillj ' 1
ys of filling up the ten's place. ¥s of filling i Place. So, there is only

. 10. of three die; € hundred's p]
ree digits numbers less than 40 and divisi} e
1s1ble by 5

S1x3x4=12
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Permutation & Combination 3

I. A football stadium has four entrance gates and nine exists. In how many different ways can
a man enter and leave the stadium?

9 There are six doors in a hostel. In how many ways can a student enter the hostel and leave
by a different door?

3. In how many ways can a man send three of his children to seven different colleges of a
certain town?

4. Suppose there are five main roads between the cities A and B. In how many ways can a
man go from a city to the other and return by a different road?

5. There are five main roads between the cities A and B and 4 between B and C. In how
many ways can a person drive from A to C and return without driving on the same road
twice?

6. How many numbers of at least three different digits can be formed from the integers 1, 2,
3,4,5,6?

7. How many numbers of three digits less than 500 can be formed from the integers 1, 2, 3, 4,
5,67

8. Of the numbers forméd by using all the figures 1, 2, 3, 4, 5 only once, how many are even?
9. How many numbers between 4000 and 5000 can be formed with the digits 2, 3, 4, 5, 6, 77

10. How many numbers of three digits can be formed from the integers 2, 3, 4, 5, 67 How
many of them will be divisible by 57

Answers
1.36 2.30 3,210 4.20 5.240
6.1920 7. 80 8.48 9. 60 10. 60, 12

Factorial notations

In many cases, we come across the products of the type 1.2.3.4 or 1.2.3.4.5 etc. These
products are denoted by a notation known as the factorial notation.

The product 1.2.3.4 is written as 4! or |i and is known as factorial 4.

The product 1.2.3.4.5 written as 5! or |5 and is known as factorial 5.

Thus if n € N, then the continued product from 1 to nis known as factorial n and is written

as n! or‘l :

Thus n!'=12345.......(n-1)n
So, 1! =1, 21=1.2, 31=123 and 4!=1234

L —————en TR TR IR TR T YRy IE Ty el e w by
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4
¢ observed that i |
Also, W - 234.5= 5(].2_3.4) =5 x 4!
=1 |
121=12x(12- D= 12x 11
!
- 15-1)!=15x14.
S 1) x (n—2)! o
Also,  n=nx@=1) =n(n-1) * e
It is to be noted that 0! = 1 though by definition 0! has no m :
Example ]
8! - 6! I
Find: 37
Solution: s
8! - 6! _8X7x6!—6!_6!x(56_D:6x5! 654
31 3Ix2xl - 6 6
=5x4x3x2x1x55 =6600 l
| .
Permutations |
|

a) Set of objects all different

Permutation of a set of objects means an arrangement of objects in some order. Consider
the numbers 456, 654. Both of them consist of the same digits 4, 5, 6. But they are arranged in
different order. So they are different permutations of the digits 4, 5, 6. So we can form man
dlfferftnt pern'lut.ation from a given set of objects taken all at a time or taken particular numb :
of objects at a time. The number of permutations that can be formed taken 7 at a time oﬁltfe;

given objects is given by the following theorem. W .
by P(n, r) or by P,. ¢ m. We shall denote this number of permutations

Theorem 1

The total number of permutations of a set of n objects taken

t a time is it
P(,n=n(n-1)(n-2) .. ratatime is given by

[(=r+1) (25,

Proof :
The number of
permutat;
number of ways in wp ons of a set of » objects taken 7 at

o
(‘;n(l-;c; S—-t(l) (f)illl up the first position, When the fuf‘;\ltled 8 ¥ those 5
Jects to fill up the second position i ep(:lslltlon has been

»1.€., there are  — |

position. filled up, there will be left

2 hoices to fi

Si o fill up the second

., mll'alrly there are » — 3 choices to fj] : "
Position, there are j — (r-1) = up the third

the number of ways ir. Y rposmon "% I choices, Thep by t
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b) Permutation ~of objects not all different

To find the permutation of n objects taken all at a time when p of the objects are of first
kind, g of them are of second kind, » of them are of the third kind and the rest all are different.

Let the total number of permutations of 7 objects taken all at a time be x. Out of these n
objects, p of the objects of the first kind be replaced by p new objects different from one another
and also different from each of the remaining objects. If these p different objects be arranged
among themselves, keeping the positions of all other objects same, they will give p!
permutations corresponding to each x permutations. Hence there will be x x p! permutations in
all. In the same way if g of the objects of the second kind be replaced by g new objects different
from one another and from the remaining objects, in each of x x p! permutations, the total
permutations is x x p! x ¢!. Similarly, if » of the objects be replaced by r different objects then
we will have x x p! x ¢! x r! as the total number of permutations when all objects are different.

Permutation & Combination 5 &
Therefore, g

P(n,r) =n(n-1)(n-2)...(n-r+1) !

_n(n—l)(n—2)...(ner+l)(M—r)...?,.Z.l= n!

i (n-r)...3.2.1. (n-r)! . i

Corollary. The permutations of a set of  things taken n (or all) at a time given by —
P(n,n)=n(n-1)(n-2)..1=n! =

Take » = n. The proof immediately follows. E

Example 1 -

Find P(15, 2) =

Solution: i

' 15! 15! 15x14x 13! =

PAS) =52y =131~ 13! =

=210 E

Example 2 =

Find the number of permutations of the three letters A, B, C taken all at a time. —

Solution: I

- The number of permutations of 3 letters taken all at a time is P (3, 3)=31=6. E
in Example 3 E
1y How many license plates consisting of 3 different digits can be made out of given integers =
2, 3,4,5,6,7? -
n =
S Solution : -
This is just like arranging 3 objects out of 5 objects. So, we have !

51 54321 N

.

i

i

s

E

=

i

|

=

-

-
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i f n different objects taken all at a time 18 72:
But the total pcrmutauons 0 f §
.txp!!q!xr!=n! = X=W

n!
. the total number of permutations = 5y g1 r!

Example

L L d?
In how many ways can the Jetters of the word MEMBER" be arrange

Solution: . ’ ’
The word "MEMBER" consists of 6 letters, 2 of which are M’s, 2 are E’s and the rest are

different. So, writingn=6,p=2andq =2 the required number of permutations

¢) Circular Permutation

If the four letters A, B, C, D be arrangéd in a circle, we can easily see that the following
six different arrangements are possible and no more.

A A A
D
B Cc B c D
Cc
D
(a) “
tb}. ©
A A
A
B
D D
C
8 C
c
(@) o
" (e) =
oing cl :
arrangemeitscBoccg“XsEDtg S:B ABCD, ABDC ADBC, A "
’ are sam ’ » ADCB,
If they were arranged in 5 1 © as the arrangemeng ABCDACBD, ACDB. The

of th
thres

as
lir
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We have to fill in 4 blank spaces in a circle with 4 different objects A, B, C, D. Let any one
of them, say A, be placed in one of the spaces so there are three things left to be arranged in
three vacant spaces which can be done in 3! ways. :

This can be generalised to the following theorem.

Theorem 3.
The total number of permutations of a set of n objects arranged in a circle is (n — 1)!.

Proof:

Let a,, a, ..., a, be n objects arranged in a circle. Then the arrangements @, @, @s ... @y, @2
ay Q... G, ), 3 G4 ... G, A Gy,... ar€ NOt distinguishable. But if they are arranged in a straight
line, to each arrangement in a circle, there are n arrangements in a line. Hence if P is the number

of arrangements in a circle, we have
n!
nP = n! or P=—?'I'=(n—1)!
Note :

If the clockwise and anticlockwise arrangements are not to be taken as different as in the
case of making a necklace of beads or arranging people in a circle in such a way that they do not
have the same neighbours in any two arrangements then the number of arrangements will be

1 . .

5 (n—1) !. In the illustration above the arrangements (a) and (b) are same, so are (c) and (d) as
also (e) and (f), if we consider the clockwise and anticlockwise arrangements to be same. Hence
the number of arrangements is 5% 3!1=3.

However, if the arrangements be with respect to the seats (i.e. think of the seats to be
numbered) then the one that was fixed first can be done so in n ways as he can be given any one
of the n different seats. In this case the number of arrangements will be n x (n —1)! = n!.

Example
In how many ways can the numbers on a clock face be arranged ?

Solution:
In a clock face there are 12 numbers. So they can be arranged in (12— 1) ! = 11! ways

d) Permutation of repeated things

To find the permutation of » things taken r at a time when each thing may occur any
number of times. '

Suppose there are r places and there are n objects. The first place can be filled up by any of
the n objects. So there are n choices for filling up the first place. After filling up the first place,
the second place can also be filled up by n objects as the object occupying the first place may
al-so occupy the second place. Thus the first two places can be filled up in n x n = n* ways.
Similarly the third place can be filled in n ways and the first three places can be filled up in
n x n X n=n? ways. s
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: way, the r places can be filled by n objects 11 :
proceeding in the same Way, oy
px XXM x r times = n° way
i i1 a row with repetition
Find the number of ways in which three letters can be arranged In 2 p ]
Solution: Ak i Exa"
The first letter can be arranged in 3 ways. As the repetition 18 allowed, the second letter can
be arranged in 3 ways. Similarly, the third letter can be arranged in 3 ways. So, the total of ways spvel
of arranging the three letters is3x3x3=27. , Sol
Worked Out Examples i
Example 1
Find the value of P(n, 2) if 16 P(n, 3)= 13 P(n+ 1, 3)
Solution: |
16 P(n,3)=13P(n+1,3)
nl @+
= 166G 5= Ba-2)
n! 13.(n+1) xn!
= 16 = !
(n-3)! " (n-2)x (n-3)!
= 16(n-2)=13@+1)
= 16n-13n=13+32 .
= 3n=45
C

n=15
Now, P(n,2) =P(15,2)

5! _15x14x 131
13! 3y =210

Solution:

s ) Firs
boys in a row can be arranged in P(5, 5 e arrange 5 boys in a

Now, we arrange 3 girls

|
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3 girls in a row can be arranged in P(3, 3) ways
3l _3xaxl
O Th 1 = 6 ways

- total number of arrangements = 120 x 6 = 720 ways

Example 3

Find the number of ways in which 4 men and 3 women can be seated in a row having
seven seats so that the men and the women must alternate.

Solution:
Since 7 persons are to be arranged in a row with 7 seats s0 that the men and the women are
in alternate, so men are to be arranged in odd seats and women in even seats.

M M M M
Oo—=e—O0O——O0—0—O
w w w

There are 4 seats.for 4 men, so they can be arranged in P(4, 4) ways
. 4 4x3x2x1
el 1

Again there are 3 seats for 3 women so they can be arranged in 3! ways

= 24 ways

ie. 3x2x1=6ways
. total numbers of arrangements = 24 x 6 = 144 ways

Example 4
In how many ways can the letters of the word 'CALCULUS' be arranged so that the two
C's do not come together?

Solution:
There are 8 letters in the word 'CALCULUS'
Also there are 2C's and 2U's and 2L's and the rest are different.

The total number of arrangements without restriction =7, 2; 71 = 3040

'Firstly, we find the arrangements each of which contain 2 C’s together. For this,” we
S consider 2 C’s as one. Now, there are 7 letters in which there are 2 U’sand 2 L’s.

The number of arrangements in which 2C's are always together =757 = 1260
Now, the required no. of arrangements in which 2 C’s do not come together
= 5040 — 1260 = 3780

Example 5

How many different numbers of six digits can be formed with the digits 3, 1, 7, 0, 9, 5?7
How many of them will have 0 in the unit's place?
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| ;
its = P(6,6)=6!=720

ors have 0 in the first place. For the number .of.’ 6-digits, each of whig
one digit 0 fixed, sO there are only 5 digits left.

bers with 0 in the first place = P(5,5)= 51 =120 ways
=720 - 120 =600

Jution: i
Solm bers formed from BV

The number of 6

Some of these numb
has 0 in the first place we keep,

The number of 6-digit num

- the required no. of 6-digit significant numbers

For the numbers with 0 in the unit's place, we fix 0.

So, the required number of 6-digit numbers with 0 in the unit's place
=P(5,5)=5!=120

digits num

Example 6
?{.ow many 4 ‘digit even numbers can be form
repetition of digits is not allowed b) the repetition of digits is allowed?

Solution:

a) Si
e i.t):. t:;:_z :;: ;fl?gf;;st?o?i fclytl"meld are e;en, so the digit in the unit's place must be 4 or 6
nit's place to fill up. After filling the unit'
s place, the number of

ﬁ"uj by P(S, 3 i ; o 5 3 mal

. total no. of 4 digit numbers = 3 x 60 = 180

b) The unit's place h :
s as 3 choices. F
and thousand's place, each can be filled b(;’rl;h\z;;ss tofthe

<. total no. of 4 digit numbers =3 x 6 x § x § = 648

places i.e. ten's place, hundred's place

. 5? How man rmed from the digj
Solution: Y of these numbers are not d;§;t§b2’ 3, 4,5, 67 How
= g S sible by 5?
r=No. of digits
to be t =
P(n, 1) =9 aken = 4

P(n, r) = -—_r.l.!______

(n-r)!

= P(5,4)=-3L__ 5!
G-4=7y

=Sx4x3x2x1=

.. total no. of 4 digit Numbe .
Is =

120

ed from the digits 4, 5, 6, 7, 8, 9 if a) the

T

only ©
remair

the |
Solt

So,
in (

S
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To form 4-digit numbers divisible by 5, 5 must be always in the unit's place. So, there is
only one choice for the unit's place. After that, remaining 3 places are to be filled up by
remaining 4 digits which can be done in P(4, 3) ways

|

ie %=4x3><2><]ways=24ways

-, total number of 4 digit numbers divisible by 5 = 24

Also total number of 4 ditit numbers not divisible by 5 = 120 —24 =96

Example 8 _

Eight members of a committee sit at a round table. In how many ways can they be seated if
the president and secretary choose to sit together?
Solution:

Since the president and the secretary choose to sit together, so we consider them to be one.
So, there are 7 members to be arranged. These 7 members in the circular table can be arranged

in (7-1)! i.e. 6! =720 ways
But the positions of the president and the secretary can be interchanged in 2 ways

. total number of arrangements = 2 x 720 = 1440 ways.

Example 9
In how many ways can 6 different beads be strung on a necklace?
Solution:
The 6 different beads in a necklace can be strung in (6 — 1)! ways
i.e. 5! =120 ways.
Since the clockwise and the anticlockwise arrangements are the same, so the required no.

of arrangement = -;' x 120 = 60 ways.

Example 10
In how many ways can 3 letters be posted in 4 letter boxes?
Solution:
The first letter can be posted in 4 ways.
Similarly, each of second and third can be posted in 4 ways
- total no. of ways =4 x 4 x 4 =64

Example 11

In how many ways can the letters of the word ‘LOGIC’ be arranged so that
a) the vowels may occupy odd position?

b) no two vowels are together?

c) the relative positions of the vowels and consonants are not changed?
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Solution:
‘ +d'LOGIC'.

There are five Jetter in the WO
positions for them. So, 2 vowel

s can be arranged in

There are 2 vowels and 3
P(3, 2) = 3! ways

Also, the remaining 3 Jetters (i.e.

- total no. of arrangements = 31 x 3! = 36 ways.

nt, so they can be arranged in P(5, 5) = 5! ways

a)
L, G, C) can be arranged in P(3,3) = 3! ways

b) All letters are differe
Considering 2 vowels as one,
4! ways.
But the two vowels can be interchanged their positions in 2 ways.

-, no. of arrangements when two vowels always come together = 4! x 2

. no. of arrangements when no two vowels are together = 5! — 2 x 4! = 72 ways

¢ T :
) The three consonants can be arranged in 3! ways and the two vowels can be arranged in 2!

ways
. total no. of arrangements = 3! x 2! = 12 ways

EXERCISE
————— |

1. Find the numb i
er of permutations of five different objects taken thr
n three at a time

¥s can gj
perso ight
S 'ns are a) always togva'gthejJ le;;)l:ale be seated in a roy, £ ' 0ccupy odd seats
ix dnﬂ“grcm books are arranged ever together? O eight seats 5o that two particul
on Al icular

In how many ways ca

in a row? 0 four red beags, f
( .

—

there are 4 letters L, (OI), G, C. They can be arranged in

10.

11.

12.
13

14.

15

16
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In how many ways can the letters of the following words be arranged?

8.
a) ELEMENT b) NOTATION
¢) MATHEMATICS d) MISSISSIPPI
9. How many numbers of 6 digits can be formed with the digits 2, 3, 2, 0, 3, 3?
10. In how many ways can 4 Art students and 4 Science students be arranged in a circular table
if a) they may sit any where b) they sit alternately.
11. In how many ways can eight people be seated in a round table if two people insist in sitting
next to each other?
12. In how many ways can seven different coloured beads be made into a bracelet? .
13. a) Inhow many ways can 4 letters be posted in six letter boxes?
b) How many even numbers of 3 digits can be formed when repetition of digits is
allowed?
¢) In how many ways can 3 prizes be distributed among 4 students so that each student
may receive any number of prizes?
14. In how many ways can the letters of the word "MONDAY" be arranged? How many of
these arrangements do not begin with M? How many begin with M and do not end with Y?
15. Show that the number of ways in which the letters of the word
a) "COLLEGE" can be arranged so that the two E's always come together is 360.
b) "ARRANGE" can be arranged so that no two R's come together is 900.
16. ' In how many ways can the letters of the word ‘COMPUTER’ be arranged so that
a) all the vowels are always together?
b) the vowels may occupy only odd positions?
c¢) the relative positions of vowels and consonants are not changed?
17. Find the number of arrangements of the letters of the word "Laptop" so that
a) the vowels may never be separated;
b) all consonants may not be together;
c¢) they always begin with L and end with T
d) they do not begin with L but always end with T.
18. How many different words can be formed with all the letters of the word "Internet" if
a) each word is to begin with vowel?
b) each word is to end with consonant?
Answers
1. 60 2.720 3.a) 360, 180 b) 360, 1) 60 ii) 300 c) i) 1440 ii) 9604
4. a) 5040 b) 144 ¢) 720 d) 576 5.a) 10080 b) 30240
! 8!
6. a) 240 b)480 7. 3141 51 8. a) 840 b)-——2! 2001
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10.a)5040  b)144  11.1440

11! 9.50
1" Y 14. 720, 600, 96
- 214! 2! c) 64 d) 48
972121 2! 1321296 ) 450 l)?' 2) 120 b)288  ¢)12 )
12. 360 % ¢) 720 '

‘ 0
16, a) 4320b) 288
18.0)1890 )31

Combinations

i it di nt from th
The absence of order in the combination of objects mgkes -ltbd;fff":-e Mo ::

o tion f the objects. There is only one combination of 7 objects; bul ke
Pcljlnuta::lo“;u;be: of :Jenr{utations is n!. Similarly, the number of combinations 0O t,fq 0 _]Tcil s |
rabligti atea time is less than the number of permutations of n objects taken » at a time. The
combination of n things taken r at a time is denoted by "C, or C (n, 7).

Theorem S. ‘ o
The total number of combinations of n objects taken r at a time, C(n, ), is given by the
n!
expression C(n,r)= m
Proof.

Consider any one of the C(n, ) combinations. Th
objects can be arranged among themselves in 7! different ways. So for each combination there
are r! permutations. Consequently for the C(n, 7) possible combinations, there are C(n, r).r!
dnff;rent permutations. Since these are all possible permutations of n objects taken at a time,
we have,

is combination contains 7 objects, these 7

Cn,r).r'=p (n,r)= -(-n_f_-_‘;)_l-
!

i) = (n —-}:)! r!

This proves the theorem,

| Cln,r) = Cn,n—»),
Using theorem S, we have

C(n,n-r) = n!
(n=n+p) (n =71
n!

“An—p1=Cn, )
Cln,r) = (n,n— )
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Cor.2: If C(,r) =C(n,r"),thenr+r’'=n

Since, C(n,r) =C(n,r"
or, C(n, r) = C(ﬂ, n-r ')
So, r =n-r"
rer' =n
Also, C(n,r) =C(n,r)
= r =r

- if C(n, r) = C(n, r’) then either r =r’or r + r’=n.

Cor. 3 C(n,r) +C(n,r—1)=C(n+1,r)
Using theorem 5, we have
n! n!

C(ﬂ, r)=m and C(n,r—1)=(n_r+1)! (r__ 1)|

! 1 1
Now, C(n,n) +Cln,r-1) = (n -r)!n(r— 1)! [-r:-l- n—r+ l]

B n! n+1

T m-N-Dr(n-r+1)
+ 1)!

=G e+

. Cn,r)+Cn,r-1) =C(@m+1,r)

Worked Out Examples

Example 1
Calculate the value of C(12, 9).
Solution :
We have C(12,9) =C(12,12-9)=C(12,3)
12! 10.11.12
~$131" 123
Example 2

a) If C(18, r) = C(18, r + 2), find r and C(r, 3).
b) C(21, 2r + 1) = C(21, 3r - 5), find the value of 4.
Solution:
a) C(18,r)=C(18,r+2)
= C(18,1=C(18,18-r-2)
"= C(18,r)=C(18,16-1)

15
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= r=16-T1
= 2w=16
= 8! g x7x6x35! _ 56
Now, €3 =C(8’3_)=§!_§T=5!x3x2x1
b) Cc@2l,2r+1) =C(21,3r-5)
= 2r+1 =3r-5
= ar-3r =-5-1
= -t =56
= r =6
Again, C(21, 2r + 1) = C(21, 3r - 5)
= 2r+1+3r-5=21 (il + ¢ =)
= Sr-4 =21
=  5r=25
- =5
SLr=5o0ré6
Example 3

In an examination paper containing 10 questions a candidate has to answer 7 questions
only; in how many ways can he choose the questions ? If two questions are made compulsory,
in how many ways can he choose 7 questions in all?

Solution:

The candidate can choose 7 questions out of 10in C

10! 8910,
(10-7) 171~ 123 =120

(10, 7) ways, which gives

date has to select 5 questions from the

(83 5) Ways
ie. 8! _8xTx6xs5]
B~ 5)15!1 7352 % 1 x 51= 56 ways

Example 4

A committee s to be chose

n from 12 m

women. How many commyittee can be fcormed?;n 148 women ang '8 to consist of 3 men and 2
Solution:

3 men can be chosen from 12 men i

C(12,3) = 12}
( ) (]2_3)!3! =220.

that
Sol

of :
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2 women can be chosen from 8 women in

81
C@B,2) = m = 28 ways.

Therefore, total number of committees = 220 x 28 = 6160.

Example S |
5 men in a group of 12 are graduates. In how many committees of 6 members be made so
that each committee may consist of 3 graduates?

Solution:

There are 12 men of which 5 are graduates so 7 of them are non-graduates. Now selection
of 3 graduates from 5 graduates and rest 3 from remaining 7 non-graduates are to be made.

3 graduates from 5 graduates can be selected in C(5, 3) ways.
Again 3 non-graduates from 7 can be selected in C(7, 3) ways
.. total no. of committees = C(5, 3) x C(7, 3)

51 7
= 2131 %4131

+5x4x31 Tx6x5x4!
T 2x3! “4lx3x2xl

=10 x 35 =350

Example 6
From 6 gentlemen and 4 ladies a committee of 5 is to be formed. In how many ways can
this be done so as to include at least 3 ladies?

Solution:
The selection of the members in the committee can be made as follows:
Ladies (4) Gentlemen (6) Selection
3 2 C(4, 3) x C(6, 2)
4 1 C(4,4) xC(6, 1)

.. the required no. of committees
=C(4, 3) x C(6,2) + C(4,4) x C(6, 1)
. e DT, (I
ST Xmartorar XS

6x5

> +1x6=66

=4 x

Example 7

" In an examination, a candidate has to pass in each of the 4 subjects. In how many ways can
e fail?
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Solution: examination if he can not

EXERCISE
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pass either in 1.0 2 or 3 or 4 subjects,

A candidate fails in an

ich he fails
: o. of ways by whic
ol O c, 1)+ C(4,2)+C(4, 3 + O 4

4!
g 4 4T
TR TS TEICIES

=4+6+4+1=15

A boy puts his hand into a bag which contains 10 differently coloured marbles and brings
out 3. How many different results are possible? -

Find the number of ways in which a student can select 5 courses out of 8 courses. If 3
courses are compulsory, in how many ways can the selections be made?

From 10 persons, in how many ways can a selection of 4 be made
i)  when one particular person is always included?
i)  when two particular persons are always excluded?

A bag contains 8 white balls and 5 blue balls. In how many ways can 5 white balls and 3
blue balls be drawn?

How many committees can be formed fro

m a set of T .
contains 4 boys and 3 gir!S? 7 boys and 5 gll'lS lf eaCh committee

14.

15.

16
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b) If C(n, 10) + C(n, 9) = C(20, 10) find n and C(n, 17)
¢) Solve for n the equation C(n +2,4) = 6C(n, 2)

d) IfP(n,r) =336 and C(n,r) =56, findnandr.

e) IfnC, - =45C,=120and"C,,, =210, findnandr.

14. An examination paper consisting of 10 questions, is divided into two groups A and B.
Group A contains 6 questions. In how many ways can an examinee attempt 7 questions
a) selecting 4 from group A and 3 from group B?
b) selecting atleast two questions from each group?
15. Six men in a group of 8 are skilled. Find the number of ways by which 5 men can be
selected such that
a) atleast 3 of them may be the skilled men.
b) atleast one of them may be the unskilled man.
16. In a group of 10 students, 6 are boys. In how many ways can 4 students be selected for
mathematical competition so as to include
a) exactly two boys b) atleast two boys
c) at most two girls.
A. Can you show that 0! = 1 though it has no meaning from the definition.
B. Perform the following experiment. )
Given 4 objects arranged then taking 1, 2, 3, 4 at a time and then generalize the result for n
1
objects taking r at a time and show that "p, = P(n, r) = (;E—lfT
C. Perform the following experiment
Given 4 objects, select them taking 1,2, 3,4 ata time and then generalize the result for n
objects taken r at a time and show that
‘ n! .
i) °C,=C, D= _prn ii) "p,=r!=C(n,1)
Answers
1. 120 2. 56,10 3.1) 84 ii) 70 4.560 5.350 6. 4620
7.900 8.336 9. 105 10.246 11.20012.31 13.a)455 b) 19, 171
)7 d)8,3 €)10,3 ~ 14.2)60 b)116 15. a) 56 b) 50 .
16.2)90 b) 185 c) 185
(]
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Introduction : -

By a binomial expression, we mean an expressif)n consisting of two ter:jni.h: Oroi?:::n;);e;
x+a, x +y, x + b are all binomial expressions. It is nqt_ dlfﬁcult to expan s F:L it
binomial expression, when the power is a very small positive integer such as s 3, 4. E :
difficult to expand, when the power is big. So, we need a formula for the expansion of binomial
expression with any index or power. That formula is called Binomial Theorem. _I-Iere' we shall be
just content with a proof, when the index of the binomial expression is any positive integer. The
Binomial theorem was first discovered by Issac Newton.

Binomial Theorem
For any positive integer »,

(a@+x)"=C(n, 0) a" + C(n, 1)a-x + C(n, 2) an2x2 +

+Cn, rar-rer + ... .. +C(n, n) xn.
Proof : '
We have, (@+x)=(a+x) (@a+x)(a+ X) ik v to n factors
In the process of multi lication of i i |
or x from each factor an ” i e gtt bnd g

from each of 5 — 1 factors

1
: r factors and X. In thig way we
times a” -7 appears in the ex x from the other r factors. Moreoveryth i
time which is C(n, 7). Now i €qual to the Number of co » the number of

allow r to vary from () to nwe get t;::blnation of n taken r at a

» When » is ap > Tequired expansion. Now
Y Positive integer

- When we pass

€
cTeases by one ang that of x

and
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Alternative Method
By actual multiplication, we have
(@a+x)? =a*+2ax+x?
=C(2, 0) a® + C(2, 1)ax + C(2, 2)x?
(a+x)} =a*+3a%+3ax? + x°
=C(3, 0)a® + C(3, 1)ax + C(3, 2)ax? + C(3, 3)x°.

= and so on.
Thus, the theorem holds good when n =2 and n = 3.
Let us assume that the theorem is true when 7 has some particular value, say m, so that
3 (a + xy» = C(m, 0)a™ + C(m, 1)am~'x + C(m, 2)a" 22 + ... ...
a 3 B ) s e + C(m, m)x™.
S Multiplying both sides by (a + x), we have
1 (a+x)"*1 = (@ +x) {C(m, 0)am + C(m, 1)a"~'x + C(m, 2)a" -
f Foisan +C(m, r)am~"x"+ ... ... + C(m, m)x™}

= C(m, 0)am*1 + C(m, 1)amx + ... + C(m, m)ax™
... +C(m, 0)amx + ... + C(m, m — )ax™ + ... + C(m, m) xm* 1

=gm* 1+ {C(m, 1) + 1} amx + {C(m, 2) + C(m, 1)} a™~'x
+ {C(m, 3) + C(m, 2)}a™~23 + ... ... + 1-xm+l,
=C(m+1,0)am*1+ C(m + 1, D)amx + C(m + 1, 2)am~ 'x?
F oie sis +Cm+1,m+ 1)xm*1.
Therefore, if the theorem is true for n =m, it is true for n =m + 1 also.

But we have seen that the theorem is true for n = 3, therefore it must be true for n = 4 and
~ hence for n =5 and so on. That is, it is true for all positive integral values of n.

Cor : When a = 1, the above binomial expansion takes the following form:

(1 +x)y =1+C(n, 1)x+C(n, 2)x% +... ... +C(n, r)xr+ ... + x"
=1 T =
=1+nx+p'(n—2!_lx2+...+n(n DL 2),.} """ (Pt D) o e

Particular forms :
We have
(a+xy'=C(n, 0)a" +C(n, )a"'x+ ... ... + C(n, n)x"
Now putting —x for x, i
(a - x)" = C(n, 0)a" — C(n, 1)a"-'x + C(n, 2)a"~%x?
—C(n, 3a” x>+ ... ... + (=1)" C(n, n)x".

Also we have
(1+x)"=1+nx+n—(nz,;llx2+ ...... +x"
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o x = —x, we have
Putting x = X a_(";ﬂxz— (e
(1-xp=1-m+"7

and

: term, bec
General Term is usually called its general ter ause

i ion of (a + XV + 1)th term i
T b i o b(y giving a suitable value to 7. The (r+ L)th termj
. e 0 ’
any reqmred term may

denoted by £, + -
In the expansion of (a + x)"
t, =lstterm =C(n, 0) a” I y
t, =2nd term =C(n, 1) a"'x |
t; =3rd term =C(n,2) a2
t, =4thterm =C(n,3) a3 -
ey =(+1thterm  =C(n,r) a"-"x".

Using the general term, we may state the binomial theorem in the following abbreviated
form

Bin
(@+xn= Eﬁ C(n, Pa"-x bine

Cor. The general term in the expansion of (a — x)" is (-1 C(n, r)an-rxr. ))

Middle Term

Now let us find the middle term or terms in the ex
the cases when 7 is an ev,

pression of (q + x)n.
en number and when it 1Sano

We have to consider
dd number.

(i) When » is even N¢

. ++.. The number of terms after
middle term, namely (m,; + D)th term. So, N
» M) Qrixm = =—__

m+ | =I%H+I=C(n,iln )an-nzzx,,;z
- n! (i
.._'_-"'--—-.________ ?1'.!"2

{Gn)p ™

(i) When # is ogq

=12 3 veee T
Middle termg n:fnnumber of terms after

Amely mth and (m + 1)th
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_ (2m - 1)! oy
2m—1)!
and t,e 1 =C(2m—1,m)am-"' x" =;§!(T{—)‘!a"’"x
. middle terms are
th =lh+1 =l =C(nyn;1 )an-(_a:—l]f2x{n~l)f2

= - 1 a(n+1)i2x(n-l)f2

Il
Q
=
=
+
—t

and tm+1=t1'r+l
2 +1

) gh-(nt 12 yln+ 1)/2

= . an =172 x(n+ 1)/2
(n—l)!(n+l)'
2 PN B

Binomial Coefficients

The coefficients C(n, 0), C(n, 1), ..., C(n, n) in the expansion of (a + x) are known as
binomial coefficients. We have the following properties of binomial coefficients :

(i) In the expansion of (1 + x), the sum of the binomial coefficients is 2”.
We have (1 + x)" = C(n, 0) + C(n, 1)x + C(n, 2)x* + ... + C(n, n)x"
Putting x = 1, we have

2n =C(n, 0) + C(n, 1)+ C(n, 2) + C(n, 3) + ... + C(n, n)
= sum of all the binomial coefficients.

Note 1 : The binomial coefficients C(n, 0), C(n, 1), C(n, 2), ..., C(n, n) are also written as "C,
L e & »C,. For simplicity, we denote "C,, "C, etc. by C,, C,, etc. thus, C, ="C,.

Note 2 : The sum of the binomial coefficients
= H Ot G i F Gy 20
Ci+CytCabann v ve 4Gy =271
i.e. the total number of combinations of n different things is 27 — 1.

(ii) In the expansion (1 +x)", the sum of the coefficients of the odd terms is equal to the sum
of the coefficients of the even terms and each is equal to 27~ 1.

Wehave (1+xy=Co+Cix+Co%+ ... .c.cev e ... TCx"
Putting x = -1
(1-1y =CG-C+C-C; +Cy—... com encuneee
0 =(Co+Cy+Cy+... ... )=(Cy +Cy +Cs a0 v v )
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ST Y
| Ci* .----"=C|+C3+Cs 2»
'- LGt Gt leT e S

c,+C 4 Carer e ttt” =n-1
But Co+Ci*ta™™ =C,+Cy+Cstooneer 2

Worked Out Examples

Example 1 |
Expand (2a + b)’ by the binomial theorem.

Solution :

With 2a as the first term and b as the second term in the binomial expression to be*
1

expanded, we get

5:4-3
3!

=32a° +80a%b + 80a°h% + 40a2b3 + 10ab* + b°.

(2a)2 B + 5206 + b°

Qa+b)y =(2a) + 5Q2a)*b + % (2a) - b2 +

Example 2
Find the 7" term in the expansion of (2x + %)w
Solution:
T term =t,=t,,,=C(10, 6) (2X)‘°"6-6)6
10987 |16 33600

T 4321 +4-x Yy
Example 3

Find the genera] term in the expansion of

a®\ s
2.
(x + x) . Then find the coefficient of x.
Solution : |

+1be the genera] term in the €Xpansion of (xz + 23) ;

X
Then, b =C(5, r) (x2)s-r -(—a—z) ’
x

| =C(5,r)x!0—-2r.g-2-’:

x?‘
=C(5, r) x10-3 q¥r
To get the coefficient of X,
10-3,=
or,

9=3,

—

Exampl
Fi

Solutio

one mit

Solui

midd

Exa

Sol
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r=3
ty = 4" term contains x.
. coefTicient of x = C(5, 3) a® = 1045
Example 4
Find the middle term in the expansion of (2a + 3x)3.

Solution :

Here the number of terms in the expansion of (2a + 3x)® is 30 + 1 i.e. 31. So, there is only
one middle term.

middle term = t(30|"2} 15 s+ .
= C(30, 15) (2a)-5. (3x)'s
= C(30, 15) (2a)"5. (3%)'*

30!
= (1—5332— (20) 15 (3x)15.
Example S
15
Find the middle term in the expansion of (l + ;2*) :

Solution :

Here the number of terms in the expansion is 15 + 1 = 16 which is even. So, there are two
middle terms. The middle terms are #;s . 1y, and fs+ 12 + 1 1.€. 3 and .

X 15! x7
tg=t;4, = C(15, 7) (1)157(5) ¢ =81 7127

15! x8

X
and :9=t8+l =C(15, 8)(1)15-8(‘5)8: 7! B!EE.
Example 6
1 \12
Find the term independent of x in the expansion of (x ~§)

Solution:

Let t,, , be the term independent of x.
1\
Then, t,., = C(12, r) (x)"? "-(— 5,{5)
ceyCUzn L

’ 3r x2r
e '.(;r12 D -3

For the term independent of x,
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.' _i |
L Sinc
re=4 (-—l)“C(lz,_‘D_ 12x11x 10 x9 _35 the coeff
t 'sthctamindependentofx and =7 34 4x3x2x1x81 9 The
Sl -
%+ t
: h7expan5ion Of(l + x)43 coefﬁcient of (21' + l)th term and (f Z)th erm are eqUa! Ag
n the ’
Findr.
Solution:
ty s = C(43, 20) 1.x

|
~. coefficient of t,, . , = C(43, 2r) - *
Again, t,,,=C@43,r+1). 1. x*! |
.. coefficient of t,, , = C(43,r + 1) ‘

By given, C(43,2r) =C(43,r+1) L. &
= 2r=r+1
= r=1 (
Also, t+r+1=43 2. 1
= 3r=42 :
r=14
r=1orl4
Example 8 3

......... +C,,X", )
@ Ci+2C,+3C,+.. . +nC, =pn-1 ik
n- n -"-_—___'_'_"'—-———.__
Solution : (n-2)! (n+ 2)!
@ C+2¢,+ 3C+... ... +nC
=n+2n&'ll+3n n=1)(n-2
2! 3! Fooss i + n.l 5

=n(l+1y-1<

(b) (l+x)ﬂ =C0+C

n2n-1

Also, - +Caxn
. .(x+l) ‘CW’LC.x"-:_,_C __:x ...... (i)
Multlplymg (i) and (ii) e +C 6.
= Gt Gty i)
s C[I"‘I

——— . (iif)
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Since (iii) is an identity, the coefficient of any power of x of the L.H.S. should be equal to

> the coefficient of the same power of x of the R.H.S.
The coefficient of x"-2 in the L. H. S. of (iii)
2n!
=C@n,n+ ) =G D+ 2) "
€qug| Again the coefficient of x ”-2 in the R.H.S. of (iii)
=C0C2+ C|C3 +C2C4 A AT 0T + C,,_ZC,,
2n!
CoCz +C,C;+ C2C4 v i f Cn—2 C,,: (n ¥ 2)1 (?1 + 2)|

EXERCISE

Expand each of the following by the binomial theorem and simplify.

L., @) e Dy (b) (23 () (2x+y
(d) (%+%)s (©) (xz—%)s

2. Find the stated terms in the following cases
a) seventh term of (2x + )" ) fourth term of (2x2 +)
c) fifth term of (x - ;2{')?

3.  Find the general terms of the following

2) (xz +36 - b) (§+§) !

4. Find the coefficients of

117 : 10
a) x’in the expansion of (x + 5) b) x2in the expansion of (x3 + %)

1Yo
¢) xS in the expansion of (3)(2 ~ ﬁ]

5.  Find the term independent (free) of x in the expansion of

a) (x2+315)12 b (2x+3—i5)9
o (o) o (5-3)

1\n
6. a) Write down the fourth term in the expansion of (px + ;) . If this term is independent

of x, find the value of n. With this value of », calculate the value of p given that the

5
fourth term is 2
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: k)s ! |
i X\ is 90, find the value of k.
b) Ifthe coefficient of x'in the expansion of (x 2 is

i ion of
7. Find the middle term or terms in the expansl N
b) (Zx % -')

a) (x+':j) ’ &

) (E'E)W D ("x"ﬁrl;) -

a x

8. Show that the middle term of the expansion of

| 3 [ -2n-1
a) (1+x) is al ( —12"x"

135 . ... ....(2n—=1)
n!

2"

9. a) In the .expansion of (1 + x)2, the coefficient of (2r + 1)th term is equal to the
coefficient of (37 + 2)th term. Find 7.

b) In the expansion of (1 +x)2*1, the coefficients of x and x"* ! are equal. Find r.

b) (x—%)z" is

10. Show that the coefficients of the mi
: middle term 2n ;
coefficients of the two middle terms of (1 +x)2n—1?f (1 + x)™ is equal to the sum of the

I If(l+x)"=Co+C|x+C2x2+............+C,,x" rove th
a) C,-2C,+3C,—........ +n(—*1)”*‘-C,,,=’0p £y
:)) goiiglimﬁ............+(n+l)C,,=(n+2)2ﬂ*'
| . c0+ I e sl +(2n+1)C,,=(n+1)2n
| 0+4C, +7C,+ 10C, + ... +(3n+1)C,,=(3n+2)2;: 1

C, 2C, 3C
e) —4—=,3
) Co + (:I + C2 + ......... +%—%=@
n-1
f) COCn +C,C +
8 Ci2+Cz2+(,2 iy
Rl & +C2.2n!
b " (n)2
) GCitecy+ CGC+...... +C,_.C 2;)11
12 Ifthe thr T it
€e consecutive . D (-1
13." If the four consecytiy coefficients in the e iing o )
) © coefficients in the ¢ _ (I+x)be 165 330. 46)-
prove that ! a Xpansion e SO Gl n.
= s e 2a, FA+xpp
2 Gta, gy g © a1, @, a; and a,, then
A.  List the
coeffi
ese coefﬁci:r:f: t? i the terms jn ey a
(2x + 3q)s N a triangylar ¢ borSION of (x
ascal's triang]e and (x + g)2. Arrange

* °Xpand (x + a)® and

App

deter
and ¢

whi
nun
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B. A binomial expression with positive index n is given below

e-w)

Using different values of a, b, n find the general term, middle term, term independent of x

and the coefficient of x in the expansion of G - bx)!1

Answer
1. (a)a’+ 7a% + 21a°b% + 35a*b® + 35a3b* + 21a2b° + Tab® + b’
(b) 16x* — 96x3y + 216x2)2 — 216x)3 + 81y
(c) 32x5 + 80x*)2 + B0x3Y* + 40x25 + 10x)8 + 10
1 5x4 x3 x2 x 32
R e % X, 24
(5)32x+8y+5 y2+20y3+40y4+y5

(&) %10 — 557+ 1064 — 105 + 5 =
X X

2. a)C(12, 6) 2556  b) 1792 c)é%
a\2n-2r+1
3. a)C(6, r)x12-3r b)C2n+1,r) (3)
4, a)% b) 120a’ c) 378
1792 2n!

5. a) 9" term =495 b)4“1term=% ) (n+ 1)th term=(TT)'5 d) 7t term=%
6. a)n=6,p=% b) k =+3

18! 17! 17t 28 (o+D! x . (2n+1)! a
7. a3 b)gror 2% 8101 x D i@+ yla ) @ )i x

2n! '
D"

9. a4 b)n 11.11

Application of Binomial Theorem

The binomial theorem has many important applications, the most useful of which is the
determination of approximate values of certain algebraically as well as arithmetical quantities
and sums of certain infinite series.

-

As an application of the binomial theorem, we can arrive at

¢ (n-1)(n—2
+"("2!1)x2+"(” 3)!(” g [

m+n(n—1)(n—2)r! ...... ("_r_l)xr+

(1+x)p=1+nx

......

which terminates after n + 1, terms and when » is any positive integer. But when » is any real
number different from positive integer, the expansion does not terminate and it is valid, only if

ey
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binomial series. The proof is beyond the scope Of th
s bino

i jon i a
|x | <1, and this expansion is known

book. Also, (x]<1)

(I—,r)“'=]+n.x+

Worked Out Examples

Example 1 Sl
Find the value of (1.03)- correct to three significant figures.
Solution :
We have
(1.03)% =(1+0.03)° (|x]|=0.03<1)

: _5)(=6)(7
= 1+ (5)0.03) + E2) (9,932 O (g 03 1.

=1-0.15+0.0135-0.000945 + ... ... ... ... ...
=0.862555 =0.863.

Example 2 _
3,35 357
Show that/8 = | tatas tegegh
Solution :
Here  4[8 =23

e LY. O 1) 3
43&‘@ ‘(1‘2)

Applying binomial theorem for any index, we have

\B :(1 h_;_) 3

Expand the following up to four termsg —

1
(@) I+

(b) \}I+x
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2. Compute each of the following to three significant figures :

(@ (1.01)3 0 A\[1.01 c) \/1.02
d) 26 () 9 6 V17 (@999

3. Show that:

F et ver e tO 0= (2)23

paz L3S, A |2
4-8 4-8-12 e e swe s HONODISE 3

) . . Y B 3\12
A. Using binomial expansion find the approximate value of (5) and (3)72.

Answer
1 3 5
1. (a)l—x+x2—x3 (b)l+2x sz.,_%xs (c)1+—2-x+-8-x2+-igx3
2.(a) 0.971 (b) 1.005 (c) 1.005 (d)5.099 ° (e)2.080 (H4.123 (g) 9.997

Exponential and Logarithmic Series

Any function of the form y=f(x)=a*, a>0
is called an exponential function in which the base a is constant and the index x is a variable.
The inverse of an exponential function is called a logarithmic function which is denoted by
log,x.

So, if y = @*, we have x = log,y. There is a special type of exponential function e*,where e

: .o lim ’ v,
is the limiting value . =) I

The value of e lies between 2 and 3 and is approximately 2.718282. The corresponding
logarithmic function is called the natural logarithmic function and is denoted by log x, base e
being understood. The number e is known as Euler's number as it is initially mtroduced by
Euler for the base of a natural logarithm.

The series corresponding to the exponential function is known as exponential series and
the series corresponding to the logarithmic function is known as logarithmic series.

Expansion of ex
We prove that for all values of x
x 2 x X
e _“'11 '2—,+§+ ......... +3+...towo ... (1)

If n> 1 (so that % < 1), then we have by binomial theorem that

IBEEDEIEEEE EEEEEE Il I I I I NI NI Il N I IR I EEHIE
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| e (u-DE=2) L,
1 E’-'_'_(.’ix—“ﬁ,.-2-+“'""* 31 n
-l- =]+nx e 2! n
(§ gl n l 5
I __)( ,-)
x(x—;) x(x O BLYY
=l+x+—3 3!
Hence, when n is infinitely large,
e 22 )
(“z) BT T
Putting x = 1, we have from (2),
lim Do do La =e
n—)oo(1+n) TR TR
nx I nix .
Now, (l +%) ={(I +;;)} which tends to e*as n — oo
Making » infinitely large in (2), we have for all values of x,
X X% 2h F
SR Tk Ths e PR s SR to oo
This expansion is known as the exponential series.
Cor. 1: Since the series (1) is trie for all values of x, by replacing x by —x in the series (1),
we have
X = X Ef_ x3 x
At L Tl 11 TR ey S+
Cor. 2: When x = | and -1, the series (1) takes the followmg forms :
SR VRS S S
M T e BT and g I“TIT+“IT*§IT+ _____
The Value of e
a) e is not rational
. m
If possible, let ¢ = » Where m and 5, are positive integers; then
LRI ) 1 ,
R TR TR TR +=p 1
iplyi ; G CTS TR S
Multiplying both sides by n! | we hav,
m(n—l)' "”!+n'+-—-—+£.!.
3' T P +] +-n...:_}-__i_+ 1
TS Yt P
=an integer + ;i-]_+ 1 n+1) +2)

rationd

p) el
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Evidently the term on the left side is an integer as m and (n — 1) are integers. All the terms

. . . 1 1
on the right side are integers except nt 1t BRI (AT D) ? et

1 1
n+1’(n+l)(n+2), ......

Since each of the terms is positive and '_"_1;_1'

1
(n+1)(n+2) e i
geometric sum of the series

. . e 1
is a proper fraction, for it is evidently greater than ~—=— and less that the

1 bl L —1 o ] e
1ﬂnJrl

Thus an integer is equal to an integer plus a fraction which is absurd,. Therefore e is not
rational.

b) e lies between 2 and 3

We know that
B—1+L+ L-}- 1 +L+
(1)’ 1| 2' 3' ......... r! aes ses sne ssa
TP 1
Or, e""2+ +3'+ ..--.....+r!+...

e>2 as all the terms after 2 are positive.

Since 7! =1:2-3° ... cev vvv il
>1:22............rfactors
-_-2:'—1

£ S 1
Fl Sor-i
1 1 1.1
e—1+11+ +3'+4|+
PO et 3 W |
ot B CTE TR E TR e
<l+(1+1 1+i )
2 22 23+ .........
1
=l+—-—1-1+2 3
1-3
e < 3.

So, 2<e<3.
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Expansion of a

_ then
To prove that if a i

s any positive number,
& 24 .0
o = 1 +3;loga +37 (108e2)

for all values of x. . vipel
If a be any positive number and if k be a number s

a=é
k=log.a.
Now,
a* = (et)r = ekx
' 2 j r
L3R o e

2 )"
=1 +‘1£!‘logea+%!)—(logea) L +~%_,L(Iogea)’+ e H0E00

Note: The expansion is an €xponential series.

The Logarithmic Series
Let x be a number lying between —1 and +1 Then the sum to infinity of the series
x* L a9 xr .
x~2 +3- ......... +(-—1)""'r"!,‘+ ______ lSlOg,(1+x).

The series has been found to be valid for x

=1, but not forx=_1.
Thus, for —1 <x<l1,

v B0 X0
loge(l+x)~x-2+3~4+ .........

...... (1)
The infinite series (1) is called the logarithmic series
Cor1:Ifxbe numerically less thap Unity, changing ¢, h
—X, we have
2
-~ log,(1 “W g %3- 54:._
SR i - PR et ii
Also, from (i) and (i), we have e
log(1+x)~log(1-x) =, 2 ¥
B(l-x) =, 2+3__-:1.+ *(—-x _{2___{3___{4__
1+ 3 74
log,
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Worked Out Examples

Example 1
Find the values of (i) % (e+e™) (ii) % (e—e)

Solution :
2 3
Since e‘=1+‘%+%+%+a+ .........
Putting x = 1 and — 1, we have
PR O U : B U O s
e—l+1!+2!+3!+z+ ...... and e'= —1!+2!'3!+4!_ ------
I B : [ TR V. |
Now e+e’! =(1+-1_!+E+§+Zf+ ...... )+(1—'1—!+‘27!‘—3‘!+ﬁ—---)
.2 |
=2+E+ﬁ+“"“"""
B |
=2(1+—2—!'+2'!'+............)

1 R .=k
'“2'(e+e") =l+ortgrto.

. 1 1 1 1 1
Agaul!e_e_] _(1+1|+_2_I+‘3_1+'4j+ ...... )‘ (1 _F+_2? '3'_'+47— )
2.2 2
"_l|+3'+5!+ ......

1 1.1.1
Lo R Tl TR T
Example 2
4 6 1
Show that ~ Fy+3y+7+ too="
Solution :
2 4 6
§+§+'ﬂ+............tow
31 =1 F-1
= 3 + 51 + 7 e v e e wwe ) HO-0D.
3 1.8 1.7 1
o e I et Tt TRE SR
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I 1 faleRL e ...t0
=33 tase !
1,1 1 L Lt
=l_‘l—!+'2'-!—3‘+4' 5' .3
|
=gl =e
Example 3
1,11,
2| 4| 6' vee mae wew vas e—l
Showthat_l— T 1 =
Solution ;
Since, e=1+1+1+%+l 1+...
P L1 4 ]
and, i s e 101 1
e 1 l'+2!—3!+4!-5!+
So, we have
2 2 :
et+el = i
e 2+2!+4|+ =2(I 211+ZI'|'+ ------ )
e+ el N __I_ 1
R TR i S

Example4
1 142
Shw s | J
ow that i .,-_fl._t_ii,_

sa"“i :

By

Exampl

Sur

Solution
Let

The

or,
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Binomial Theorem, Exponentlal and Logarithmic Series

Solution :

. 1 +2+34+4+.,..... +n _nn+l) 1
The n™ term of the series = e =2+ - 2(-1)
Ist i L
S-term -'2.0!
| C) |
2nd term =51
1 1
3rd term =57

By addition, the given series

0 .
=3l Tttt
2 T Mgty
Example 5
12 22 32

Sum to infinity the series 7 +57+37+ o

Solution :
Let ¢, be the n™ term of the given series.

L@t o\
Then,  &=1=G -1

; L B=lrl
ors = "n-1)!

1 1
h=m-2) " (n-1)!

o
+
2|

t1=

St
Il
+

o
il
4
- Rl =l

5
o

=
]

Now, by addition , the sum of the given series

1,11 11 L ]
g AdTE TR e TR TR TR T L e

37
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Example 6 1
[ S S
me=+22+%6
Show that  log2 =72734"5
Solution : 2 9 g_}ﬂﬁ_{f
Since log(1 +x)=x-3*+3-47576
Putting x = 1 in the expansion, we have
1 1% 1 1
log2 =1-3+3-3+5-5*
1\, (1 1), (1 l)
a2 lald A ST
*(“2)*(3 4)*(5 6
L 11
12734756
Example 7
1 1 |
Prove that : -13+5_-2—2+§3+............=loge2. #
Solution :
1 1 1
Here,l—'2'+z'2—2+§-35+
11 1 1
;3 3 QG ®
Tt i
1 2 i3
- e 5.1
lo 1—2)-——10&,2
| =log,2.
Example 8
If y=y - X,2
V=R TG w4 » Show that x=y+§+£:+
Solution 3
e 22 B
y_x'_2+3"-....
or, Y =log(1 +x)
1 +x =g
I+x =14+X2
or, X I+11+§+3£g+-—»--....
x =y+ E+£+...

2! 7 3)
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Show that
shodody Yi-dod L
SRR TR T R U Tk The T L

1 L : Lol 2
2. (l+2| 4!+ ...... ) —(1+-§'!'+'§?+ ...... ) =l

2 6
3. 1|+3|+ S v .. fOo0=¢
1.2 3
4. 2|+31+ g ceee e =1
. 142 14248 1424344 3e
5- 1+ 2! + 3! + 4! A= minon =?
1+l+l+l+
6 2' 6' ......... e2+l
L g T Te-1
1 +gr+gytaytes v
4 143 14345 1L+3454+7
B8 TR TR PR TR L
8. Sum to infinity the following series
. 12 23 34 - 3 5 7
1) STl 2,+31+ ...... 11) 1+F+_+§+

M
i) \1+72+123% 13t 123

, 1+2 1+2+22
b)) LT i ogr ot

(e 0]

9. a) Showthat E (+1)| =e—1.

0 L
b) Show that Z ( ) = Se.

10. Prove that

N T . N _
i) 3125 6_7+...............——l—log,Z
1

2
1 1 1
2

ii)

~3nt35 gt e T1087
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| -
|
N\ VA AR YA _1_) =0
| i (- DdR s
- 1
N l l ____l_._..— ="l----'l'-+__."' ......
) m+l+2(»'14-l)2‘*'3(a'1+l)3+ """ n"2nt 30
1 1
V) 1+3.2,+5_124+7_26+,.. I (V- %)
i 1,1, .1 1all, L
. 8) Ky=x+yx+g+gdto.. show that x=y 57" t37)° — 314+
X xz 3 2 3
b) Ify=]‘[+§?+%+' ............ to oo, provethatx=y-—%'+%vg+ ......
_X 2
©) x*lg—%+§—£+ ...... ,showthaty=x'+¥2"+x'§+'hxi+ ......

A. Usi ithmic seri '
sing logarithmic series, find the approximate values of log.2, log.3 and log.4.

B. Usi : .
sing exponential series, find the approximate value of \fe_z and \/——l—
=

8. - .a A
(i) 3e (ii) 3e (iii)e+e!-2 nswe'(’iv) e—e
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Chapter 3
Elementary Group Theory

#

Introduction

Set is one of the most important concept in modern mathematics. It alone conveys very
limited information. It becomes more meaningful if we can relate or do something with or
operate on its members or elements.

The simplest way is to relate or combine an element of a set with itself and get the same or
a different element of the same set.

For instances, 1 multiplied by 1 yields 1; but 1 added to 1 yields 2, a different number.

We may also relate or combine an element of a set with a different element of the set and
arrive at one of the numbers or completely different number.

For instances, 1 multiplied by 2 yields 2; but 1 added to 2 yields 3, a completely different
number.

Note that, in all cases the resulting number belongs to the same original set or set under
reference.

In the above examples, we have used what is known as multiplication operation and
addition operation on the set of counting numbers. Such operations can also be performed on
the set of integers Z i.e., the set consisting of negative numbers, zero and the set of positive
integers: _
veuy B, =320 0 Ty 12,134,

If any two elements or repeated consideration of the same element of a set gives rise to an
element of the same set under a given operation, such an operation is known as a binary

~ operation (bi means two). '

A set together with a binary operation gives rise to what is known as an algebraic structure
or system. An algebraic structure can be realized more concretely once some other
characteristics of the operation are specified. Having done so, we arrive at the starting point of
what is known as Group and Group Theory. Group theory originated from the study of
polynomial equations sometime around 1830s. Three pioneers of Group Theory are E. Galois,
A. Cayley and S. Lie.

Binary Operation on Sets of Integers

Counting numbers 1, 2, 3, ..., ... the number zero ‘0’ and the negatives of the counting
numbers ..., -3, —2, —1 when taken together, form the set of integers. The set of integers is
usually denoted by Z. The set Z becomes practically useful, once we can combine or operate on
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integer counted twice) in some or other way; and ghe, fon, i
. i , : ;
two (bi = two) integers (OF, the safzz isely defin ed binary operation. H‘ﬁ",
another integer. This demands a pr p
i
. 1
1) Sty Opeai® h ordered pair of elements in the set Z of integers i (o
i igns to eac 3 . Uiy, f
elem::tu;tpgei;v ::l:ll;da sas;;lgir::ary (bi = two) operation Of Z. In symbols, we may consider itag, ‘+(2
function f defined by _ de‘
f:ZxZ->Z . o il
In practice, a variety of symbols such as . . i [}
* ®,0,0,x,—,+ are being used to denote a binary operation. ;mnl“““ve
aita . s i ) |
Written in terms of elements, the definition of a binary oper ation looks like: ]}li“'"’
“A binary operation * on the set of integers Z associates each ordered pair of integyy n‘,((i‘l*
(m, n) € Z x Z a unique element c € Z.” [“(2.
In such a case, the set is said to be closed under the operations or the operation has
closure property. .
clm

. Two of the most common binary operations on Z are the addition operation, denoted by ” Conside
+', and the multiplication operation denoted by ‘x’

Addition: The operation of addition denoted by ‘+* says “to each pair of i (I:}’le!ﬂ.mlﬁmm
there is an integer x such that m + n = x. d y et mteg:rs el ' e
Here, the number x is called the sum of m and n. w,iﬂﬂl

For instances, 1 + 2= 3, 5+4=09, 2+(2)=0etc hb:;;;
Multiplication: The second operatio; o T ; e
peration multiplication denoted by ‘x” or ‘.’ says ‘to each w

pair of integers m and #, there is an integer y such that mxn=y’
Forinstances,1x2=2, S5x4=20 ¢

2x(-2)=—4 et
Here, the number y is called the ©
product of
denoted by mn, m(n), (m)n, (m)(n) or simply mn, ot m and n. The product of m and » is also

b) Properties of binary operations:

Addition: Given an inte

yields ger n and the number zerg «(

» the binary operation ‘+ of addition
+ 0= =
n O+n=n (3+0=0+3=3)

Here, the number ‘0’ is called the additive identity
ity.

Multiplication: Given ap ;
multiplication yields

nxl=lxn=p
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nt(n)=(n+n=0 [(3+(-3)=(-3)+3=0]
Here, the number (-n) is called the additive inverse (or negative of n).
The associative properties of Addition and Multiplication: Given three integers m, n,
and p if
m+(n+p)=(m+n)+p and m x (nx p)=(mxn)xp
[M1+@2+3)=(1+2)+3=6 and 1x(2x3)=(1%x2)x3=6]
then the addition and multiplication operation have the associative property respectively.

Commutative properties of addition and multiplication: Given two integers m, n € z, if
m+n=n+mand mn = nm then the addition and multiplication operation have the
commutative property respectively.

Distributive properties: Given three integers m, n and p

mx(n+p)=mxn+mxp and (m+tn)xp=mxp+tnxp

[4x(2+3)=4x2+4x3=20 and (4+2)x3=4x3+2x3=18]

¢) Composition table or Operation table

Consider a finite set G with a binary operation denoted by addition (+) or multiplication
(x). Then the binary operation on the elements of G can be specified or represented by a table
known as the composition table or the operation table. Such a table was first prepared by Arthur

Cayley, so this table is also known as Cayley’s table by his name.

We can visualize this situation by studying the composition which is constructed with the
help of binary operation defined on the set. The construction is convenient only when the set has

only a small finite number of elements.
1. Binary Arithmetic: Let G = {0, 1}. Computation under binary arithmetic is carried out
in the following way:
0+0=0; 0+1=0 1+0=1; 1+1=0

Its tabular or Cayley’s form is

1

0 0 1
0

2. Set Relation: Let G denote the set of subsets of the set {0, 1}. Here G = {¢, {0}, {1},
{0, 1}}. Consider the union relation as our binary operation. Then, it can be represented in the
following form: ;

Y ¢ {0} {1} | {0, 1}
¢ ¢ {0} {1} |1{0,1}
{0} {0} {oy | {0, 1} | {0,1}
{1} {13 ({013 {1} | {01}
{0,1} | {0,1} | {0,1} | {0,1} [ {0, 1}
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er a is divided by a positive integer ,
etgaﬂ d the remainder respectl_vely. then we
d. m). Also, if a and b are two integers i

Ca[] :a
dg,

itive int
lo m: If a postuve &
3. Congruent Modu nstiE
the positive igntegers k and b.(< m')ttz t:: :sb 0
congruent b modulo m’ and is wrl

- d. m)

e i , thena = b (MO . '

bisdnishie POSI:;’; l'm:l?:ird’:d by 3, the quotient is 6 and the remainder is 2, thep Ve
For example: I IS ’

Say

2 modulo 3 i.e. 20 = 2 (mod. 3.)' T the remainder in each case i | =
i C(Lnglt-‘utgm mbers 4, 10, 16 and 22 is divided by 3, '
when each of the nu e

= = = | (mod. 3) .

::Sr:, :’e 58;38“:‘ ; 3d;/il<iedl Iiy 3 gi\fes 4 as thedql;loﬁent and 1, the remainder The

operation is called the addition modulo 3 and is represented DY 3.

Further, we have 8 x 4 =32 =10 x 3 + 2 =2 (mod. 3) |

Here, the product 8 x 4 divided by 3 gives 10 as the quotient and 2, the remainder. Ty,

operation is called the multiplication modulo 3 and is represented by X;.
Similarly, 4 + 8 = 0 (mod. 3) and 4 x 9 = 0 (mod. 6)

Let us have the following composition table of the addition modl_llo 3 and the
multiplication modulo 3 for the set G = {0, 1, 2}

o T NS NSNS ImimENI I N .

+ | 011, |2 x3 | 0| 1 [ 2
0 0 1 2 0 0 0 0
1 1 2 0 0 1 2
2 2 0 | 2 0 2 |
Worked Out Examples
Example 1
Name two binary operations other than the Ones mentioned so far
Solution:
a)  Subtraction in the set of integers is a binary operation
. b) Division operation in the set of ~ .
| non-zero rat . ‘
| _ 1onal number jg 5 binary operation.
) Example 2
A binary operation * is defined on the 2
; set of int
| a) m¥n=m-n ege;s by
| -
Find m*n, if m=3 and n= 5. ) mn=omy

——

Solutions:

b) mn=2mn=2x3x2=1
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Example 3
The set G = {1, ®, ®?} where o represents the cube root of unity. Prepare Cayley’s table
representing the binary operation of ordinary multiplication x.

Solution:
Since ® x ®* = ®* = 1, Cayley’s table looks like

Cayley’s table
% 1 ® ?
1 1 ® | o

® | o? 1 ®
Example 4
Examine the set of negative integers for
a) Closure property under addition b) Commutativity under multiplication

¢) Associativity under subtraction
Solution:

The set of negative integers is denoted by Z-.
a) Anym,neZ- = mtneZ, . Z~ 1s closed.
b) Anym,neZ- = mn=nm .. Z~ is commutative but not closed.
c¢) Consider-2,-3,4€Z

{2-B)} - (A=(2+3)+4=5
and 2)-{3)-(A}=-=2-1=-3
Thus, {2 - (-3)} —(4) #(-2) - {(-3) - (-4)}

Z- is not associative.

Example 5
Test for the closure, associativity and commutativity properties in each case:

1
a) The operation defined by m*n =75 (m+n)onZ,m,n e Z.

- b) The operation defined bym @ n=monZ,m,n .Z.
Solution:
a) Consider 1,2 e Z

Then, m*n =%(m+n)
1 3
= 1% =2(1+2)=2 C4

.. Z 1s not closed.
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For associativity:
Consider 2,4,8 € Z ; : 7
20(4%8) = 2:{‘2' 4+ 8)} :
{
L =4 [ of
=2%6=75(216) . ”
ey ~
]. ﬂﬂ'ﬂ 0
Again,  (24p8 = (7 2+ OIS i -
1 L 6
=3+8=5(3+8)=7 ¢ Z ; ¢
j ;2 .
Hence the operation * defined on Z is not assocative. ] Jl;” :
0
For commutative: [ Gis
1
Form,n e Z, mn =75 (m+n)
r n ) 8 .
=‘;‘(n +m) = n*xm [fthe b

Thus, m*n = n*m but may not belong to Z.
. the operation * is commutative but may not be closed.
b) Since,formneZ m®n=me Z, the operation @ is closed.
Since, form,nandp e Z (m@n)®p=m Op=meZ
and m@n®p)=m®n=m
. the operation @ is associative,
Since, for m, n €EZm®n=meZ
commutative.
Example 6

Show that the multi
subtraction is not,

plication s a_ binary OPeration on the get S={-1, 0, 1} but the

Solution:

and -L-l)=1es,
So, multiplication is the binary ope

Secondly,
x,y€S.

ration,

the operation is of Subtract;
Ction, SO‘ we exan.line Wheth S ot for ﬂ”
€frx-yeSorn
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Since, -1-0=-1¢€8, 1-0=1€8S
but -1-1=-2¢8S
. subtraction is not the binary operation.

Example 7 |
Let G be the set of subsets of the set {0, 1}. Show that the set G is closed under the
operation of union. -

Solution:
The subsets of G are ¢, {0}, {1} and {0, 1}
G = {¢, {0}, {1}, {0, 1}}

The union of any two elements of G is again an element of G as ¢ U {0} = {0} € G,
{0} u {1} =1{0,1} € Getc.

.. G is closed under the operation of union.
Example 8
If the binary operation * on Q the set of rational numbers is defined by
axb=a+b-ab foreverya, beQ |
Show that * is commutative and associative.
Solution:
i) “*’ is commutative in Q because if a, b € Q, then
a*b=a+b—-ab=bta-ba=b*a
ii) ‘#is associative in Q because if a, b € Q, then
ax*(bx*c) =g *(b+c—bc)
=a+(b+c—bc)—a(b+c—bc)
=gq+b—ab+c—(a+b—-ab)c
=(a*xb)*c

1. A binary operation * is defined on the set of integers by
a) m*n=m-+n b) m*n=m-n
¢) mxn=mnt+m+n
Findm*nifiym=3andn=5ii)m=2andn=-5.

2. Sisagivensetanda, b € S. Prove that the operation * defined by
a) axb=a+bonS={-1,0,1} is not a binary operation.
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B

isnotab -
' } is a binary operation.

b) a~b=abons={1v2':68 10
= S={2’ Rt B i . i n.

G)-.gmbwat b _ cet of integers is @ DINALY operat.lo _

d asb=a-bonS=s¢ is a binary operation.

.yt : 1
- ositive integers, ; .
e) a*b=3a+5bonS=set of p ive integers, is not a binary operation.

= f negatl
a*b=5a—-3bonS=setoINCE ks
t)) a“1:v=a"’onS=setofintcgers,15“0“‘]9‘“ry -
g 1% and x denotes the usual operation of multlphczg:on. Represent j b
- El, 1 and X . ioation is a bi tion on S.
* (Liztylgy’s tible. S}how that the multiplication 1S a binary opera

4. Examine the set of positive integers for
a) closure property under addition. .
b) commutative property under multiplication.
¢) associative property under subtraction.

5. Test the closure, associative and commutative properties for each of the following cases

peration.

1 ,
a) the operation defined by m * n =5(m-nyonZ,mneZ

’ b) the operation defined bym*n=nonZ,mne Z.
c) the operation defined by m * n=m+n + 1, m,neZ.

-~

A. Define a set S with a, b € S. Again defi
shows

a) the operation * on S is a binary operation
b) the operation * on S is not a binary operation,

B. Consider a set of subsets of the set consistin -
: : g of three ele ' ned
on it be the union of two sets. Exami IR A e v g

. : ine whether the uni i isa
binary operation or not. 10n operation defined on the set is

ne an operation * on S. Give two examples that

Answers

l.a)i)8 ii)-3 bi)-2 ii)7 c)i)23 i) -13

3 X -1 1
-1 1 -1

1 -1 1

| 4. a) closed b) commutative
5. a)not closed, not associative, not ¢
¢) closed, associative, commutatj

e s ————

¢) not associative
Ommutatjye b
ve ) closed, associative, not commutative

—
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Algebraic Structure

A set with one or more binary operations gives rise to what is commonly known as a
algebraic structure. In particular, the set Z of integers under the addition operation ‘+’ is an
algebraic structure. It is commonly denoted by (Z, +). In the same way, the set of rational
numbers Q under the usual multiplication operation ‘x’, and denoted by (Q, x), is another
algebraic structure. A more complicated algebraic structure is the set of real numbers R together
with the two usual operations: addition ‘+* and multiplication ‘x’. Such an algebraic structure is
denoted by (R, +, x). Algebraic structures with one or more binary operations are given special
names depending upon additional properties involved.

An algebraic structure consisting of a set G under an operation * on G, and denoted by
(G, *), may enjoy one or more of the following characteristics:

Given a, b, c, ... as the elements of the set G, the algebraic structure (G, *) may be
|. Closedifa*b e G foreacha, b e G.
Commutative ifa * b= b * a, foreach a, b € G.

Associative if (a * b) x c=a * (b * ¢), for each a, b, ¢ € G.

g= b 02

Existence of identity element: For each a € G, if there exists an element e € G, such that a
* ¢ = g = ¢ * g then e is called the Identity element.

If a * e = a, then e is known as the right identity element and if e * a = a, then e is known
as the left identity element of G for the operation . If a set contains left as well as right
identity element, then we say that it has the identity element.

For example: If 0 + x = x for all x € G, then 0 is the left identity element and x + 0 = x for

all x € G, then 0 is the right identity element of G for the operation +. Similarly if 1.x = x
and x.1 = x for all x € G, then 1 is said to be left identity and right identity element

respectively of G for the operation x.

5. Existence of the inverse element: For each a € G, if there exists an element a” € G such
that g * a’= e = a’* a then a’is called the inverse of the element a.
If a * a’= e, then a’is known as the right inverse of a and if a”* a = e, then a"is known as
the left inverse of @ under the operation *. For example: If x + (—x) = 0 for all x € G, then
—x is the right additive inverse of x. Again if (=x) + x = 0 then —x is the left additive inverse
of x.

Similarly, if xx! = 1 for all x € G and x # 0 then x! is the right multiplicative inverse of x
and if x-'.x = 1 then x! is the left multiplicative inverse of x.

Worked Out Examples

Example 1
Given a set G = {0, 1} and a binary operation + defined by:
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| Cayley tabje
0+0=0; 0+d= 0 + 0 |
- dx j %= I
ik .l,' antity and additive inverses of 0 and 0 0|
Find the additive identity 1 : :

. ; itive identi ’
DO, [ =1=1+0,s00isthe additive identity e
a) Since0+0=0,0+ ve inverse of 0, and 1 1s the additive Inverse ¢

- =0 = 0, 50 0 is the additive IVErS f itself.
g lSn;ce (t)h:rowon%s] e:elry element of G is the additive INVErse Y
.ino ’ x

Example 2
1 = 1 . 2, 3, 4, .
Given the algebraic structure (G, +) with G = {0,
addition, find the identity elements of 2 and 3.

..} and + is an operatjqy of

Solution:
Since 0+2=2+0=2€¢G
and 0+3=3+0=3€¢G
So 0 is the identity element of 2 and 3.
Example 3

Given the algebraic structure (G, x) with G = {1, ®, ®?} where ® represents the complex

cube root of unity, and x stands for the binary operation of ordinary multiplication of complex
numbers, show that

a) 1 is the multiplicative identity
b) 1 is the multiplicative inverse of itself

¢) o and ®are multiplicative inverses of each other.
Solution:

a) Since,lxl=l,1xw=mx1=m
and 1 x @?=@?x | = 2

so, 1 is the multiplicative identity.

b) Since 1 x1=1,501is the multiplicatiye

inverse of itself,
¢) Sincewx ?=@2xp=]

; : . ) _
So @ is the inverse of 2 angd ©? is the inverse of ¢,

Example 4

L1, i}, where i stands for ¢

Cation Operatio
3 -)’ wlth the b n.

Imaginary unit; and » stands f, (G, *), With G =

b) Given an algebraic structy
m+n—1forallm, pn ¢ Z,

T Usua] Mmultip|;
re (Z

inary OPeration « defined by m * "~
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Solution:

a)

Since -D.1 =1(-1)=-1
1.1 =1
—il = 1.(~i)=—i
and il =li=i
So 1 is the required identity element.
Again, 1.1 =1,(-1).(-1)=1 and (=).i=i(-)=1
So 1 is the inverse of 1, —1 is the inverse of —1. And —i and i are the inverses of each other.

b) Suppose e is the required identity element under * defined by m * n =m+ n — 1 for all
mneZ.
Then, mee=m+e-1
or, m=m+e-1
So, e=1
Since m € Z, it suffices to obtain its inverse only. Let it be m . Then,
mem’'=e=1
or, m+m’-1=1
Hence, m’'=2-m
Example 5
Solve: 1)3x=1inZ, il)2x+1=31nZ;s
Solution:
i) 3x=1inZ,
= 3xyx =1
= Bxi(3 xx) =3 %]
= (B3x43)x4x =3
= 1x,x =3
_ x =3
1i) 2x+1=3inZ;s
= 2xsx+s1 =3
= 2xsx+s1l+s4 =3+54
= 2xgx=2
= 3Ixs;(2xsx) =3 %52
= (B xs2) xsx =1
= I xsx =1
x =
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Find the identity elements and the inverse elements of 2 and 3.

Let G = {0, 1, 2}. Form a composition table for G under addition modulo 3 and
multiplicatior’l m’odulo 3. Find the identity elements and the inverse elements of 1 and 2y
each case.

LetG={..,-3,-2,-1,0,1, 2,3, ...} and the operation defined on G be of addition. Fing
the identity and the inverse elements of 1 and 2.

Given the algebraic structure (G, x) with G = {~1, 1} where x stands for the operation of
multiplication, find the inverses of elements of G.

Determine the identity element and inverse elements of 3 and -2
a) Given an algebraic structure (z,
+1forallm,ne Z. '
b) Given an algebraic structure (G, ) with G=R - {1},
the unit number and
alla, b € G.

in each case given below.
*) with binary operation * defined bymen=m+n

the set of real numbers without

* stands for the binary operation defined by a* b= a + b - ab for

Identity elements of | and 2 = 0
Inverse elements of -1 and | gre

i o Answers
entity element = 0, inverse elements of 2 and
T 1 : 3are2and | respectively
0 0 1 2
1 I > 0 :dentlty element = 0
== nverse elemens
2 of 1 and
> 0 l 2are 2 anq | respectively
xs [ 0 [ 1 ]2
0 0 0 0
l 0 T 13 Igsmit)’ element =
€rse elem
= = s e ents of | and 2 are | and 2 respectively

and Inverge elemems of
~land | res !

; and
PeCtive] y 2are ~l and 2 respectively.
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5. a) Identity element of 3 = -1, inverse element of 3 = -5, Identity element of -2 = -1,
inverse element of -2 =0

b) Identity element of 3 = 0, inverse element of 3 = % , Identity element of -2 =0,

; 2
inverse element of -2 = 3

Group
An algebraic structure (G, *), where G is a non-empty set with an operation **’ defined on
it, is said to be a group, if the operation * satisfies the following axioms (called group axioms).

(G1) Closure Axiom. G is closed under the operation *,

i.e. a*beG foralla, b € G.
(G2) Associative Axiom. The binary operation * is associative.
ie., (axb)y*c=ax*x(b*c) | forVa,b,ceG.

(G3) Identity Axiom. There exists an element e € G, such that
a*e=a=ex*a, forall a € G.
The element e is called the identity of ‘@’ with respect to ‘*” in G.
(G4) Inverse Axiom. Each element of G possesses inverse, i.e. for each element a € G,
there exists an element b € G, suchthata*b=e=b*a
The element b is then called the inverse of a with respect to “** and we often write b=a.
Thus a-! is an element of G such that
a*a'=e=a'*a.
An algebraic structure with a set G under a binary operation *, and denoted by (G, *), is
known as a group if it is associative, has an identity and an inverse element.

(Note: In the definition of a group sometimes the closure property is also mentioned. Once
we mention operation * as a binary operation this becomes redundant.)

a) Finite and infinite group

A group may contain a finite or an infinite number of elements. It is said to be finite or
infinite according as the number of elements is finite or infinite. The number of elements in a
group is often called the order of the group. It is denoted by | G | or o(G).

The set S = {1, -1} is a finite group under multiplication; and its order is 2. But, the set of
integers is an infinite group under addition.

b) Trivial group

A group consisting of only one element is called a trivial group. The set G = {0} with
usual addition operation is a trivial group; and the set H = {1} with usual multiplication is a
trivial group under multiplication.
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—~ alla, b € G.
¢) Abelian group 1. an abelian gOUP ifg*b=>bxafor
i id to be
A group (G' ‘) 1S sal

an numbers : ' . |
Groups with elemen§ Oth:r:‘y kind of non-material or material objects, and 3 bing
Since a set may consist of 2

oups whose elements are
defined in various ways, we cafl define. group fop.
i efined 1n
operation can also be

i ts like translation, roty:
£ numbers or matrices, or physical movem:nnumbers . non_num:ﬁ_lon
g bcll?CRS Y :;T simple cases that involve blocks o Ficy
etc. We now discuss s

objects or processes.

Matrix Group s

The set of square matrices of a given order is.known to possess t}t]};ei :‘S;zg:;a:;:hzr;};?y,
the zero matrix as the identity matrix and the negative of a matrix as . - iX,
This means the set of all square matrices of a given order is a group. S“Z a gr (::ip i ft’i“’“ as
the matrix group of the given order. A matrix group of order 2 under matrix addition i
generally denoted by

a b

ng({ ],+) where a, b,c,d e R
c d

Furthermore, the set of ‘non-singular square matrices of a given order under matrix

multiplication is known to be associative, has the unit matrix as the identity matrix, and the

inverse of the given matrix as the inverse element. This means the set of non-singular square
matrices forms a group under matrix multiplication.

Worked Out Examples

Show that the set Z of integers does not form a 8roup under the operation defined as x *y
=x—yforeveryx,y e Z

Solution:
Here, Z={...,—3,-2,-1,0, 1,2}

opera?il:xf?sﬂ:foglegereme *=y-of any two Integers is also ap integer so belongs to Z, hence the
For associativity
(2+3) *4=(2-3)¢4=(-1)*4=h1 .

and 2*(3*4)=2 *B-4)=2+« (“1)=2*(-1)==3

2534 £Q2%3) x4

L.e. associativity is not satisfied.

Hence Z does not form a 8Toup under g, 8 given op
Cration




trix
the

& 4

1€

Elementary Group Theory 55

Example 2

Given the algebraic structure (G, x), with G = {1, ®, ®?} where o represents the complex
cube root of unity, and x stands for the binary operation of ordinary multiplication of complex
numbers, show that (G, x) is a group.

Solution:

a) Since the product of any two elements of G is also an element of G, so, the operation x is
closed.

b) Ix(@xw)=1xw*=1x1=1

and (I xo)x?=ox?’=’=1
1 x (0 x®)=(1 x)xan?
Associativity is satisfied.
¢) Sincelxl=11xo=0x1=0andl x 0?=o*x 1 =w?
1 is the multiplicative identity.
d) Since 1 x 1 =1, 1 is the multiplicative inverse of itself.
And, since ® x @ =1, ®®* x ® = 1, s0 ® and ®?* are multiplicative inverses of each other.
Hence (G, x) is a group.
Example 3

Let G = Q — {1}, the set of all rational numbers without the unit number. Suppose an
operation * defined on G is givenbya*b=a+ b — ab. Show that the system is a group.

Solution:
i) Here,a*b=a+b-abis obviously a rational number Q. It cannot be 1.

If a+b-ab=1,then(a—-1)(b-1)=0
or, a=1orbothl, which is not possible.
So, * is closed; and the operation is binary.

1) Fora,b,ceG,(a*b)*c=(a+b—ab)*c
=gq+b-ab+c—(a+b-ab)
=a+b+c—ab—-ac—bc+abc

and a*(b*c)=a*(b+c~bc)=a+b+c—bc—_a(b+c—bc)
=a+b+c—ab—ac—bc+abc
Hence, (a * b) * ¢ = a * (b * ¢), (associativity)
ili) Since(@a*x0)=a+0-a0=aand (0*a)=0+a-0a=a

0 is the identity element.
iv) Suppose b is the inverse of a. Then (a * b) =0, the identity element. Hence

(a * b) =a+b-ab=0
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because af l1.1€., the inverse of 1
€ G, a
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Hence, from (i) — (iv), G is 8 &r oup-

Example 4

Let G = {0, 1, 2, 3}. Form a Cay
Show that x, satisfies closure property an
under x,.

ley’s table for G under the multiplication mody|, 4(){{)
ey’s

d associative property but G does not form , Erouh‘

Solution: | . oo
Cayley’s table for G under the multiplication modulo 4 (x4) 1S presen

X4 0 1 2 3
o]lo|[ 0[O 0
1 0 1 2 3
2 0 2 0 2
3 0 3 2 1

From the table, we see that the product of any two elements of G under multiplication
modulo 4 is also in G. Hence x4 satisfies closure property.

For associativity
Ixg(2%43)=1x,2=2

Also, (1%42)%,3=2x,3=2
Ix,(2%43)=(1 X42) %43

This result is true for every element of G.

. X4 satisfies associative property.

inverse element.

.G does not form a group under x,,
Example 5

[ o 0 = 1ARB,C. D} where
A= y B= J Ce -1 0

0 1 10 J » D

Under matrix multiplication, N

prove the .
a) BCeS. fOlIowmg results
¢) Cis the inverse of itself, b)

Als ap identity element.
and D are the inverses of each othe"
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Solution:

a)

S Y I G R
w-( )G )

b)
Similarly AC=C,AD=D, AA=A
. A is the identity element.
-1 0 -1 0 1 0
¢) CC= = =A
0 -1 0 -1 0 1
. C is the inverse of itself.
0 -1 0 1 1 0
d) BD= = =A
1.0 -1 0 0 1
Similarly DB = A
.. B and D are inverses of each other.
Example 6

57

Show that the set of all positive rational numbers form an abelian group under the

ab
composition defined byaob=">5".

Solution:

b)

Let Q* be the set of all positive rational numbers. We define the operation o on Q* by

acob='z'12E foralla,b e Q*

ab +
Closure property: Since a, b € Q", 8075 € Q

Hence Q* is closed under o.
Associativity: Suppose a, b, ¢ € Q*

%) -4e(8) b
Then, ao(boc)=aol|%)=5a(7 ) =340

. ab 1 1
Again, (aob)oc=(5|oc=5|7¢ =4abc

ao(boc)y=(@ob)oc
Identity Element: Let e be an identity element.
Ife € Q then

eoca=ada
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Also, eoa=7
a

e
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Since a #0,s0 ¢ = 2.
. 2 is an identity element.

) a. IfbeQ
d) Inverse element: Let b be an inverse element of

thenaob=e=2
ab
Also, aob=7

ab E
2—2 = b

Q|&

4. .
g s the inverse element of a.

Since Q* satisfy all conditions of a group, so Q* represents a group under the operation o,
Also, aOb=—2-=-§-=boa

Q* satisfies commutative property as well.
. (Q*, 0) is an abelian group.

1.  State whether the following statements are try
a) the order of the group (G, *) with G
unit and ¢ stands for the operation

b)  The group ({1, -1 15 *) under the
¢) Theset {-2,

e or false. If false, give at least one reason

= {-l, L, ~i, i} where i stands for the imaginary
multiplication jg infinite.

Operation »

; of usual multiplication j .
~1,0,1,2} is a group yp e tiplication is of order 2

multiplicat;
| d) Theset {2, 4,6, 8,10} isa 8oup under addmor:, cation, e
€) G={2":mez formsa group under Multiplication
2. Show that the set S = /_
( 5 Duferis f {~1,0, 1} does not form a group with respect to addition operation ¢
| © set of natural numbers goe not form %
| 4. Show that the set T = 1,1} f a group under the addition operation 3
~ 1 forms a groug ynger Multiplicas o
5. LetG={l,-l, i, T:} and the Operation be of multip]: iom operation 1
a) show that G is closed under Multiplicgy Ultiplicatiop, 3
b) show that the Operation ig asSociatiye on 5
;
4

m
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¢) show that identity element and the inverses exist.
d) can you conclude that G forms a group?

Show that the set of integers Z forms a group under the operation of addition.

A binary operation * defined on the set S = {a, b, ¢} is presented in the following Cayley’s
table

* a b c
a a c

b c a
c c a

Show that (S, *) forms a group.

Let G = {0, 1, 2, 3}. Show that G forms a group under the addition modulo 4.
If G = {a, b} forms a group under the operation * with an identity element a, prepare a

Cayley’s table for G.

cos® —sinB

A set of matrices of the form A= [ ] where 0 is a number, is given.

sin® cos®
a) Show that the operation of matrix multiplication is closed.
b) Show that A, is the identity element of A,.
¢) Show that A g is the inverse element of A,.

If the set of all positive rational numbers with composition defined by a 0 b = %b forms a

group, find the identity element and the inverse of a.

Show that the set of all positive rational numbers forms an abelian group under the
composition defined by a 0 b= %‘ .
S = {-1, 1, i, i} is the set of fourth roots of units. Complete the following Cayley's table

X -1 1 —i i
-1
1

g )

i

a) Examine whether the multiplication operation defined above satisfies the closure
property, associativity. Also examine whether there exist identity and inverse

elements or not.
b) Does the set form a goup under multiplication?
¢) Is the group an abelian? '
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Answers 9.

I. a)No, it is of order 4. _
b) Yes, the group comal.
¢) No, closure property 1 -
d) No, no identity element eXists.

5. d)Yes.

ns two elements.
s not satisfied.

9
12. e=3,a

Elementary Properties of Group o

We know the definition of a group. It says that a group ITLUSft}i;‘;eni’:;g::gg ;:;Tiltfi:m ang
every element must have an inverse. But there 1s N0 mention ab out e e es
the number of inverses of an element. For the investigation abou matters and ers ve
shall prove some theorems. These theorems and others reveal some prope groups.

Theorem 1. ' ) ‘

In a group there is one and only one identity element. (or in a group the identity element j;
unique).

Proof.

Let e be an identity element in a group (G, o). If possible, let €' be another identity
element. Then we have
eoe'=e'oe=¢, considering e as the identity element

Also eoe'=e'oe=e, considering e’ as the identity element.

Hence e =¢’, i.e. there is one and only one identity element.
Theorem II.
Every element in a group (G, o) has unique inverse.
Proof.
We know that an element 4 in a i
group has an inverge 4-1 such that

aloa=e=gqgoq!
Suppose a ‘i 1

PPOS€ a”1s another inverse of g, g, we have

a’ca=e=qogqg’

Now, a/ =eo0 a ': . i
as e is the identity element

= 1

1 Ca
=a'o(ago ‘

I i AsSociativity |ay,
=aloe 2a0q/<,

3 € s the ideng;
i$ uniqe.

This shows that the inverse element ty element,
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Theorem IIL.
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Cancellation law. If a, b, c are the element of a group (G, o) andaob=a o, thenb=c.
Also,if boa=coa, then b =c.

Proof.
As a € (G, 0), a has the inverse a! such thata! oca=aoa'=e
We have aob=aoc ... (1)

Multiply both sides of (i) by a~! on the left. Then,
a'lo(aob)=a'o(aoc)

or, (@'oca)ob=(a'oa)oc by associativity law

or, eob=eoc becausealoa=e

or, b=rc as e is the identity element.

Similarly, we can show thatifboa=coa,thenb=c.

Theorem IV.
Ifa,b e (G,0),then i) (aob)y'=b'oa’ i) (e')y'=a

Proof.
We have
(@ob)o (b oa?)
=(aob)ob)oa'
=(ao (bobM)oa’
=(@oe)oa’ asbobl=e

by associativity law

=goaq!
=e
Similarly, we can show that (b' o a') o (aocb)=e
;. aobistheinvese of b' 0 a’l.
ie. (@aob)y!=bloa’
Wehave aloa=e
Multiplying both sides on the left by (a~!)~' we get
(a—l)—l 0o (a—l lo) a) = (a—])—] oe

or, ((@')'oa')oa=(a')' by associativity law

or, eoca=(a')!
or, a= (a_ ])_1
Theorem V.

If a and b are the elements of a group (G, ©), then

aox=b and xoa=b have unique solutions in (G, ©).

hfh
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. e element Of a, iS a]s .
o f the group (G o). Soa’, the invers . o
the 4
Let a be an element 0
anda—' o a=aoa—1 =g,
Now,aox= b
a-l 0(00x)=a-l ob

o, (a_|oa)0x=a—10b

Multiplying both sides by @' on the left.
Associativity law -

or, eox=ag'ob
or, x=a'ob
is 1 ired solution. _ :
'::l:l:z;h fhlegz;;ueness of the solution, we suppose that x, and x, are the solutions, then
aox;=b and aox,=b
aox, =aox, each being equal to b
or, a'lo(@ox)=a'o(@aox,)
or, (@'oa)ox;=(aloa)ox,
Oor, eox;=eoux,
or, X; =X,
So the solution is unique.

Similarly, we can show that x o g = b has a unique solution in (G, o).

Worked Out Examples

Solution:
i)  The additive identity for R is denoted b it _ -
identity. Then, Y 0. Ifit s not unique, let e € R be another additive
O+te=e
O+e=0

Hencee=0, i.e., the additive identity is unique

ii) The multiplicative identity for R i
S
another multiplicative identity, Then, denoteq by 1. If it is not unique, let e € R denot¢

I xe=e, assuming | ag the myj;

assuming e as the mulgj
Hencee=1,je., the multiplicative identity

Plicative identity.

Plicatjve identity
is Unique,

Ixe=1],

AN
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Example 2
If a, b € G and G is abelian, show that (ab)? = a?b?
Solution:
Since G is abelian so
ab=ba
Now, (ab)? = (ab) (ab) =a(ba) b
=a (ab) b = (aa) (bb)
= g*b?

EXERCISE

63

1. Ifaand b are the elements of a group (G, *) such that

a) axb=b,provethata=e b) a*b=é,provethatb=w’.

Oy R B2

If the group (G, ©) is commutative show that (a 0 b)' =a™' o b7, forall a, b € G.
Prove that if every element of a group G is its own inverse, then G is abelian.
If (G, o) is a group, then the group equation x © x = x has a unique solution x = e.

If G is a group such that (ab)? = a?b? for all a, b € G, prove that G is an abelian group.




Chapter 4
Complex Number

mﬁm

ber, its conjugate, absolute value ang the
We have discussed about the compiex numoer, . '
geometrical interpretation in grade XI. Now, here we deal De-Moivre theorem, Euler's formy,

in complex number and then related problems.

Polar Form of a Complex Number

Let z = (x, y) = x + iy be a complex number. It can'be Y
represented by a point P in the complex plane with cartesian
coordinates (x, ). Let 8 be the angle in the standard position ’ g
with OP as its terminal arm, and 7 the length of the line e :
segment OP,

So, we have

] :
X =rcos 0, y=rsin@ ) R
(x, 0)

Thus, the complex number, z = x + iy, may be written in

the following trigonometric form (polar form)
z=r(cos 6 +i sin 0)

wherer=\fx2 +y? and tan 0 =§,x¢b.

Actually r = | z | is the modulys of z and ;
argument of  and is written as amp (s) o, o the angle @ s calleq the amplitude or the

Since sin 0 and cos 0 are both periodic with a

period 2 or 360°, the complex number

zZ =x+iy =r(cos 9+isin9)
may be written in the general form as
z =r{cos (8 + 2nm) + i sin (0 +2nn), ifo
i - 0 ;
= rlcos (B+7360°) + sin ®+n 360°)], if @ :S 'm ;ad'ans’ integer
S In degrees, # is an in

The relation between the complex ny,
form is known as Euler's formula in ¢

ei9=cos9+fsin9

mbers i e .
e . . |
complex nymy, XPonential form ang the trigonometric?

|
f
‘ Euler's formula
]
! -Atis deﬁned by




ang th
] f0nn llll
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Thus z = re® = r (cos 6 + i sin 0) is the complex number chose magnitude is » and the
amplitude is 8. The formula

e®=cosO+isinb

is also called the complex number in the Euler's form.

Products and Quotients in Polar Form

One of the important uses of the polar (or trigonometric) form of complex numbers is in
the computation of products of complex numbers. It provides us a quick and efficient method
for calculating the product and hence that of the quotient. Other important uses include the
computation of powers and roots of complex numbers.

Theorem
The product and quotient of two complex numbers
z,=r, (cos 0, + i sin 8,) and z, = r, (cos 6, + i sin 6,)
are given by
2,2, =nrr, [cos (0, +0,) +isin (6, +6,)]
V4 I

and = =r—;[cos (0,—8,) +isin (6, - 6,)]

Proof:
2,2, =r, (cos 0, +isin 0,). r, (cos 0, +i sin 6,)
= r,r, {(cos 8, cos 6, —sin 6, sin B,) + i (sin 0, cos 6, + cos B, sin 6,)}
=rry {cos (8, +60) i sin (8, + 6,)], thus proving the first part.
To prove the second part, we have
zi N (cos 6, +isin 0))
z, r,(cos®,+isin6,)
_ri(cos @, +isin 0,) (cos 6, — i sin 6,)
" 1, (cos 0, +i sin 6,) (cos 6, —i sin 0,)
_ri(cos 8, +i sin 8,) [cos (-0,) + i sin (=6,)]
B 7, (cos? 0, + sin? 6,)

=;—;[ cos (B, — 8y) + i sin (8, — 6)].

Alternative method:
The above theorem can also be proved by the use of Euler's formula with an easy and short
way.

.. i0 . i0
zy=r(cos 8, +isinB)=r e! and z,=r,(cos B, +isin 6,) =r, e2

0 i0
Then, z,z, =r.e ' .re 2
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T Al (i)
=rnn 0 )} ......
in (6, T 92
=y {cos B+ 0 TS &
i0,
: Z r ¢
Again, 5o %2
- i@ -8y)
I
r icin (0, —07)} oo (i)
=;_{Cos(91_92)+lsm( ] 2
2
(i) and (ii) are the two results to be proved.
From the above results, we have the following relations.
; . i _ i
z, = rl(cos B: + i sin 91) = rlele! al'ld Zy= rz(COS 92 +18In 62) —ne 2
give |2y |=r, |z |=r,
and amp(z;) =6, amp(z,) = 0,
Now, 212, =ryry et = rry {cos (6, + 0,) +isin (6, + 6,)}
gives |22, | =riry=|z,|| 2|
and amp(z,z;) = 0, + 0, = amp(z,) + amp(z,)
: < RO O Y
Again, P 17%2 o {cos (6, - 8,) + i sin (0, — 0,)}
. Z n_lz|
ves, — | ===
e Ll n |z

Z

| i 1)
and amp(zj =0, -6, =amp(z,) - amp(z,)

If the complex numbers 21 = r/(cos 0
1t g

magnitudes r,, », and the amplitudes g 9
ls

;z:dar.ld %2 = r, (cos @, +isin 02 ‘fim
' the complex plane by the P o
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P(r;, 6,) and Q(r;, ©,) then the complex number z,z, with magnitude 7,7, and the amplitude
9, + 0, will be represented by the point R such that ZXOR = 6, + 6, and OR = r/7».

z r
In the same way, the complex number z—; with magnitude r—' and amplitude 6, — 0, will be
g

represented by the point R such that

£LXOR=0,-6, and OR ==,

Integral Powers and Roots of Complex Numbers

The product of a complex number z by itself, i.e., z. z is denoted by z? and is called the
square or second power of z. The cube or the third power of z, denoted by 2°, is defined by 23 =
22. z. In general, for any positive integer n, the nth power of a complex number z is defined by

zﬂ:z!’l*l-z and Z°=1.

Obviously, the nth power of a complex number is also a complex number. Let us denote it
by w, so that

Z"=w,

Conversely, if w # 0, and if 7 is a positive integer, then any complex number z whose nth
power is w, is known as the n' root of w. In other words, any complex number z such that

n=w, w#0, n=1,2,3,....

is known as the st root of w. The n' root of w is usually denoted by

win or w.

The computation of the n power and the n* root of a complex number may be carried out
with comparative case with the help of a theorem known as De Moivre's theorem, which uses
the polar (or trigonometric) form of a complex number.

The method of finding the n® roots of a complex number will be given after De-Moivre’s
Theorem.

De Moivre's Theorem
If n is any positive integer,
[ (cos O + i sin 8)]" = " (cos 16 + i sin nB).

Proof.
Obviously, when n = 1,
[7 (cos® + i sin 0)]' = r (cos 6 + i sin 6).
For n =2, we have
[ (cos 6 + i sin B)]?
= 12 (cos? O + 2i cos 0 sin 0 + 2 sin? 0)
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. -5 cin 0 cos 6)
=r:'(c0529—-sm29“25lrle
i = 12 (cos 20 + i sin 29)1- 4n=2. Weprove the theorem by induction.
N » = .
Thus the theorem is true for 7 sitive integer k.
m is true for some pO
Let us assume that the theore
By assumption, )
. j sin k9).
.’ [r (cos 6 + i sin g6 =r* oo 5 5 ) t :ofa
] . = os e e
' Multiplying both sides by 7 (cos 8 +sin 6), ¥ kg 0 + i sinf) L
4 i si cos 7%
| [r (cos B +isin @))*! =7*! (cos kO +isin ),( LC“’I
— 1 [cos (k+ 1) 8 +sin (k+ 1) 6], hen
which shows that the theorem is true for n = k + 1 whenever it is true for » = k. But vi./e.know 2 {R('
that it is true for n = 1 and n = 2. When it is true for n = 2, the above proof shqws that it is trye .
for n = 3. Continuing this way, we come to the conclusion that the theorem is true for every 2
positive integer n. This completes the proof. Gince the
In fact, the theorem is true not only for a positive integer but also for any real number », )
We shall assume this without proof. R*=
( Let us now apply this theorem to compute the integral powers of complex numbers. and 08 7
| gralp p
Alternative proof of De-Moivre's theorem > Cos7
Let z, = ry(cos 6, +isin 0,), z, = ry(cos 0, + i sin 5 e and z, = r,(cos 0, + i sin 8,), n 2 m=
be complex numbers. Using Euler's formula ¢i® = cos 0 +isin@
Wehave z,=re™, 2= e z= rse's, ... and z,=re" .
Now,
. o . w :
2125323...2, = ruela', J”zf!m2 . f’ael% ....... r,,eiaﬂ
= (?‘] ?‘2 r3 v rn) el(el +82+93+ T +Bn)
= f
ryrar..r, {cos(@l+92+9 + + o ; ‘ﬂlk::o
. fz,=2=2z=...2,=r, (say) T 9“)+'Sm(el+92+93+---+9n) iﬂmeﬂkr,
| NEnRSh=..=n=r and 6,=9,= %&th
- ] > 93 = = 9 o
’ thenz.z.z...z(ntlmes) e =0, =0
=(r.r.r....r){cos(9+9+ 10
| 0+ .. +0)4 ;o 03
‘ z"=r"(cosn9+isinn9) 9)+rsln(9+9+9+.”+9)}
i ..
|l . = {r(cos 8 +isin 9)}"'“""(cosn9+isinn9)
which completes the proof of De-Moivre'
_ S theorem,
- De-Moivre's theorem can also pe |
. Proved more shopyy, - }
If z=r(cos 0 + i sin ), then Y In the following way. 1 *hb. \
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2 =z.z.z... z(ntimes, n being positive integer)

=r(cos@+isin®).r(cos®+isin0)...... r (cos O + i sin 0)

wp® et re? re® (n times)

=0 @i®+0+0+ ... +0)

= 0 ind

=" (cos n@+ i sin no)

nt root of a given complex number
Let z=r (cos O + i sin ©) be the given complex number whose n™ root is required.
Let w = R(cos @ + i sin @) be the n® root of the complex number z.
Then, wt=z
= {R(cos @+ isin@)}"=r (cos O +isin 0)
= R"(cos n@ + i sin ng) = r (cos 6 + isin 0)
Since the two complex numbers are equal, so
Ri=r = R=pn={fr
and cos ng +isin ng =cos 6 +isin O
= cos ng = cos 0 and sin ng = sin O
= ng=2kn+0 or, k.360°+6
- k.360° + 6
n
w = R(cos @ + i sin )
k.360° + 6 9 .. k.360°+6
=Alr {cos + i sin '—n——'}

Fork=0,1,2,3,...... , n— 1, we get n different roots of z. For other integral value of k

will give the root obtamed earller i.e. roots will be repeated.
Thus the ki root of z denoted by z is given by

° 4 360° + 6
kr{cosk%(} : lsin‘k—_“} k=0, 1, 1,230 dass ,n—1

Worked Out Examples

Example 1.
Express 2 + 2 \3 i in the polar form and Euler form.

Solution.
Let 2 + 2¥3 i = r (cos 6 + i sin 0). Then by the definition of the equality of two complex
numbers :
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rcos9=2
and rsin 9=2\l3

n— rR=4+ 12= 16,
This gives - (positive value only).
or s

V3
I

Also, cos 0 =7 and sin 6 = 2

(28]

giving 6 = 60° e
Hence 2 + 2V3i = 4 (cos 60° + i sin 60°)
=4 (cos n/3 + i sin m/3)
=4 ¢in3
Example 2

. 2(cos 70° + i sin 70°) . i et
Find the value of cos 10° + 7sin 10° USing Euler's fo

Solution ;

2(cos 70° + i sin 70°) _ 2(cos 7n/18 + i sin 7n/18)
cos 10°+isin 10° (cos /18 + i sin 71/18)

2 ei Tn/18

=-_e_i_trﬁ_8_ =7 ei(Mn/18 - n/18)

=2e"3 =2 (cos n/3 +; sin t/3)

1. V3
=2(2+‘2)
=1+4f3

Example 3

cos 860 +/ sin 89

Prove that-(mS 0 +i sin )6 ~ €05 26+ sin 2¢
Solution :

cos 86 + i sin 89
(cos B + i sin 9)6

_ (c0s 6 + i sip g)s

~ (cos @+ i sin )6 ) i
S

=(cos 0 + sin 0)2 corem)

=05 260 + sin 29

Example 4

Using De

-Moivre’s theorem, evaluate (] -\3;




@
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Solution :
Let 1 —f3 i =r(cos 8 + i sin 0)
Equating real and imaginary parts,
rcos 0 (x)=1,7sin0 (y)=-1/3
ro =N+ 3y =2

0 =300°
1-4/3i =2(cos 300° +i sin 300°)
Now, (1 =43 i) = { 2 cos (300° + i sin 300°)}
=26 {cos 1800° + isin 1800°} -
=26 {cos 0° + isin 0°}

=26=64
Example 5
ST )
| Show thatz2=1,1 z=-5+5 L
Solution.
oy 1 3.
Letz=x+iy=r(cos®+isin@)=—75+5"1i
1 3
Here,x=-7 and y=32C-
Then, r="\[2+3= "
V3 -
= _ in the second quadrant
e or 06=120° as x is negative and
_% y is positive

Thus,z = cos 120° + i sin 120°.
Again, z3 = (cos 120° + i sin 120°)?
= cos 3 (120°) + i sin 3 (120°)
= cos 360° + i sin 360°
=1.
Another important use of De Moivre's theorem is in the computation of the roots of
complex numbers. We shall illustrate the method with some examples.

INEENEIEEEE IR I I I IR LI NI IR EL IR .-I.I
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Example 6 i
Find the square roots of 2+2
Solution :
Letz=2+2\3i
Here,x=2andy = 23
To write z in polar form we note that
r =422+ 3)2=4
2V3 400
and tan § ==~ =3 or, 6 =60
.. in polar form
z =4(cos 60° + i sin 60°)
= 4[cos (60° + n 360°) + i sin (60° + n 360°)] in general polar form
\z =212 =1[4 [cos (60° + n 360°) + i sin (60° + n 360°)]'2
=2[ cos (30° + n 180°) + i sin (30° + n 180°)] where n =0, 1
(Using De Moivre’s theorem)
Whenn=0, z2=2(cos 30°+isin 30°) = V3 +i
Whenn=1, z2=2(cos 210° +isin 210°) = —3 — j
> Forn=2, 3, ... the values obtained above will repeat, as the angles differ by multiples of
Note: The square roots can be obtained directly using the formula given iﬁ Art. 11.11
Example 7

-

If z be a complex number, prove that l
p a |z| and amp(;) = — amp(z)

1
z

Solution :

Let z=r(cos® +isin 0)

Then, |z| =, and amp (z) = 9
1 1
Z  r(cos 0+ sin 0)
=] Cos 8 — jsi
r(cos 8 +  sip 0) X (cos 6 —; sli!;eB)

~-L08 0 —ising
r(cos29 + sin2Q)

1
- {cos (-0) + ; sin (-9))
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4,
|z

~x |-

by =

Now,

1
Again, amp (‘z') =-0=-amp (2)

Alternatively
1 1

z  r(cos O +isin0)

- o

ree

‘v:l»—'

e—le

-1 5 {cos (-6) +i sin (-6)}

o
E2
1

and amp (“z") =-0=—amp (2)

i
z| r

Now,

Example 8
Solve:z6+1=0
Solution:
wtiples o #+1=0
=4 25 =-1
11 = 26 =cos 180°+isin 180°

= {cos (k.360° + 180°) + i sin (k.360° + 180°)} 16
k360°+ 180° . . k360°+ 180°
—cos T —tisinT g, k=0,1,2,3,4,5

= cos (k.60° + 30°) + i sin (k.60° + 30°)

o A3, .1 AB+i
0°=" “z‘ 2

k=1, z=cos90°+isin90°=0+i.1=

L

k=2, z=cos150°+isin 150°=— 2 i

Whenk=0, z=cos30°+isin3

j{ +1i

w
MI—

i

-1

-.—l e —

k=3, z=cos210°+isin210°=-

N

z=co0s270°+isin270°=0+i(-1)=—i

3 .1 _\B-i
!.2— 2

k=35, z=cos 330° +isin 330° = i

which are the 6 roots of the given equation.
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"o "+'I'=2cos no
If z = cos O + i sin 0, prove that 2" * n

Zz =0089+f5in9 :
cos n0 + i sin 70

Then, 2 =(cos @ +isin0)"=

1 i si
and L n=cosnf—isinnd

Now, 2" +zl—n = cos n@+ i sinn@+ cos n0 — i sin n

=2 cos nf

EXERCISE

1. Express the following complex numbers in the Euler's form:

(@) 2+2i () V3+i (c) 2i (d) i-V3
. (1+i) j '
1 1 1—-i
(e) ! ¢y (1-1) (8 (1+1) (h) Y,
2. Express the following complex numbers in the Euler's form:
E:; ; (cos '150° :‘ i sm 60°) ) (®) 3 (cos 120° + i sin 120°)
. ,(COS 50° + i sin 150°) (d) 2 cos(-45°) +i 2 sin (—45°).
3. Simplify using Euler's formula

a) (cos 32°+isin 32°) (cos 13° + j sin 13°)
b) (sin40° +i cos 40°) (cos 40° + ; sin 40°)
0 cos 80° + i sin 80°
cos 20° + j sin 20°
(cos 38 + i sin 36) (cos 6 - ; sin 0)
(cos®+ising)2

d)

4. Apply De Moivre’s Theorem to compute
a) [2(cos 15°+isin 15°))6

¢) (cos .18° + i sin 18°)s ®)  [3(cos 120° + i sin 120°)]°
e) (1+i) 9 [cos9°+ ;g 9040
I 7 ~1+;
0 (3 g
i) p
5. - Using De-Moivre’s Theor
em, fj
a) 4+4\3j & bmd the square Toots of
d 2 e; B
i €) -2-2V3i

A=

)
g st

i) in (x

g LigDeMo

L e
| 11-1“

Lyew




oo ii) sin (x + y) = sin x cos y + cos x sin y

@
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6. Determine the cube roots of -1.
7. Solve the following equations
a)z=1 b)z6=1 c)z*+1=0 d 22=8i

\3

8. Find the fourth roots of — % + ,--2- -

9. If z be the conjugate of the complex number z, prove that Arg(? ) =2n— Arg(z).

.. : 1
10. Ifz=cos 6 + i sin 0, prove that z» o 2 sin n0i.

A. Using Euler's formula, prove that
a) i2=-1

b) i)cos(x+y)=cosxcosy—sinxsiny

B. Using De-Moivre's theorem, prove that i =-1.

Answers
1. (a)2V2eime (b) 2 &l ™6 (c) 2 ™2 (d) 2 i 56 (e) V24 (f) ei™?
(g) qli el V4 (h) el T4
9 (a) 3 gi W3 (b) 3 i 2n3 (©)2 el 51/6 (d)2 ein4
§ i | 1.\3,
3. a)\—!—5+$: b) i c)2+ 5 i d)1
4. a)64i b) 27 c)i d)1 e)-2' 027 g)-12-+ :‘% h) -1
5. a):l:(\’6+f‘~f2) b)iqli(l +i\l3) c) (-1 +i\!3) d) =(1 +1i) e);t%
6. -1,%(1+f\'3),%(1—£\’3)
7. a)l, i b) 1 1(115\13) l(-uws) c)im PRl
. , xl ) ,2 !2 ﬁ ’ ‘\[5
V3 1 1 V3
d)\3+i, A3+, -2 s.i(-2—+5f),ﬂ=(5—?i)
The Cube Roots of Unity
Let z be the cube roots of unity i.e. 1. Then,
=1
= 2 =1+i0
= 22 =cos0°+isin0° (expressing in polar form)
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l - 0° + i sin 0°)" o
({COZ (k.360° + 0°) + i sin (k.360 +0°)}
= {COS \K.
° k.360° ~0,1,2
. cosﬁg;?i)'+ | sin-——é—" : k
= cos (k.120°) +i sin (k.120°) |
0°+isin0°=1 +i0=1

' Whenk-O! z-cos 3 1 +:!3I

i A5
k=1 z-cosl20°+isinl20°=—'§+£. 2 >
1 3 -1-v3i
‘—' 2 —_—

|

’ k= 2‘ 7= (08 240°+I.Sin 240°=_2 i 2

l -

' 8 nel=Bi 5
! So the three cube roots of unity are 1, =™ 5~ and — 5 - e ¥

The first one is a real number and the other two are imaginary or cofnpl‘ex numbers, g
these are often known as the imaginary cube roots of unity, any one of which is denoted byt

greek letter o (omega).

Propertles of the Cube Roots of Unity
i)  Each imaginary cube root of unity is the square of the other.
Por (-1 + \(3:) 2 _1-2V3i+3p2

2 4
_1-2M8i-3 13
4 "2
=1 -V3i\2 1+42V3i+3p2
wa (A58 Lezdisse
2420 443
4 2

Thus if we write o for any one of the imao:
three cube roots of unity are 1, @, 2 ¢ Imaginary cube roots, the other will be w2, Hence

As a direct consequence, we haye
| P=w=], W= |

fo i
AP 1 1 AN integral valye of ,
Also w? = o and —

Thus, one imaginary cube rq, of unity js ¢
e

iii) The sum of the three cube T0OtS of unife, :
umty 1S Zerg,

L*
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-1+ N3 <1 -4l
Forltot@=l+—"7"+—7

2-1+V3i—1-v3i
= ) —_-0

Thus, we have two important relations

l+o+w?=0 and =1

It may be noted here that any integral power of @ will reduce to 1, @ or «”.

For examples, ®*=@* o= o, ®° = 0> w? = w?
0)6 = 1’ (DZO = mla.mz = (m3)6w2 = 032
1 o 1 1 1
=== —]0:—-—:—'_:"—:0)2 etc.
" To o o' ® o oo o ’

Here we solve only the problems related to the cube roots of unity.

Mumber

oy Worked Out Examples

Example 1
Show that (1 — @ + @?)* + (1 + @ — w?)*=-16
Solution :
Since 1 +® + 0?=0,
wehave l to=—0? and 1+0*=-0
~LHS.=(1-0+od)*+(1+0-w?)
= (2w)* + (20?)*
=16w* + 1608
= 16(w* + ©®)
=16(w + @?)
Hence® = 16(-1)=-16

Example 2

a+bo+cw?

P : =
rove that : B v b e

Solution :

a+ bw + cw?
b+ cw+ aw?

_aw’ + bo + c@?
b+ co+ aw?

_ o(a@? + b+ cw)

b+ co+ aw?

. ?=1)

;
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s %

ot of unity show that

I. If ® be a complex cube ro
w)-(1-0% @)} =0

a) (l+to-
._(1,3m+o)2)4=l

' b) (2+0J+0J2)3+(l+0)-’0)2)8
c) (1-0+od) (1+0-0)'=
o (1-0)(1-w)(1-0)(1-0)=2

|
! a+ bw + cw? a+botc? l

256

e
) aw + b +c aw?+btco

1
2. 3 If‘1=§(*l+-\F§)and[3=%(—l—\/:§),show that at + o?B2+B4=0

b) If o and P are the complex cube roots of unity, prove that a* + B4+ alip1=0

{ 3.  Prove that

4, F)fx=a+b,y=acn+bmz,z=aw2+bmshowthat
i xtyt+tz= ii
y+z=0 i) xyz=a®+ b3 i) x3+y3+22=3(a+b)
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Chapter 5
Polynomial Equations and

Natural Numbers

# .

Introduction
A function f'defined by
f(x) =ap® +apt+ ... +a, x+a, (@ #0) ..(1)
where n is non-negative integer, ao, @,......... , a,,, a, are all constants is called a rational
integral function or polynomial of degree n in x. The constants ag, @y, ------ , @, are
respectively called the coefficients of x", x™*, ......... ,x" =1, and each of apx", a;x™,...... , a, 1S

called a term of the polynomial. The term agx" is called the leading term of the polynomial.
Particular examples of polynomials written as functions are
g(x)=2x-4, GG) =32+ 2x—3, h(x) = 5x* - 3x? +x— 1, etc.

A polynomial is sometimes called a quantic. The quantics of various successive degrees
have special names. For instances, the polynomials of degrees one, two, three and four are
respectively called linear (first degree), quadratic (or quadric), cubic and biquadratic (or
quartic). Thus the polynomials defined by

g(x)=ax+b, G(x)=ax?+ bx +c,
h(x)=ax+bx2+cx+d and Hx)=ax*+bx3+cx?+dx+e
are linear, quadratic, cubic and biquadratic respectively.

If for a certain value a of x, f(a) = 0, the value x = a is called a zero of the polynomial
defined by (1). For instance, the value x = 2 is a zero of the linear function (polynomial) defined
by g(x) = 2x — 4, since

g(2)=22-4=0.

Note that there is-no other zero (i.e. no other value of x which makes it zero). Similarly, it

is easy to verify that x =1 and x = _3 are the zeros of the quadratic defined by G(x) = x2+ 2x —
3, Here the number of zeros is exactly two. Thus we notice that a polynomial may have one or
more zeros depending upon the degree of the polynomial.

Polynomial Equations
A polynomial of degree n in x defined by
f(x) = apx" + aix*' + cotagxta, 0 e (1)
where 7 is a non-negative integer and ao, 4;, -, @, are all constants may vanish for one or more
values of x.
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= 0 for some values ofnthed (2)

L o n in x and the vplpep olfnx \f:; :Zh;";’o(li;lig:le o Ky,
wd e g'enem:‘:;l: 2232t?ofnc.i?rg;?s equation isesﬁ‘i’;“ng?re :0 “Quatioy
B e min, Some specisl types Of PR 7

(a) Linear equation:
(b) Quadratic equation:
(c) Cubic equation:
and (d) Biquadratic equation:
Regarding polynomial equations, |
theorem of algebra : Sﬁciwt ligh‘ist'

Suppose f(x)

a_x+b=0
ax2+bx+C:0
wprbetex+d=0

o+ +edtdete=0
we assume without proof, the following ﬁmdamenm e@‘ﬁonon o

_ 'Every Equation has at least 2 root' Sl
The proof of this theorem is beyond the level of the pl:e'sent text. On the basis of |
theorem and the 'Factor Theorem', we shall now prove a proposition. freorem
two 00
Theorem 1 The
Every equation of degree » in x has n roots, and no more. r
Proof. . _'!

Let the given equation be denoted by f(x) = 0,
where fix)=apr+ax»-1+ ., ... ta,_x+a,.

_ From the ‘F}xndamental Theorem of Algebra', the equation f(x) = 0 has a root, real or
imaginary. Let this be denoted by a,; then, by the 'Factor Theorem'. x —

' x), 50
that a, is a factor of f(x)

fx) = (x - o) $1(x), ¢,(x) = ape-1 +

where ¢,(x) is a polynomial of de - i .
imaginary; let it be denoted by a, tiiexn~ 0.21 .isﬁ;g:ig; :}cq):?((l:;it;(;ﬂtl? It(x) e i
¢1(x) = (x— o) 0x(x), dy(x) = a2 + , )
where ¢,(x) is polynomial of degreen -2,
Thus

......

......

fo) = (x-a) (x- %2) dy(x).

Proceeding in this way, we obtain

Hx) = aglx - ) (x - %) (x - ay)
Hence the equation f(x) =
of the values

. > Q.
Also the equation cannot hay, more th
N 7 ro

of the quantities a;, 0, Q...
. 5. a‘l‘lv all t
therefore f(x) cannot vanish for thy he fact

Ots; for j - any
W if x has any valye different fro™ f

on ¢
tvalue of X. the night are different from 2¢*
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This theorem may be used to deduce that
i) A biquadratic equation in x has exactly four roots and no more.
ii) A cubic equation has three and only three roots.
iii) A quadratic equation has two and only two roots.

It may also be US.ed in the investigation of the relations between the roots and the
coefficients of any equation. :

Quadratic Equation

Various properties of quadratic equation may be derived directly from those of the general
equation of degree n. But, in many occasions, we do not need the general theory of equation of
degree n. It is generally felt that a systematic study of the theory of quadratic equation throws
sufficient lights on the general theory. We shall therefore consider the quadratic equation in a
greater detail in the present and the following sections:

Theorem 1
The two roots of a quadratic equation,
axt+bx+c=0 (a #0),

—b +4/b? — 4ac —b —/b? —4ac

2a 2a

and-

Proof.
Let us divide both sides of
ax2+bx+c=0
by the coefficient of x? and transpose the constant to the right side of the equation, so we have

C

2+b
T
x a a

2
Adding 4—1-2 to both sides of the equation,

b b2 b c

2T = -
X TaXT 42 4a2 a

( _E_J_)Z_bz—élac
or x+2a = 4(12

Taking square roots we get

x+i=alb2—4ac

2a 2a ?
b+ '\}bz —4ac
or xX= 2a -

The use of the plus and the minus signs gives the two roots of the quadratic equation. This
completes the proof.
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than two roots.
have more
Theorem 2

— () cannot
. re=0ca
The quadratic equation

ax?+ bx

uadratic equation
ot hree different roots of the q

For, if possible, let &, B> Y be )
gl i equation, we have
Then, since each of these values must satisfy the €q

a2 +botec=0 o O
apr+bptc=0 o (2)
ap+rbyte=0 0 eeese A3)
From (1) and (2), by subtraction,
a(a2—p?) +ba—-Pp)=0
Since o # B, divide out by o — B; then

a(a+B)+b=0
Similarly, from (2) and (3)
aB+y)+b=0

Hence by subtraction,
a(a—y) =0;
which is impossible, since, by, hypothesis a # 0, and a. is not equal to y. Hence there cannot be
more than two different roots.
Cor. A quadratic equation has two and only two roots.
Combining theorems 1 and 2, we get the required proof.

(Note : An argument similar to the op

€ used in the ¢ . egree
can also be used.) ase of the general equation of degree

Nature of the Roots of a Quadratic Equation
Let the two roots of the quadratic €quation

ax* +bx+c =) (a#0)
be denoted by o and B, so that

=2t B—dgc

i » € are rationg|
The expression 52 — 4 _ Numbers)
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Polynomial Equations and Natural Numbers 83
In particular, if b* — 4ac is positive as well as a perfect square, the roots are rational ana
unequal, provided a, b, ¢ are rational.

If b2 — 4ac = 0, then the roots are real and equal, each being — 5% :

If b2 - 4ac < 0, then the roots are imaginary and unequal.
Thus computing the value of b2 — 4ac, it is possible to determine the nature of the quadratic

equation without actually solving the equation. This quantity is therefore known as the
discriminant of the quadratic equation.

(a)

(b)

Two conclusions that can be derived from the above discussion are as follows:

In a quadratic equation with rational coefficients, irrational roots always occur in
conjugate pair. If b2 — 4ac is positive but not a perfect square, then A/ b? — 4ac will be
irrational. Since \sz —4ac occurs in both roots o and B, so if we put
:[ 2 _

—2%1=p and b2a4ac=‘\/§,
then 0.=p+‘\ja and B=p_\l:}
are the two roots, both of which are irrational, each being the conjugate of the other. Hence
in a quadratic equation with rational coefficients, the irrational roots occur in pair.
In a quadratic equation with real coefficients, imaginary (complex) roots always occur in
pair. If b2 — 4ac is negative, then /% — 4ac will be imaginary. Since \/b? — 4ac occurs in
both roots o and P, so if we put

b jbz —4ac .
.- 5‘—1 = and 2a =14
then  a=p+ig and p=p—

are the two roots, both of which are imaginary (complex) each being the conjugate of the
other. Hence in a quadratic equation with real coefficients, the imaginary (complex) roots

occur in palr.

Worked Out Examples

Example 1 ‘

Determine the nature of the roots of 2x* — 3x-2=0.

Solution.

Sincea=2,b=-3and c=-2,
b2 -4ac=25>0, the roots are real, rational and unequal.

Example 2
Prove that the roots of 2x2 — 6x + 7 = 0 are imaginary.
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Solution.
Herea=2,0=" 6andc-ﬂ7, so that
p? - 4ac =~ 20.

Hence the result.

Example 3
If the equation

s"""‘;;""e a=1b=k+2andc= 2k. The condition for equal roots gives
er =1, =

(k+2)?-4.12k=0
or k-4k+4=0
‘ k=2

Example 4

If the equation (1 + m?)x? +2mex + 2 — g% = 0 has equal roots, show that ¢? = a*(1 + m})

Solution :
Comparing the given equation with Ax2 + Bx +C =0
we have A=1+m2, B=2mcand C=c?-a?
B2—4AC = 4mc? - 41 + md)(c? - a?)

=4mc? — 4c? + 4a? — dm?c? + dma?
=—4c? + 4a* + dm?a?

For equal roots, B2—4AC =0

or, —4c*+4a>+4m2a2=0(

C2 = az(l + mz)

Example 5

If the roots of the equati
quation x2
x2—2(a+b)x+a2+b2,+202= X

-2cx+ab=

0 will be imaginary, be real and unequal, prove that the 100% o

o TRt The e A e

Solution ;
The given equations are
%
i ; x2—20x+ab=0 14
" T 2a+bx+ar+ e o 7 1) ?éi
Discriminant of (i) = 2 P-4 g (ii) 3;
. l.a )
il =4~ 4qp %
I =4(c? - gp
| as the roots are real and unequal >0 Gi)

— N
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Again, the discriminant of (ii)
={-2(a+b)}>-4.1.(a®+ b+ 2¢?)
=4(a + b)? - 4(a% + b* + 2¢?)
=4{a’+ 2ab+ b* - a? - b2 - 2c?}
=-8(c2—ab)<0 (from (iii))

Hence the roots of (ii) are imaginary.

85

Determine the nature of the roots of each of the following equations:

a) x2-6x+5=0 b) x2-4x-3=0
¢c) x-6x+9=0 d) 4x2—4x+1=0
e) wx2-9x+35=0 f) 4x2+8x-5=0

For what values of p will the equation 5x2 — px + 45 = 0 have equal roots ?
If the equation x2 + 2(k + 2) x + 9k = 0 has equal roots, find k.

For what value of a will the equation x2 — (3a — 1) x + 2(a?> — 1) = 0 have cqual roots ?

a ¢
If the roots of the equation (a? + b?)x* — 2(ac + bd) x + (c2 + d?) = 0 are equal, then r=d

Show that the roots of the equation (a2 — be)x* + 2(b* — ca) x + (c2—ab)=0

will be equal, if either b= 0, or @® + b* + ¢3 - 3abc = 0.

If a, b, ¢ are rational and a + b + ¢ = 0, show that the roots of (b +c—a)x* +(cta—-b)x +

(a+ b —c)= 0 are rational.
Prove that the roots of the equation (x —a) (x — b) = k? are real for all values of k.

Show that the roots of the equation x> — 4abx + (a% + 2b%)? = 0 are imaginary.

If the roots of the quadratic equation gx? + 2px +2g =0 are real and unequal, prove that the
roots of the equation (p + g)x* + 2gx + (p — q) = 0 are imaginary.
Answers
a) real, rational and unequal, b) real, irrational and unequal,  c) real, rational and equal
d) real, rational and equal. e) imaginary and unequal. f) real, rational and unequal
p==30 3.k=1lor4 4.a=3

Relations between Roots and Coefficients

Let a and B be the roots of the quadratic equation ax? + bx + ¢ = 0, then

—b +4[b* —4ac _—b-\lb2—4ac
o= 2 and B= 2a
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We have, by addition T
_p 4 [b? - 4ac = bb =
2a

atp =
b coefficient of x2
- %E m—— coefficient of x
i iplicati have
| Again, by multiplication, We
(=b+ \[b? - 4ac) (=b —3[1)2 —4ac)
o8 = 4a?

I tant term
_b)2— (b2 —4ac) c __consd
it JEaZ =7 coefficient of X2

c
b B
. the sum of the roots =—7, the product of the roots =,

Note: In a quadratic equation where the coefficient of x? is unity,

(i) the sum of the roots is equal to the coefficient of x with its sign changed; I .

(ii) the product of the roots is equal to the constant term. L
In any equation the constant term (i.e. the term without x) is frequently called the absolute ;3 (ﬂl
term. : 2=

Special Roots

Under the following conditions the given quadratic equation will have the special roots:

i) Roots equal in magnitude but opposite in sign ;

Two roots will be equal in magnitude but opposite in magnitude if there sum is zero

b
=0

i.e. a+B =_-‘;

b =0

| | i) Reciprocal roots :

The two roots will be reciprocal to each other if

i £ their product is |
1.€. QB —_—-— 1
a

cC =q

iif) One root zero

If one root is zero, then
) Product of ¢,
€ roots ig
Zero,

a

-

..
L€. = = c=0
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iv) Both roots zero
If both roots are zero, then

b
and af=0 = §=0
~b=0andc=0

Formation of a Quadratic Equation
Suppose ax? + bx + ¢ = 0 is the required equation, and a and P are the given roots.

The required equation may be written as

b c
24=x+—=
x axao’

X b ~_¢
or, x2—(a+Bx+af=0 . U'JFIB:_a’aBFa)
solute Hence any quadratic equation may be expressed in the form
x? —-(sum of the roots) x + product of the roots = 0.
Symmetric Functions of Roots
Symmetric functions of the roots of a quadratic equation are those functions in which the .
two roots are so involved that the function is unaltered when the two roots are interchanged. For
S- instance, the sum o + B and the product af of the roots, we have considered in the last two
sections, are symmetric functions of o.and . Further examples of symmetric functions are
1 1 5 4.2 ath 2 32
LI + B2, ) o? B2, etc.
a + B ) 2 o B a[}

One of the interesting characteristics of symmetric functions in o and B is that they can be
expressed in terms of o + B and off. Hence a symmetric function in o and 3 can be expressed in

terms of the coefficients of the equation.
For example, if o and P are the roots of x2 — px + ¢ = 0, then
atp=p and ap =gq.
From these values, it is easy to show that
@) o2+p =(a+p)-20p
=p2 = Zq’ aZBZ = qZ
() a3+p =(o+)(e?+p—ap)
- p{(a+By-3ap)
=p(P*-39)

e e T TR T et rrnernrrnry e ur et
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M':i:nlthe equation whose roots aré 2, = 3.
So’m\i;:.have sum of roots =1, product of © oots = 6.
Hence the required equation is 2+x-6=0
Em':i[:nzthe equation whose one root is 2 £43.
Sol"tg:;:e the irrational roots occur in pair, so if one root = 2 +4/3, then other root yj . b

2-Af3
Sum of the roots =2 +4/3 +2—\{§=4
Productoftheroots=(2+\]§)(2—\f§ y=4-3=1
Now the required quadratic equation is x2 —4x +1=0
Example 3
Form a quadratic equation whose roots are the squares of the roots of 4x2 + & — 5 =0.

Solution.

Let o and B be the roots of this equation, then
a+B=-2  and aB=~—%

Since the roots of the required equation are the squares of o and 3, we have :

'Sumofthcroots=a2+[32=(u+;3)2_20_5 =4+§._1_31
29
Product of the roots = u’-B2=%§-
Hence the required equation is
13 25
2-.."—"' —
7 x+ 16=0
or 16x? — 104x + 25 =

Solution :

Comparing the given equation with 4,2
+

C-‘-:k
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For reciprocal roots,
c=a
k=3k+1
-2k=1

Ul

1
k=-3

Example 5
Show that 1 is a root of the equation (b — c)x2 + (c — a)x + (a — b) = 0. Also, find the other
DOt Willht ro(;l.
Solution :
Putting x = 1 in the given equation, we have b — ¢ + ¢ —a + a — b = 0 which is true, s0 lis
the root of the given equation.
If o be the other root, then

Product of the roots = z S i

= _a-b
0. = l.a =
_a-b
& “b=e

Example 6

If o and B are the roots of the equation 2x? — 3x — 5 = 0, form a quadratic equation whose

1 1
roots are 20 +§and 2B s

Solution :
From the given quadratic equation,

=3 Z ap=-

3
atp=~"g =3 ° 2

For the required quadratic equation:

1
sum of the roots =2a+.'[;+ 2B +-0-L

=2(a+B)+(%):2@+(—is%):%
1

:iPI‘OcaI {
Product of the roots = (2& + E) (25 + E)

1 S)esta 22
=40p+4+5g=M"2) T 75775
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The required quadmtl;:zeq . i
» -!-2- x- —_—= 0 or,
L TR
Example 7 it s +q=0be twice the other, show that 2p2 =94
If one root of the €q
Solution. N
If o is a root of the equation x? —px + 4= 0 then the other root 1
a+2a=p and a2o=¢g
or 3a=p, and 202=¢q
2
202 = qg = 2.(§) =q-
Hence 22 =9g.

Example 8

Find the condition that the roots of the quadratic equation ax? + cx + ¢ = 0 may be in t
ratio m: n

Solution.
If o and B are the roots of the equation ax2 + cx + ¢ =0, then

_c
a+B—a and a ==
By given a:B=m:
We know

m \ €
Hence a1 + ’\/‘;- =0
is the required condition,
Example 9
If o and B are the roots
a?B-! and B2, 71 the equation 2 “PX*g=0, fing oots #¥
=0, the equation whose I

Solution :
From the given quadratic equation

atB=—-p)=p : q-B“q

&
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For the required quadratic equation:

sum of the roots = ! + B!
L@ B @t
B « af
_(a+PB)-3aB(a+B) p’-3gp
U.B B q

product of the roots = a?B-p2o! =ap = .q
Now, the required quadratic equation is

= x+q=0

or, gx*—p(P*-3qx+¢*=0

Form the equation whose roots are
a) 3,-2 b) -5,4 c) V3,-\3

1 1
d 318,515 € -3+5;,-3-5i f) a+ib,a—ib

a) Find a quadratic equation whose roots are twice the roots of 4x2 + 8x - 5=0
b) Find a quadratic equation whose roots are the reciprocals of the roots of

3x2-5x-2=0.

¢) Find a quadratic equation whose roots are greater by & than the roots of
x2-px+q=0

d) Form a quadratic equation whose roots are the squares of the roots of
3x2-5x-2=0

Find the quadratic equation with rational coefficient one of whose roots is

1
a) 4-+3i b) 533 c) 2+\3

Find the value of k so that the equation

a) 2x2+ kx— 15 =0 has one root =13

b) 3x2+ kx— 2 = 0 has roots whose sum is equal to 6

¢) 2x2+ (4 k)x — 17 = 0 has roots equal but opposite in sign

d) 3x2—(5+ k) x + 8 = 0 has roots numerically equal but opposite in sign.
€) 3x2+ 7x + 6 — k= 0 has one root equal to zero

f)  4x2 —17x + k =0 has the reciprocal roots.

1
g) 4x2+ kx + 5= 0 has roots whose difference isg .




p—

BASIC
92
jon (@
i 5. Show that —1 is a root of the equatl

Find the other root.
6. Find the value of m for which th

will have (a) reciprocal roots (b
7. If the roots of the equation x+axtc

8. Ifaand P be the roots of the eq

a) o2 and B!

MATHEM“T'“‘ GRA

) one root zZero.
— 0 differ by 1, prove that a2 =4c + 1.

uation x? —

DE XII
+b_’20)x2+(2a-—b—6')x"'(c+a-26)§u

)x2+2(m+3)x+(2m+3)=0

x—6=0, find the equation whose roog i

1 1
b) a+E and [3"‘5_

10.

11.

If o and P are the roots of the equati

a)
c)
d)

a)

b)

onai+bx+c=0, find the equation whose OOt g,

3 3
aB-' and Ba! b) a?andf

(a-B)and (. + BY |
the reciprocal of the roots of the given equation.
If the roots of the equation ax? + bx + ¢ = 0 be in the ratio of 3 : 4, prove

12b? = 49ac.
If one root of the equation ax? + bx + ¢ = 0 be four times the other root, show thy
4b% = 25ac.

For what value of m, the equation x2 — mx + m + 1 = 0 may have its roots in the raf
2:3.

IfaandBarctherootsofpx2+qx+q=(},pmve that »\/%-4.‘\/«6—4.'\/&:0
a p

If the roots of the equation x2 + nx + n = 0 be in the ratio p : ¢, prove that

/4 1 M o
Ve fifieo

12. If one root of the equation ax?2 + py
b+ a% + ac2 = 3gp,.

| A
| 1. a)xi-x-6=0 b)x2+x-20=0 Waers
dx*+x-1=0 e)x2+6x+34=0 c)x:—3=0
| 2. A +4-5=0  b)je4s, 5o DX~ 2ax+ (@24 p2)=

d)9X2—37x+4=0

3. a)x2-8x+25=¢ b)34x2- 105+ 1 = ¢

4, a)k=-1 b)k=—-]8
5 2b—c—q
! " a+b-2c 6. a)—zb)__%

9. a)acx?~ (B -2ac)x +gc =
©) 4% = 20507~ 2eax + BB _ g _ 0

10. ¢) 5 or—-%

k

¢ =0 be the square of the other, prove ¥

X~ + 2 + (g + ph + h?) = 0
c)xz‘—4x+ 1 =0

C)k=4

=y g) k=29
a) 6x2 + 19x—36=

b) a3x2 + b(bz
Dex24py

8. =0
b) 6x% - 5% -5

_3ca)x+c3‘=0
a=g
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Miscellaneous Résults

In this section, we shall obtain conditions under which two given quadratic equations may
have one root common or both roots common. )

a) One Root Common

Let ax? + bx + ¢ = 0 and a'x? + b'x + ¢' = 0 be two equations. Suppose that a is a root
common to both the equations. Then

aot+ba+c=0
aot+batc=0

By the rule of cross-multiplication

(s L S
bc'—b'c ca'-ca ab'-a'b
S _bc'-b'c ca'—cla
This gives o =" and also o= 77—

Combining the two, we have the required condition
(bc' — b'c) (ab' — a'b) = (ca' — c'a)?
and the common root is
bc'—b'c
ca' —ca or ab'—a'b’
The condition of one rodt common of the two given quadratic equations can be
remembered in the following way:
(List the coeffs. and repeat the first)

ca' —c'a

l d
ab'—a'b be'-b'c
The left hand expression of the condition = (ab’ - a'b) (bc'—b'c)

a'c—ac'

and the right hand expression of the condition = (a'c — ac')?

b) Two Roots Common
If the quadratic equations have both roots common and if o and B be the common roots,

then

b b a_b
(_1,+B=__E=—a', or a|_b|

¢c ¢ a_;t

and U_B =E=—'. or ar_cl

T ———t T RTT IR TR et et
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cy ¥ I tions to have both roots common.

h is the required condition for the equd
which is the

worked Out Examples

Example 1 252+ x—3=0and 3x? - 4x

i ions i
Show that the following two quadratic equatt 0 by -

one root common. Submﬂm '

Solution : A
' : e, we have
Writing the coefficients in order and repeating the first on R
2 i .
4 wul’ﬂ"ﬂgt

3
The left hand expression of the condition
=2x—4-3x1)(1x1-(4)x(-3))
=(-11) (-11)
=121
The right hand expression of the condition
=(3x3-1x2)2=121
Since the two results are equal, so the two equations have one root common.
Note: we can prove the result by solving the equations as well.
Example 2
Find the value of & so that x? - x — 2]

Solution :

=0and x2 - 3kx + 35 = 0 have a common root

Writing the coefficients in order and repeating the first one, we h
, We have

| N3k
Now, using the condition of ope roo

(=3k+k).(-35k - 63k) = (_p
(=2K).(-98k) = (562

196k? = 56 x 56

k2= 16

k=14

t COl'nrnon' we have
- 35y

U

U




l <
Ulm

yot.

Polynomial Equations and Natural Numbers 95

Example 3
If the quadratic equations x2 + gx + pr = 0 and x2 + rx + pg = 0 have one root common,
prove that p+ ¢ +r=0
Solution :
If a be a common root, then
a?+qa+pr=0
a2+ra+pg=0

Subtracting, (g —r)a—p(g—r) =0
- (g-nN(a-p)=0
a=p
Substituting the value of o in (i) we have,p + g +r=0

Example 4
Find the condition that the roots of ax? + bx + ¢ = 0 be the reciprocals of roots of a’x? + b’
+c'=0.
Solution:
ax2+bx+c=0 ... (1)
ax2+bx+c'=0 ... (ii)

o 1 1
If o, B be the roots of equation (i), then the roots of (ii) are Ta E ,

and a.p=

& |0

iy b
From equation (i), a+B=-7

From equation (ii)

1.1 b
a B a
o AR D
af a
% -ba b
ca ~a'
b b’
= T==
c
b ¢
P e 1))
.. . 1. @
Agam,u [3_ »




EXERCISE

1.

®
L. ¢
c/a a'
a_c
= c _a'
a_<c ... (1)
— ct a"
From (I) and (1)
b c_a
¥ og'e

which is the required condition.

Show that each pair of the following equations has a common root
a) x*-8+15=0 and 22-x-15=0
b) 3x2-8x+4=0 and 42 -Tx-2=0

Find the value of p so that each pair of the equations may have one root common.
a) 4x2+px-12=0 and 4x2+3px—-4=0
b) 2x2+px-1=0 and 3x2-2x-5=0

If the quadratic equations x + px + g = 0 and x2 + p'x + ¢' = 0 have a common root, sho¥
that it must be either E—24 op -9

9-¢ “p-p-
If the equations x2 + px + g = 0 and x2 + gx +
=qg,orptg+1=0.

P =0 have a common root, prove that either/

If the quadratic equations ax? + by + ¢ =

A Oa 2 - en
eithera+b+c=00ra=p=o, ndbxtexta=0 have a common root

Prove that if the equations 2 + bx +cq =

have a common root, their other roots wi] satisfy

A quadratic equation of the
¢ solve it. Show that the

and x*+cex+ab=0
X2+ ax +be =0,
fOlTn axZ + bx + c=
€quation has twq roots
Next is, taking the tw .

’ 0 values of .
form a quadratic equatiop the variable Obtained by solving above as the W0 "

0is given. Giving different values of% :




ot, show

eitherp

ot, the?

of a; b,

) roots!
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Additional Questions

l.

10.
11.

12.

13.

Consider the quadratic equation ax? + bx + ¢ = 0. Under what conditions are the roots
i) real and unequal; ii) equal; iii) imaginary
Find a quadratic equation whose roots are the reciprocals of the roots of 3x2 —5x —3 = 0.
Find the condition that ax? + bx + ¢ = 0 may have
i)  one root reciprocal of the other
ii) roots equal in magnitude but opposite in sign
iii) both roots positive
iv) both roots negative
Prove that the roots of the equation
X2+ (2k-1x+kR=0 arereal ifk<j.
Show that the roots of the equation
2@+ b)x2+2(a+bx+1=0
can never be real unless a = b.
Show that the roots of the quadratic equation (b—c)x?+2(c—a)x +(a— b)=0
are always real.

For all a, b, ¢ € R, prove that the roots of the quadratic equation
(a2 + b?)x2 + 2(bc + ad)x + (> + &) =0

o |

are imaginary. Also, prove that the roots will be real only when % =

Determine the value of m for which3x2+4mx+2=0 and 2x?+3x-2=0

may have a common root.
If the ratio of the roots of ax? + bx + ¢ = 0 be equal to that of the roots of a'x? + b'x? + ¢' =

0 e B
prove that b2 d'c

If -4 is a root of the equation x? + px —4 =0 and the equation x* + px + g = 0 has equal
roots, find the value of g.
For what value of k is one root of the equationx? +3x —6 =k(x—1)*  double the other ?

For what values of k are the roots of the equation 3x2 — 2kx + k = 0 in the ratio of3:17?

1

. L.
The sum of the roots of the equation “——, ¥ Z+h ¢ B zero. Prove that the product of

the rooté is -—% (@ + b?)

If the sum of the roots of the equation ax? + bx + ¢ = 0 be equal to the sum of their squares,
show that 2ac = ab + b*.

o T WOREE U RN I T




) d the sum of their squares :
fa quadratic equation 15 1 an quares ig n "
he roots O
14. The sum .of t |
the equation. it +brtC= 0, obtain an equation whose roots are
15, Ifc, pbethe ooR I N
ll) ﬁ o

-1
. + by and (B +0)
i) (aa the ratio p : ¢, find the value of

tionlx2+nx+n=0bein
L 9
2
= ] to
17. If the difference of the roots of x2+2px t4q 0 be equa

Jrz+quérp=Oproveth:;\'cp+qv+ 1=0.
2 + bx + ¢ = 0 is the reciprocal of one root of

16. If the roots of the equa

the difference of the roots

18. Find the condition that a root of
axt+bx+c'=0

Answers
2. 3x2+5x-3=0
4. i)c=a inb=0
-~ iii) @ and ¢ should be of same sign and b of opposite sign and discriminant positive.
iv) a, b, ¢ should be of the same sign

2. 1 9
9. zor-% 9. 7 10. —24o0r3 11.4 14.x2-x-6=0
15. )acx?-bx+1=0  ii)\Jacx*+bx++fac=0 16,_\[’}

18. (cc'~aa')* = (a'b - b'c) (ab'- bc)

Natural Numbers

Sum of the Natural Numbers

The numbers 1, 2, 3 .
et T P are S =
the formulae for the sum of the first aid to be the natural numbers. Now we derive som o

n natural
numbers and the sum of the cubes of first » natﬁ?aﬁlzﬁbthe sum of the squares of first # 1@
ers.

; (i) Sum of the first n natura] Numbers

The first » natural numbers are | 2,3
Let S,=1+2+34 I o

= [2'1+(n_.1 .

2 )-1] =0
n(n+1) (S, 2 {20+ (n -1y gy
)

S _nn+1)
LA

—
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(if) Sum of the first n even natural numbers
The first n even natural numbers are 2, 4, 6, ... ...... n terms
Let S,=2+4+4+6+.......... to n terms
UL L FI¥ i to n terms)

n(n+1)
=2. 2

=nn+1)
the I
Oty (i) Sum of the first n odd natural numbers
The first #n odd natural numbers are 1, 3, 5, ... ... ... , n terms
Let S8, =1F3IF5+ 0000, to n terms

=2[21+(n-1) 2] [S,=5 (2a+(n-1)d}]

=n(l+n-1)=n2

(iv) Sum of the squares of the first n natural numbers
Let S 124 22 B I on aennin + n?,
0 Weknow 3 —(r—1)*=3r2-3r+1
This is an identity and is true for all values of r. Putting r equal 101, 2,3, o cosnry B
respectively
wehave 13—-03=3-12-3-1+1
23_13=32-32+1
33_-23=332-33+1
4 -33=34-34+1

me o m—(n—1p=3n-3n+1
SO
2 natu Adding we get,
n3=3(12+22+32+ LA =3(1+2+3+ .. +n)+n

1
or’ n3 =3Sn—3'5n(n+l)+n

3n( +1)
o, 3S, =n’-n+t nn2
3n(nt+1)
=n(n2—l)+ 2
3n(n+1)

=p(n+)(n-D+7" 3
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=%n (n
n

n+ @i+l
6

(v) Sum of the cubes of the first 1.0
8,= 13+23+33+ .........

+1)@nt 1)

atural numbers
+n

|
i o Sn =

| Let
We know, - (r— 1)*= 43 — 612 +4r—1
Putting7=1,2,3, .. coooor . nin succession, we have

14__04=4-13—6-12+4°1—1
24 14=4-23_6-22+4'2—1
3_24=43P-632+43-1
44-3=44-64+44-1
n-m-1y¢=4n-6n+4n-1
Adding n* =4(13+ 23+ 33+ ... +n¥) - 6(12+ 22+ ... + n?)
(e R T SR +n)-n

nn+1)(2n+1) 4n(n+1)
6 ;'S i v

or, 45, =n*+n+n(n+1)2n+1)-2n(n+1)
=n(@+1D)+n(@+1)Q@n+1)-2n(n+1)
=n(n+l)(n2—n+1)+n(n+l)(2n+ )=2n(n+1)
=n(n+l)(n2—n+1+2n+l—-2)
=n(n+1) (n+n)
=n(n+1y

or, § _rPntl1p
T

n*=4S,-6

Sp= 312 (n(n+
xn 2 =(_L2Q)z

Cor.  D4p+mpy +,,3=(QM)2
and 1+2+34 fpollnt1)

it is clear that the sum of th
first n natural numbers. € Cubes of the first » ng
tural numbers js the square of the sum of*
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sum of the series using the method of successive differences

Somet'imcs, the terms of the given series may not be in A.S. or G.S. But the difference of
the successive terms of the given series will be in A.S. or G.S. and then we can easily find the
ath term and the corresponding sum of » terms as well.

Let us see the following example 1+5+12+23+......
The terms of the above series are neither in A.S. nor in G.S.
Let S=1+5+124+22+...... + 1.

Also, S= 14+ 5+12+...... +1,_

0=1+ 4+ 7+10+......nhterm—1,
Cf=1+4+T7+10+......

Thus, we see that the terms after getting the difference of the successive terms are in A.S.
Now we can find the 7 term and the corresponding sum easily.

Worked Out Examples

Example 1

Sum to » terms the series: 2:3+3:4+4-5+ ... ......
Solution:

Here, the ¥ term of 2, 3,4, ... ... =r+1

and the #htermof 3,4,5, ... ...... =r+2

Hence, the 7 term of the given series is
t=@r+1)(r+2) =r2+3r+2

Thus, sum of # terms of the given series

n n
Y L= Y (,-2+3r+2)
e=1 r=l
n n
= Y r»+3 X r+2n
r=1 ?‘=1

_ n(n + 1)6(2n +1) i 3n(n2+ 1) e

_n(n2+6r1+1_1)

3
Example 2
Find the nt term and then the sum of the first n terms of the series
143+6+10+... ......

T M T T RITT TR T rroerrrrmerrrmr e
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f
Solution: of the first n terms O
Let 1, be the n™ term and S, the sum
Ot vow oo o
1+3+6+1 o = Lo
then, n Al
+3+ 6F .o +lh-2Tt-1""n
Also, S, = |1 N ¢ §
| e b
Subtraction yields, 0 =1+2+3+.oen +(ta=ta-1) ~ o
nnt1) 1 2+l
or, t, =1+2+3+...... tonterms =7 5 =ynt+3
Hence, S =%Zn2+%2n
=%(12+22+32+ ...... +n2)+%(1+2+3+ ______
_Lnpt)@ntl) 1n(t1)
2 6 2 2
+
=i“n(n+l){‘(—)'2n3 l +1}
=7n( +1)w
_n(n+1)(n+2)
6 .
Example 3
Sum to n terms of the followi -
Solution: erlgsenes,1+(1+2)+(I+2+3)+ ......
= pth g .
4 n tenn()ftheglvensenes =1+2+3+ ‘‘‘‘‘ i =Ml
2

Now, sum to » term of given series is

1 1
2t ='2-Zﬂ2+"2-2n




|
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Given the nth term of the series, find the sum to » terms.

a) ntn b) n2-3n &) nn+1)-2 d) 3r-4n
Find the nth term and then the sum of the first  terms of each of the following series:
a) 1.1+22+33+44+ ... b) 1.3+24+3.5+......

¢) L3+3ISHST 4. d) 25+48+6.11+......

&) *83FRDHIT Fi. Lk ) 2+6+12+20+......

g 24@+HPEQ+3+H+....., h) 1+(1+3)+(1+3+5+......

a) Find the general term and then the sum of first # terms of the series
ln+2(n-1D)+3.n-2)+......
b) The natural numbers are grouped as follows:
(1), 2. 3), (4,5, 6),(7,8,9, 10), .:....
Find the first term of the nth group.

Sum to n terms of the following series

a) 121+223+32 b) 3.12+4224532+ ...
c) 122+223+324 d) 1.22+342+562+......
e} 12+32% 5%+ f) DPEIFFFina
Find the nth term and then sum of » terms of the following series
a) Y+4+8+14+22+...... b) 3+7+13+21+31+ ...
¢) 14+5+10+17+26+...... d)  S5+11#19+29+41+.......
e) 5+7+13+31+85+.....¢ f) +2+5:+ 144400
‘The first three terms of a series are given below ;

ti=232—-8

t,=24-8

t,=2.52-8

fi= covsas

T

a) complete the 4" and 5% terms.

b) Write the nth term .
¢) Find the sum to n terms of the series.

Answer

1
: a)%n(n+l)(n+2) b)%"("+l)("#4) c)3n(n—1)(n+4)

d)%(sn_1)_n2(n+ 1)
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. (n+])(2ﬂ+?) L L 3"(4n3+6n~
b)n(ﬂ+2):6n :

1
2. a)nz.‘%n(n+l)(2n+ )

I 24 18n+23)
— n(dn
e)4n2+ 8"+3’3n(

1
d)6n2+4"-”("+”(2n+3) 1 3)ln(n+l)(ﬂ"'5) h)”z’gn("+l)(2"+l)
sn(nt2)g

nr‘(n+])’-31-n(ﬂ+l)(ﬂ+2) 3)2

1 1)(n+2) b)—;'(nZ-n+2) ,

= sl D) it
S e N Y - B LU R N L G L (Y M

1 _ b)——nﬂ

b age ROy 3 f) m(2n2 - 1)

e
d)%ﬂ(rﬁ 1)(Bn2+n-1) e)3n(4n )

1
2 — L
; 21 (2 +5) b)n2+n+1,%"("2+3"+5) c)n +l,6n(2n 3n+',-’]
5. ayn*-n+ 3 n(n

I I
1 5@+ 1),7(2n-3+3+
d)n2+3n+1,%n(n+2)(n+4) e)3n-!+4,5(3"+8n-1) H3 G+ 1).52n )

Mathematical Induction

We know that the product of two consecutive natural numbers 1s an even number. Thus if
and n + 1 be two consecutive natural numbers, then their product n(n + 1) is an even nurpber.
This is the general result. For n = 5, the product = 5.6 = 30 which is an even number. This is the
particular result obtained from the general one. This type of process of getting the particular
result from the general one is known as the method of deduction.

Again, let us see the following two dj git numbers.

24, 32, 40, 68

Each of the above two digit numbers 1s exact] divisj —
we cannot conclude that al] two digits Y cvisible by 2. But from the ab

numbers W : a two
digit number but not divisib]e by 2. are exactly divisible by 2 as 31 is also
If the above results are to be shown . ST,
j verifying the above type of results for alltrtl\l:(,) ‘("i’:e Would have to present its validity eithef
-. process.

i ica
81t numbers o by using some mathema!
The process of

getting the genery) of
induction. result from the Particular one is known as the method

Thus there are two ways of .

: : ) Proving the . s the

deductive method in which the Tesults are ‘ results: One s the direct method known 2 r
the theorems already proved But ¢ Proveq yg

o 0
: Ing the establish i deﬁmlloﬂs
€co ] 1shed axioms,
where the results are proveq by maki nd is the Indire

Ct meth - jve me
n i od known nductive ¥
their basis. B abse ahons or exper: as the ! Jusion
Periments anq drawing conc¢




+])

l(3’l-|-~]

‘1+‘;)

'+3n+|)

Thus ifn
number.
his is the
articular
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Mathematial Induction

ipid mathemati(?al lhe_ore'ms or formulae which are complicated to prove by direct
method, are proved easily by indirect method known as the mathematical induction. Its meaning
will be clear from the following explanation.

Firstly, we prove that theorem or formulae for # = 1. When the theorem is true for n =1,
we shall prove that it is also true for n = 1 + 1 = 2. In the same way, we prove that it is also true
for 2+ 1 =3 and so on. Then, we conclude that the theorem or result is true for all values of

n e N.

The most important word used in this section is the "statement". In this section, the result
or the formula to be proved is termed as "statement". A statement involving the natural number
is denoted by P(n) where n € N.

For example: The sum of two consecutive natural numbers is odd. This is a statement. So,
it is denoted by P(n): the sum of two consecutive natural numbers is odd.

Principle of Mathematical Induction

The principle of mathematical induction states that if P(n) be the statement and if
i) P(1)istrue
ii) P(k+ 1) is true whenever P(k) is true

then P(n) is true for all n € N..

Working rules for the use of Principle of Mathematical Induction
In solving a problem with the use of principle of mathematical induction, the following

steps are to be used.

I. Denote the given statement (i.. the result to be proved) by P(n).

2. Show that the given statement is true for » =1 i.e. P(1) is true.

3. Assume that the given statement is true for n = k i.e. assume P(k) is true.

4. Show that the statement is true for n =k + 1 when it is true for n = k i.e. show that P(k + 1)
is true when P(k) is true.

5. Draw a conclusion that the statement is true for all n. € N.

Worked Out Examples

Example 1

Let P(n) be the statement “n(n + 1) is divisible by 2”. Are P(1), P(2) and P(3) true?
Solution: '

P(n): n(n + 1) is divisible by 2

P(1):1(1+1)=12=2 PQ2):2Q2+1)=23=6

P ———T T L LRI e venermrenr el e et
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-l 2. Hence P(1); P(2) and P(3) are true,

. =34
i i p(3) s divisible BY

Each of P(1), P(2) and

Example 2 : -a] induction that
o atical 10!
Prove by the principle of mathe a(n+ 120+ 1

11+22+32+...+n2= 6

Solution:

.ven statement. Then,
e an+1)(@n+1

P(n): 12+ 22+ 32+ 0= 6

Whenn=1: LHS.=1:=1,
BUES ) AES
= 6

R.H.S.

-~ LHS.=RH.S. ie P(1)is true.
Let P(k) be true for m € N. Then

P(k): 12+22+ 32+ -..+k2=k(k+ 1)6(2k+ 1)

Now, we shall show that P(k + 1) is true when P(k) is true. For this, we add (k + 1)? on both
sides of (i)
Now, 12+22+32+ .+ 2+ (k+ 1)
_k(k+D2Ek+1)
6

+(k+ 1)

=(k+ 1){"—%1-%(“ 1)}

=(k+l)(2k2+k+6k+6)

6
(k1) 2k2+7 k+6)
6
kD) (k+2) 2k +3)
; Z3)

=k*i-l k+1)+1 2k + 1 or
6

Example 3
Prove by the method of induction hiat

13+424+35+ . +n_(n+2)=%
6
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Solution:
Let P(n) be the given statement. Then,

Py L34 244 45+, ¥ gy~ momiNan+ )

6
When n = 1:
LHS. =13=3
RH.S. = 1.(1 + 1)(}2.1 +7) an
. LHS.=R.H.S. 1.e. P(1) is true

Let P(k) be true for k € N. That is,

+
P(k): 1.3+24+35+ ... +k(k+ 2)=k(k+ 1)6(2k -i1)

Now, we shall show that P(k + 1) is true when P(k) is true. For this, we add (k+ 1) (k + 3)
on both sides of ().

Now, 1.3+24+35+ ... +k(k+2)+(k+1)(k+3)
_ Kkt 1)6(2 B4 L B (From (i)
)2 on both =(k+1){£‘—@?l+k+3}

(k+1) 2 k2+7k+6k+18)

s 6
(k+1)(2k2+13k+18)

= 6

(k+ 1)(k+2)2k+9)
- 6

(k+ NEFT + DQRE+D+T)
= 6

which shows that P(k + 1) is true whenever P(k) is true. Hence, by the principle of mathematical
induction P(n) is true for alln € N.
Example 4

Applying principle of mathematical induction, prove that n(n + 1)(2n + 1) is divisible
i by 6 forall n € N.
m;ancﬂ Solution:
Let P(n) be the given statement. Then
P(n): n(n+ 1)(2n+ 1)  is divisible by 6.

When n = 1: n(n + D@n+ ) =101+ 1)(2.1 + 1) = 6 which is divisible by 6. So, P(1) is
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Then,
: rkeN

¢ (e is true 0 s divisible BY 6

k) is tru€

;visible by 6

I Let us assume tha 5
p(k): k(k* 1k is true when P

+1)+1)i5d

={(k+l)k+(k+1)2} {(2k+1)+2} Sy :
= k(k+ 1)(2k+ 1)+ 2k(k+ 1)
= k(k+ 1)(2k+ ) +2k+ 1){
= k(k+ D@k + DT 2k + 1)(3k+3)

1)

= kk+ 1)@k + 1) + 6T _

. ooble by 6 by (i) and the second term
which is divisible by 6 as the first term 15 divisible by 6 by (1) 15 g &+ \ikg 2k

multiple of 6. _ .. nt
This shows that P(k + 1) is true whenever P(k) is true. Hence, by the principle | yow, (k

mathemtical induction, P(n) is true for alln e N.

p+2k+1+2}

Example § ' This result shows
Prove by induction method that 2°" — 1 is divisible by 7 mabematical induction
Solution: b e b 2)'
Let P(n) be the given statement. Then, » .

P(n):2"—1 is divisible by 7 Hbe e giv

Whenn=1: .P(n)::"((’l'

2n—1=23~1=8-1=7which is divisible by 7. I =l 2.

. P(1) is true.
Let us suppose that P(k) is true for k e N.
;e(; 1;(;‘3: 2% — 1 is divisible YT st (1)
| w, we shall show that i
S ——— *Pfki :dlli ::i:;iebw};en P(k) is true.
Now, 23k+1) — ] = 23+3 _ d

=2%23_ 1] =2%g 1

=2%8_84+g_ 1

= §(2% — )+7
which is divisible by 7 a5 the first

: term i< A:. .-
This relation shows ey €rm jg divisible b

mathematical inductiop *1)is
P() is true gy 3y
for al|

Y 7 by (i)

e .
. \;henever P(k) is true. Hence, by the pnﬂ

o
cf*
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Example 6
Prove that
a) n*>2n+lforalln>3 b) 3I<(n+2)
Solution:

a) LetP(n) be the given statement. Then
P(n):n*>2n+1"foralln>3
Whenn=3, n?=(3)=9

and 2n+1=2x34+1=7 whichtendston?>2n+1
P(3) is true.
When n = k: Let us suppose that P(») si true for n =k > 3.
term iy That is, Pk)=k>2k+1 ... (1)
When n =k + 1 : Now we shall show that P(k + 1) is true when P(k) is true. That is,
rinciple gray=akri)+l
' Now, k+1)2 =k+2k+1
>2k+1+2
=2(k+1)+1

This result shows that P(k + 1) is true when P(k) is true. Hence by the principle of .
mathematical induction P(n) is true foralln>3 € N.

b) 3n<(n+2)!
Let P(n) be the given statement. Then
P(n): 3" < (n+2)!
Whenn=1 3°=3!=3
and (n+2)!=(1+2)=6

which tends to 37 < (n + 2)!
When 7 = k : Let us suppose that P(k + 1) is true when P(k) is true. That is
k< (k+2)! e (1) ’

Now we shall show that P(k + 1) is true when P(k) is true.
Thatis, 3k+!<(k+1+2)!=(k+3)
Now, Jk+1=3k3

> (k+2)!.3 (using (1))

> (k+2)! (k+3) (. k+3>4)
= (k+3)!

= {(k+2)+1}!

o Which shows that P(k + 1) is true whenever P(k) is true. Hence by the principle of
ncip’ mathematical induction P(r) is true for all # € N.
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6.  Applying principle of mathematic
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E

If P(n) is the stateme
* Are they true?
b) If P(n) is the state
¢) IfP(n) is the statement “n? 2

1. a)
ment “n3 + 1 is div

2. Using the principle of mathematical 11

natural numbers (n):
n ]]+1
i) 14243+ ...+n=—(‘2_)

iii) 2+4+6+...+2n=nn+1)

nt “(n + D+

2nn Show t
duction, show the following statements ¢, 4

2) is L odd numbel"" Fmd P(l)s P(2) 311(1[!(3
)

ble by 2. Write P(1) and P(2). Are the, tre
hat P(1) is false and P(2), P(3) are trye,

isi
i1) 1+3+5+...+(2n-1)=p2

W) 245+8+...+(Gn-1)=10000

V) 12432452+ .. +(2n-1P=
2An+ 1)2
vi) 13~+23+33+...+n3=n_(n4_ll

natural numbers (n):

n(2n-1)(2n+1)
3

Applying the principle of mathematical induction, show the following statements for 4

i) 12+23+34+.. +n(n+ 1)=%n(n+ 1)(n+2)

3 AT g T -5
iv) 2+22+23+...+2n=2(2"~1)

4. Prove by the method of induction that

i) n?+nis an even number
i) nn+1)(n+2)isa multiple of 6

) 32— 1is divisible by §

a) 3n>2n+1
c) (1+x)"21+n.xf0rx>_.1

i) n+2n s divisible by 3

ction prove that

) xn—ynijg divisible by x -y

al induction, prove that

O (1+3759,47
d) 2“<n!f0r"24
oftermsands

n = Sum to » terms, then
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a(rr-1

\ Sz=t|+tz=a+ar=—%_—l)'
)
(2) andpl S3=t; +t2+’t3= ......

S4=t|\+t2+t3+t4= ......

they ty )

 trye, .

Sn =t + tz s = e
hat i fill in the gaps

" Observe the above operation and fill in the gaps. |
2 Using principle of mathematical induction, prove the following relations
1
a(r—1
ikt + 202 +tn=Snﬁirj1—l
Gn+))
2 — R LTRSS T S = e
°

1ents forgd




~ plot each of these pairs, they will lie in a straight line. That is,

Chapter 6 .
tem of Linear Equations

Sys

%’/——\

oduction ' |
Intr ‘ome across equations, when we try to solve some problen}s n n'lathti?asgfjt'- These

Wesc;?y be of one or more variables. The solutions of the eqwtlor;sdg}\;e e methlo(ljls of
te}:;:at;gglems. So it is quite natural that we should have know%edige 0 tih :CII' Crame;?s s (I)f
solvll?ng equations. The methods, we consider here, are row equivalent me . nile
and matrix method.

Systems of Linear Equations
A simple example of a linear equation in two variables x and y is
x-y=5
It is evident that solutions of this equation are ordered pairs such as (2, 1), (3,4), 47,
etc. That is, each of the ordered pairs (2, 1), (3, 4), (4, 7), etc. satisfies the equation. For instance
3. [3]- (4] =5. (true).

Moreover, there are infinite number of such pairs. If we Y

the graph of the equation 3x — ¥ =5 1s a straight line. If we are
interested in finding various pairs satisfying the given i
equation, we may write it in the form
y=3x-5, ol
which gives y in terms of x. @1
Given a value to x ip this equati T ~

value of y can be foun
solution of the equation

The conjunction (pair) of tw

two variables is referred to as g system, quations in /
Three typical €Xamples of systems are:
(a) 3x -y= 5 (b) :
X —y= 2
k= (©) 3x-y=5

The graphs of these €quations are showp in (Fig. a, b )
-4, 0,cC.

we st

Case

The g
that both €
of solutior
solution w
called simi

Two
to be cons.
be indeper
independe

Case

The |
meet, N() :
Other wor

€ can ge
and y jq
differen(:e

Case
The

e’tac“y on

“hich sa
€,

b Pendem

’ 3 cong
Sideg o ¢ 5

In g,
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(a) (b) (c)
We shall now discuss the three cases somewhat elaborately.

Case l. Intersecting Lines

The graphs of the first pair 3x -y =5andx+y = 7 intersect at the point (3, 4). This means
that both equations have the common solution x =3, y = 4. Although there is an infinite number
of solution sets which separately satisfy these equations, the solution x = 3, y = 4 is the only

solution which satisfies both of them at the same time. This is why such a system of equations is
called simultaneous equations.

Two linear equations in two variables which have at least one solution in common are said
to be consistent. If consistent linear equations have just one solution in common, they are said to
be independent. The system of equations x +y =7 and 3x—y = 5 are not only consistent but also
independent.

Case 1. Parallel Lines

The graphs of the second pair x —y = 2 and x — y = 5 are parallel lines, that is they never
meet. No set of values of x and y which satisfies one equation will satisfy the other equation. In
other words, they have ho common solution. These equations are inconsistent and independent.
We can see why they are so called. For one equation states that the difference of two numbers x
and y is 2 while the other states that their difference is 5, and two such numbers whose
difference is both 2 and 5 at the same time do not exist.

Case lll, Coincident Lines

The graphs of the pair of equations 3x —y = 5 and 6x — 2y = 10 coincide (i.e. one fits
exactly on the other). Obviously, these equations are consistent, that s, a set of values of x and y
which satisfies the first equation satisfies the second also. Moreover, these equations are
dependent, because one of them can be obtained from the other just by multiplying both sides
b?’ a constant. In the above case, the second can be obtained from the first by multiplying both
sides of the first by 2.

In the light of the discussion we had so far, a system of linear equations

a]x+b1y=C1 -
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ax + by =<

- nstants,
: the rest are all co
variables and
y are two

where x and

way:

. The system !
their graphs Interse

b i i nd m

. . F l | -[‘ [_v I] a

EXERCISE _
| I

1. By drawing graphs or otherwise, classify each of the following systems:

' ctly one solution_ ;. .
stent and independent if the equations have exactly fon, ¢,
m is consis :
e ct in exactly one point. R A
dependent if the equations ave mmon |

THp e (b) 9x-2y=-4 () “bx+4y=10
—4x+2y=16 3x+4y=1 3x—-2y=-5
(d) 3x-4y=1 (&) 25x—15y=45
6x—8y=17 —S5x-3y=24
Answers

1. (a) Consistent and Independent
(c) Consistent and Dependent
(e) Consistent and Independent

(b) Consistent and Independent
(d) Inconsistent and Independent

3x+y_z-.=}4_

uati’or? consist of the ordered triples such
7) is just one solution such that

351+ 6] -[7)= 14 (True),

One set of such triples is
: ; 5,0,
these triples satisfies the linear i(quaﬁollz,(s’ 1,2),,3, 4)

Solutions of thig eq

equation. Here (5, 6, as (S, 6, 7) which satisfies th¢

------ }- Itis easy to verify that each of

may be classified in the fOHOWing _

tice t
we pouTT

¢
solutions ©f
One of th

is the techniqu!

If we add
If we add

So we cc
in solving the
the variables.
one actually ¢
For this type
fectangular ar

is such an a
System,
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then we notice that the triple. which satisfies the third also is (5, 0, 1). .
Actually, there is no other triple of numbers which satisfies the system of three equations:

Ix+y-z=14
x+y—-z=4
X+y+z=6

We shall, as before, refer to such a system of equations to be consistent and independent.

Solutions of System of Linear Equations
One of the most fundamental techniques of solving a system like

ax+by=c,
ax+ by=c,
is the technique of elimination. We can illustrate this technique on the linear system

x—2y=3 '
2xx+y=1

If we add 2 times the second equation to the first equation, we obtain

5x=5 or x=1
If we add —2 times the first equation to the second equation, we obtain
' 5y=-5 or y=-1

So we conclude that the ordered pair (1, -1) is the solution. It is not difficult to notice that
in solving the above linear system, We actually work with constants (coefficients) and not with
the variables. In the other words, there is no need to continue writing the variables x and y, since
one actually computes with the coefficients and the numbers in the right side of the equations.
For this type of computation, it is helpful to list just the coefficient only in the form of a
rectangular array, and enclose them within square brackets or parentheses. For instance,

1 =2 112 )
[ 2 1 ] o [ 2 1
is such an arrangement and is called the matrix of coefficients or coefficient matrix of the
system.
x—2y=3
x+y=1
For a system

S5x —2y=-2
2x + 5y =24

(25

the square matrix




BASIC MATHE
116

¢ matrix. If, in this matrix, W€

: coefficien :
1S the ﬁ tions,

on the right sides of the equa p
5 2 -2 } [ 5
or |, s
(25
This matrix is called the augmen

Let us now see how the ide
equations. We shall present a compara
while solving the system by usual metho
the entries (or elements) of rows of the au

example.

Example 1.
Solve the system
xt+ty= -9
x-3y=5

we get another matr

MATICS: GRADE XI

include a third column consisting of the UMb

ix of the form

-2 }
24

ted matrix of the system.
a of the matrices can be used in solving system of the line,,
tive sketch of the various operations that we perfory,
d (Addition method) and those Whlc}? we perform wity
gmented matrix. For instance, consider the fOUOWing

Addition method
—-X + y ] _9
x-3y=5

Row equivalent matrix method

[—11:—9]
1 =3 = §

Interchange first and second equations
’ x-3y=35
x+y=-9

Interchange first and second rows

[1—3:5}
-~ 1 = =9

Add the first equation to the second
x-3y=5

Add the first row to the second

[1—3:5
0 -2 : 4

Multiply the second equation by -%

x-3y=35
y=2

Multiply the second

50 to the fing €quation by 3 ang

x=11
y=2
The solution is (11, 2)

q

(01 ]

q9

[1—3:5
-——___‘L_l__:__zj

Multiply the second row by —%

Multiply the second .
to the first it

[10:,11
01-2]

od

The solution js (1] 2) S

the most ; :
0St important Point to be remembered 1*

h

e reduced.
2 5qUare matt
mea? | g all other

2 x 2 unit M
1S

The matrices

glementary FOW €

Row-equivals
clementary FOW OF
(i) Interchange

(i1) Addition of ¢

(iit) Multiplicatio

(iv) Multiplicatio
another.

Let us now 1

Example 1
Solve the sy

by using row-equ
Solution,

Here the au;

Multiply b

Mulliply th
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called the reduced form in which the coefficient matrix becomes a unit matrix, by which we

mean & square matrix in which every entry along the leading diagonal (or principal diagonal) is
unity and all other entries are zero. For instance, the matrix

o 1]

is a 2 x 2 unit matrix (or identity matrix).

The matrices obtained in the above procedure are known as row equivalent matrices.

Elementary row operations:

Row-equivalent matrices are obtained by performing one or more of the following
clementary row operations :

(i) Interchange of any two rows
(i) Addition of one row to another
(iii) Multiplication of any row by a non-zero number

(iv) Multiplication of any row by a non-zero number and addition of the resulting row to
another.

Let us now illustrate this procedure with more examples.

Worked Out Examples

Example 1
Solve the system  3x +2y=-9
2% —3y=—6
by using row-equivalent matrices.

Solution.
Here the augmented matrix is

[3’2: &1
2 -3 1 6
1 :
Multiply the first row by 3 to obtain
[ i 23 & -3 :l
2 =3 : -6

Multiply the first row by —2 and add to the second (or perform R; - 2R,)

[l 2/3 :—3]
o -133 : 0
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3
| Multiply the second row by =73

| 123 : -3 ]
| [ 01 :0 :
Multiply the second row by — ‘i‘ and add it to the first row (or perform R, —3'R,)
[ 1 0: 3 J
01 :0

This gives us the solution

x=-3,y=0 ie. (-3, 0).
Let us condense this procedure as follows:
3 2 & 9
[ 2 -3 : -6 J
- [ 123 2 -3 ,
2 3 : -6 J B3R,
1 28. : -3
& [ 0 -133 : o ] Bar>Re-2R,
e [ 1 23 : 3 3
0 Pl ] Ri=-33R,
R >R, -2R,

This gives us the solution
X==3,y=0 je, (=3, 0).

I \ - ent

Fgr a system of three €quati
following reduced form:

M Teias
P J

to” and js used as we proceed by an

ons in thr, i
©¢ variables we try 1, 8¢t augmented matrix in the

10 o . p
01 9 .
t g from wh; i
. Which we obtain the Solution . q,7).
Example 2
Solve the system
Z-ptz=_)
X=2y+3z=4
xty+2:=4

e —

[nterchang®
x—2y
2x =Y
4ty

| mty
Multiply the

to second

x—-2y
3y-5:
4x +y

Multiply the
to the third

x-2y
3y - 5:
9y — 11

Multiply the
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Solution__

Addition method Row — equivalent matrix method
x-y+z=-] ~2 -1 1 : -17]
x-2y+3z=4 1 2 3 = 4
ety la=a L4 1 2 : 4

Interchange the first two equations Interchange the first two rows

x-2y+3z=4 b B, AL B IR
%x-y+z=-1 2 -1 1 -
ey o L4 1 2 : 4
Multiply the first equation by -2 and add | Multiply the first row by —2 and add to the
to second second
x-2y+t3z=4 1.2 8§ = 4%
3y-5z=-9 0 3 ~5-7 =D
4x+y+2z=4 4 1 2 : 4
Multiply the first equation by —4 and add Multiply the first row by —4 and add to the
to the third third
x-2y+3z=4 f.=D.. F 2 4
3y-5z=-9 0 3 -5 : -9
9y—10z=-12 0 9 -10 : -12

: . 1
Multiply the second equation by 3

Multiply the second row by%

1 -2 3 a4
0 1 -53 :- -3
0 9 -10 : -12

x-2y+3z=4
5z
y —_— "3'_ —p—
9y —10z=-12
Multiply the second equation by -9 and
add to the third
x-2y+3z=4
Sz
y _—3" o
5z=15

Multiply the second row by -9 and add to
the third

I =2 3" .4
0 1 53 : 3
00 § ¢ 15

1
5

1
Multiply the third row by =

1 2 3 : 4
0 1 -53.: -3
0 0 I & 3
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i -3 and
Multiply the third equation by -3 a

+ 2 and then add to the first and second
3 L]

: respectively
cQuations;'eSPe‘s’“vely I ~2 O =D
- 2"’ e i
y =
z=3 o 0 1 : 3 e |

HEMATICS: GRADE Xi

L]
Multiply the third row.by -3 and S ang

then add to the first and second rqy,

Multiply the second equation by 2 and
add to the first

x=-1
y=2
z=3
Hence the solution is (—1,2,3 ).

Multiply the second row by 2 and add to
the first

1 0 0 : -1
010 2
g 6 1 : 3

Hence the solution is (-1,2,3)

Example 3
Solve the system  2x—y+4z=-3
x —4z=5
6x—y+2z=10

by using row—equivalent matrices.
Solution, |

Here the second equation does not ¢
augmented matrix. To remove this difficu

2x-1ly+4z=-3
6x-1y+2z=10

The augmented matrix is
(2 -1 4 . <3 7
I 0 g . 5
L6 -1 2 10 |
Interchange the first two rows
1 0 4 8
2 =l 54 . -3
-6 -1 2 . 10

ontain y and S0 we find some difficulty in writing the
Ity, we may write the system as

—

This gives us

Let us conder
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perform R; - 2R, and R, ~ 6R,
-1 0 4 : § j
0O -1 12 : -13

L 0 -1 26 : -20
perform Ry -~ R,

1 QY =& 5§ W)
0 -1 12 : -13
L0 0 14 : -7

Perform (-1)R; and -l% R,

10 4 : 5

0 1 -12 : 13

00 1 = -122
Perform R, + 4R; and R, + 12R;

1 00 : 3

0 10 & 7

0 0 % 2 1

2

; | 1
This gives us the solutionx =3,y =7,2=-7, 1€ G,7,-3).

Let us condense this procedure as follows.

=3 J 4 -31
1 0 —4 5
.6 =1.2 10 -
-1 0,64 5 7
— 2 -1 4 -3 R, xR,
L& =1 2 3 Joud
-1 0 4 : 5 7
13 R, = R;-2R,
= ¢ =k J2 & - R, => Ry —6R,
L 0 -1 26 : 20 4
-1 0 4 5 7
— 0 -1 12 -13 R;—)R;-Rz
' 0 0 14 <, S

121
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follo
| sotve ¢ 3y =
=0 24 ¢ A R, = (DR | 2 @ & 6” j
— o1 -12 : 13 R;—-)]%Ra | %+ o
- (d) 3 =
-1 00 : 3 . 5x + Y .
010 : 7 R, - R, +4Rs | @ ** "
— ; R, > Ry + 12R; | 2x+ 3y
1. 1 AP
This gives us the solutionx =3,y = 7,z=-7,1e. (3, 7,—'2‘) : |
3, Use the rOW™
A condensed flow chart of this process ' @ -7 + 7
x-2yt
! 2x =~ 2y
Given three equations (c) Xty
in three unknown x+2y-
| v x+3y-
Form the a ted i
ugrfen matrix| (€ 9y - 5x
: 4+ 7z =
Is the matrix in the form e
1 00 :p No [Useth z+2y
0 | Use the elementary
010:gq — |__row operations (g) x—=y+
001 :r Xy
! Yes 3x—4
The solution is (i) 2y+6
X=py=g,z=r. 3y+6
$ 2x + 4
EXERCISE L (@
B — — 2 (‘-2l -_4)
. Solve, b | (:%(‘2-5)
. €, by using both additi = Q
of linear equations: addition method ang TOW—equivalent . . @) (0 ; 1
(@) Sx-2y=-2 b matrices, the following syste™ (f) (ﬁ:‘,’ 3 ) |
2+ Sy=-24 ) x-y=2 ’ '
2x+3y =9 ©) x+y-2,=7
2x-3y-2z=0
X-2y-3z=3



3. (@) (0.2,1) (b) (-1,2,-2) (c) (1,-3,3) (d) (-1/9,2/3,4/3) (e) (3,2,-2)
/ (ﬂ (_303’ _1) (g) (2’2’ _3) (h) (2’3!1) . (l) (6’4’ _l) (J) (1 33s5)

sto”
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5 Solve the following systems by using row—equivalent matrices:

(@) 8x-3y=-31 (b) 3x-3y=11 (c) x=2y+3
2x + 6y =26 O ~2y=$§ 3x-5y=28

d) 3x-2y=8 () Sx-3y=-2 ) 6x—4y=0
Sx+3y=1 4x+2y=5 x+y-5=0

@ x*+y=35 (h) 5x-3y=20 (i) 2x+12y=16
2x+3y=12 2x+3y=8 3x+ 10y =8

G) 3x-2y=-8
—x+4y=6

3. Use the row—equivalent matrices to solve the system:

(@ x-y+2z=0 (b) x+2y-3z=9
x—-2y+3z=-1 2x—y+2z=-8
2x—-2y+z=-3 3x—y—4z=3

(c) x+ty+z=1 (d) 3x-5z=-7
x+2p+3z=4 ' 3x+5y=3
Y3+ Tz= 13 3z-3y=2

(e) Yy—-5x=3 (f) x+4y+3z=6
xtz=1] 3x+9y=18
z+2y=2 —S5x—6y+2z2==5

(2) x=y+z=-3 (h) x—y-z=-2
x+y+z=1 ' 5x+10z=20
3x_..4y_z=1 10}’#202:10

() 2y+6z=2 G) xt4y+z=18
3y+62=6 3Ix+3y-2z=2
2x+4y+6z=22 4y +z=-1

Answers
L (a)(-2,-4) (b) 3,1) (© (1,2,-2)
2. (a)(-2,5) ®) (-134) ©1,-D (d) (2,-1) (e) (1/2,3/2)

9 (2,3) (g) (3,2) (h) (4,0) (i) (4,2) () -2,1)
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Application of Matrices and Determinants

i i in various b

. ables appear In s brancy
i i ions in two or more varl .
4 a) A system of linear equations In Representation of such a system in the forp, of
. i licable mathematics. Kep
= pure, applied and applic e
| matrix equation and use of matrix me o
| linear equations in two or more variables.
|I

system of linear equations in two variables. . LhE
Let the system of the linear equations in two variables x and y

To illustrate this beautiful technique, we cong; der

ax+by=c

axtby=c,

which they occur in the equations and enclosing them within parentheses, we have the matrice
a b G
A= and C=
a b G2
Also, writing the two variables x and  as a column matrix, we have

()

Then, by virtue of the definition
of the linear equations may be written

AX=C,
[al bs](x] (Ct]
or, = ,
2 bz y Cy
(Q]I‘Fb]y] ( ¢ ]
or =
azX‘f‘bzy Cy

which implies ax+by=c,

of the product and equality of the two matrices, the system
in the compact and elegant matrix form:

algebra.

We know that th
Multiplying both sides

ho i

W such a matrix €Quation may pe solved by the methods of matrix
€ inverse A-1 of the matrix i
of the matrix €quation i

AX=C

by A-! from the left, we get
A(AX) = A-10

! or, (ATA)X = A1 c

» if A s non-singular, i.e. |A| # {-

e ———

. : .
ods have proved to be of great help in solving Systemg

1 o
Collecting the coefficients of the variables and the constants separately in the order i |

or
or

or

Henc®> *

Emmple 1

Solve

Solution :
Writing

where, A = (

Here | A

A||=co

A’Z! =cCo

Mat,
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d
or IX =D, (say) with A-‘C=D=[ ] )
d,

or X=D

« (A

Hence, x = d, and y = d,.

Worked Out Examples

Example 1

Solve 4x+5y=2
2x+3y=0

Solution :

Writing the system of linear equations in the matrix form, we have,
AX=C,

4 5 x 2
where, A = , X= and C= X
2 3 y 0

4

4 :
Here | A | = ‘=12—10=2¢0

3

A,, = cofactor of a;; = 3

A,, = cofactor.of a;, = -2

A,, = cofactor of a, = 4

Ay Au] [3 —2)
A21 Azz -3 A

A,, = cofactor of a5, =5

Matrix of cofactors =

1 3 -5

Now, A-l=ryradiA = (-__2 4]

Since X=A—1C,(x) =-;—( 32 ;5)[3]
y b
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Example 2.
Solve x+y—zl=l
y+z=2
x-y=0
Solution :
Writing this system of line
AX=C where
1 1 -1 x
A= 0 1 1 |, X=|vVy
1 -1 0 z
1 1 -1
|Al={ 0 1 1
1 -1 0
1 1 ‘ ‘ 0 1
-1 0 1 0
=1+1+1=3#0
1 1
A, = cofactor of a,, = =1
-1 0
0 1
A3 = cofactor of a,; = 1 g
-1
I -1
A22= cofactor of d= ‘ =1
-1 0
Ay = 1 -1
31 = cofactor of ay, = ' s
11
As; = cofactor of ay, = 11 ~~
0 =1
1
' Ay Ay, Ady
M .
atrix of cofactors = Ay A, Ay
Ay Ay A,
adiA  =| | y
__1 2 1
Sinces X"‘—"A‘IC :-—!._ di
|29 (A)C,

Cc MATHEMATICS: GRADE Xil

ar equations in the matrix form, we have

1
cC=| 2
0

A}, = cofactor ofa;; =~
Ag) = cofactor of a,, = -
Ay = cofactor of 8y =~

Aj; = cofactor of ay, =

h

and hen¢

b) Anotl

Cra mer s ru /!
have disCusse

with a square
Let usr
equations. Fo

where x and )

In order
and y side by

Multiply
the second by

a,bzx +
"ﬂzblx e
Add the

—(abra,
USing th

[

¢

Alte rn a
The Syst

we hav:
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x (1 1 2 1

1
Y | =3 1 1 -1 2
z el 2 1 0

[ 1+2 1

1

\-1+4 1

andhencex=1,y=landz=1.

b) Another irr-lportant technique of solving a system of linear equations is the application of
Cramer’s rule. This technique is also a consequence of the technique of elimination which we
have discussed in the previous pages. But here we use the notion of a determinant associated
with a square matrix instead of the matrix itself.

Let us now see how the idea of a determinant can be used in solving system of linear
equations, For instance consider the system of two linear equations

ax+by=c
ax +by=c;
where x and y are variables and the rest are all constants.
In order to facilitate computation and to save space, we present computations involving x
and y side by side:
( Multiply the first equation by by, and Multiply the first equation by —a;
the second by —b, to find and the second by a, to find

a\bx + b\by = cib; —a,a,X — @by = —ax¢,

—a,bx — byby =—Caby

Add the two equations to get
| (a)byab) x= (c1b,—¢2b));
Using the determinant notations, we have

aax + a\by = ac
Add the two equations to get

(albz—azbi)}’ = (a,c;—a,¢)),

a, b ¢ b a b L
o and P=
a, bz ¢, b2 a, b2 a, €
Alternative method
ax + bl_y = }
, S .
The system of linear equationsis ;. (M
We have
a, bl ) ax bl \
x =
a, bz Q)X bz
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ax +b2}’ bZ
{ C bl ,
- ¢, b

a, by

’ ax+by b ’ (by changing Ci—> Ci + C)

because of (1)

Also we have
a; b!

-

a; by
a; axtby

a, b,

(by applying C; = C; + Cyx)

a, a;x+by

a ¢
F because of equation (1)]

a ¢

Let us now see how the determinants determine the nature of the solution of the systen,
i.e. what values can be assigned to x and y.

Case L.
a, b,
Suppose i & i # 0, then we can divide in each case by this quantity (number) to
obtain
l ¢ b a c
STan] e
a b,

W 1 81Ves unique solution, In this case the system is consistent and
Case I, .
Suppose : jI ~=0 and a ¢ e b
Then we have 2 %@ o ¢ b, -0
0x=0 and 0y=0

Clearly, these two are true whatevyer ma

value to x, we may find tp, X Y be the vajy,
of values satisfies both eqlel:t?rresm-ndmg value of y from ::S f xandy. Ip other words, giver®
find an infinite number of vz:)ll:xtssnfl‘ce " can assign an il:;;:')fthe *duations such that the P
system. In such a case, we say that S(;’s:; T. we have in f;:_:fitrluml:ver of values to x, we f[:jﬂ:
M 1S congistep € number of jons of

tand g, of solutions
Pendent.

-

Case ol

Suppos©

Then W
0x #

fn such a €

s NO S
system™ e
[n conclus

clctel'ﬂ'linant of t

In what fo
zero, and in this

where the nume

and second colv

The above
Cramer’s Rule.

Cramer’s ;
of linear equat;
Variables s the
Single variape.

We can us
COnsider t

We haVc
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Case IIL

a, b

a, b

Then we have
0x#0 or O0y#0, whichisobviously false.

In such a case, we say that the system is inconsistent and independent. In other words, the
system has no solution.

In conclusion, we say that the system is consistent and has exactly one solution when
determinant of the coefficients, i.e.

a c

‘=0 and either a b

Suppose #0 or

a2, G2 ¢, b,

a, b,
#0.

a, b2

In w?lat follows, we always assume that determinant of the coefficient matrix is NEVER
zero, and in this case we have the following rules for the determinations in the values of x and y:

Cl bl a, €

¢ b d a ©
x e e g an =

a, b[ ¥ a, bi

a, b, a, b,

where the numerator determinants in the values of x and y may be obtained by replacing the first
C

and second columns of the denominator determinant by in turn.
(%)

The above rule of finding the solution of a system of linear equations is known as
Cramer’s Rule.

Cramer’s rule for a system of linear equations in two variables can be extended to a system
of linear equations in three or more variables. The procedure of obtaining formulae for the
variables is the same, i.e. gradual elimination of variables till we get an equation involving a

single variable.

We can use the alternative method also.
Consider the system of linear equations
ax+ by +cz=4d

ax + by+cz=dy [ .coreene (ii)
ax+ by +ciz=d;
a b ¢ ax b o
Wehave x| a, b, ¢ | =| @ b2 @
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i = ¢
= | ax+bytcz b, ¢ (by changing C1 > G G Cy) ‘ = ¢
ax+by+cz by G Note: the rllu
: epla
d b o ; Obtaiﬂcd bydr P
because of (i1) I '
=| 4 b @ d, in
‘ the column 2
d3 b}. Cs d3
a b[ Cy a'l b].y ci ‘
Alsowehavey | @ by ¢ [ =| @ by o
ay by a; by ¢ Example 1
a, axtbytcz ¢ To illustrate
=| @ axtbytez o (by applying C, - Cix + C, + C52) X=2y:
a; axtby+tcz o ' 3x+ Ty
a d ¢ : Using Cram
=| @& 4 o because of (ii)
ay dy ¢ x= —
Similarly ‘
a, bl CI al bl dl
Z a, b.? (&) = a, bz dz ‘
as b3 C3 d; b3 d} R
Hence, the formulae for x, y and z are i
G a d, ¢ b
a b, d,
d b, ¢ a d, c, g B ad Hence the s
d b 2 2 5
x= 03 53 G o+ 9_' _ a d; ¢ D Example 2
N D y TT;‘*:—E)E o ay by dy ‘_2_3_ Solv
a bz Cy l a, b, C - D € thc fo
@ b, o 3
a by o a b a; b, ¢ o
where the 4197 Ey . .
e e ]:]Iuazjtmes in the numerator apq denom; a; by ¢ So{uno,, s
or three-by-three determinang), Inator of each f; y
). It is defineq by the f; ormula is a determinant of th" 3
al bl CI Orl'l'lll]a Of the fonn — -g.
X" w
D=| a b ¢ Y
4 :
% by ¢ i 1C
y
D . 2

V
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"1+ QZ]H. b] ¢

-

b2 2 bl el
=8 -a +
1‘ b3 3 I 2l b3 3 | a

b, ¢
= ay(bycs — bycy) — ay(bicy - bye)) + ay(bye, — bycy)
Note: the numerator determinants D,, D,, D, of the above formulae for x, y and z can be
obtained by replacing the first, second and third columns of the denominator determinant D by
1

the column 42 in turn.
ds

Worked Out Examples

Example 1
To illustrate the use of Cramer’s rule, consider the system
2) x—=2y=-7
3x+7y=3.
Using Cramer’s Rule, we have

-7 2
5§ ' 71 hi—56C2 39 .

= ’ ], "3 { =173 137

HH
3 5 | 15-3.(7)_26_
1 2 “1.?—3.(-2) 13
3 7

Hence the solution is (-3, 2).

Example 2
Solve the following equations using Cramer's rule.

3.2:18 By
x+yf20 and 7y 8

©\R

Solution :

‘ 19/20 2 ‘ 19 11
= = D, =
0 l 30-8=22 1 5 10
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3 19/20

4 2
Using Cramer's rule,

Dz=’

x=4
- the solution is (4, 10)

Example 3
Solve by using Cramer’s rule, the system
x-2y—-z=-7
2&x+y+z=0
3x-5y+8z=13
Solution
Rule of Sarrus used to find the value of D :

D=8+ (-6)+ 10-(3) - (-5) - (-32) =52

L =¥ =j
Hence D=|2 1 1 =59
3 -5 8
Similarly,
_.? __,2 __1 ] ?
=/ -]
D, =
l b1 l =-104, D,=1] 2 0 1
3 5 38 =52
1 2 3 13 g
and Dy=| 2 1 0 |- s
3 513
D, 104
HEEe $TD~=3 =0 | pe 2 D
D~5=1 v 154

Hence the solution is (-2,1,3).

1. Appl
(a) 2

(d)

(8

2.  Solwv

(a)

(d)

A, Forn

char;
d() (F:

If po

(a)(3‘

2 (e) (s,

(a) (1,
(d) (4,
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Note: In practice, it is actually not necessary to evaluate D;, since if we know the values of

x and y, we can llse_them in one of the equations to find z. We know x = -2 and y = 1 in the
above case, so by using the equation -2-2.1-z = -7, we find z = 3.

1. Apply matrix method or Cramer’s rule to solve the following systems:

(@2x-y=3 (b) 2x+5y=17 (c) 3x+4y=-2
x-2y=1 Sx=Dy=— 5x—Ty=24
(d -2x+4y=3 (e) Sx—4y=-3 () 2x+5y=24
3x-Ty=1 Tx + 2y =49 2x+3y=12
2x 4
2 ty=16 h) 3x+-=10

(& 3+ (h) 3x -

x+=14 S
B4
2. Solve the following system by using matrix method or Cramer’s Rule:

(@ x-3y-7z=6 (b) 2x-3y-z=4 () 3x-y-2z=1
2x+3y+z=9 x—-2y-z=1 x—-y+2z=3
4x+y=17 x—y+t2z=9 2x+3y+z=8

(d 3x+5y=2 (e) 6yt+6z=-1 6 x+2y-z=-5
2x —3z=-T7 8x+6z=-1 2x-y+z=6
4y+2z=2 4x+9y=28 x-y-3z=-3

A. Form two simultaneous linear equations of two variables showing three different types of
characteristics such as dependent, independent, consistent, inconsistent etc. Clarify what

do each pair of linear equations represent?

If possible, solve each pair using any of the methods.

Answers
L @@3)) ) (1, 3) ©) (2,-2) (d) (-25/2,-11/2)
() (5,7) () (-3, 6) (2) (12, 8) Mm@ 1
2. (a)(1,3-2) (b) (2, -1,3) ©) (3,4,2)

d)@4,-2,5) () (1/2,23,-56) (B (1,-22)




134

Chapter 7 ; <
Inverse Circular Functions an

Trigonometric Equation

Introduction
Trigonometric functions defined by
y=sinx,

¥y = COS X, y = tan x. etc.,

are known as the sine, cosine, tangent, etc. functions respectively. Here each x corresponds to a
unique y. Expressed as a set of ordered pairs (x, y) of real numbers, each of them would look
like
f={k,y):y=sinx},
h={(x,y): y=tanx}, etc.
On interchanging the roles of x and y, they will look like
F={(xy):x=siny},
H={(x,y):x=tany}, etc.

g={(xy):y=cosx},

G={(x,y:x=cosy},

In each of these cases, each x corresponds to more than one Y.
may be 30°, 150°, 360° + 30°,

value of x. We then get well-define

; ! d functions. In the next
ar with special reference to the sine

function.

Inverse Circular Functions

The circular function defined by y = sin x ie

- f={(x,y):y=sinx}
is the sine function. Here the domain of i
the i '
the set of real mummbers bete. rpoty! incf;llll:ic‘t?l{‘{ls the set of rea] numbers, and its rangeé ¥
msciie - We thus haye g

domain of f = {x: x ¢ R}

range of f = {y:— 1<) < ).

Interchanging the roles of x and y, we hay,
) €

F={(an’)lx=‘-siny}

-7

y =sin

On other
Y at more thaj

On rcstricting

‘_’“l}'), each v.
ndicate thig |



onds ty,
uld Jogf

-, then)y
suitably
get only
the nex!

angC i
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In this case, the domain of F is the set of real numbers between -1 and 1 inclusive; and its
range is the set of all real numbers, several of which may correspond to one x. This can be seen
more clearly from the graphs of y = sin x and x = sin y. The graphs of y = sin x winds along the
«-axis (Fig. a) and thaF of x = sin y (is of the same form but winds along the y-axis (Fig. b). In
fact, one is the mirror image of the other (i.e. reflection) on the line y = x . Note that a horizontal
line lying between y = —1 and y = 1 intersect the graph of y = sin x at several points. This shows
that there are many values of x which correspond to a certain value of y. But one can also see
that the length qf the longest interval on the x-axis for which a horizontal line can intersect the
curve y = sin x in at most one point in 7. For convenience, this interval (in fact, the domain of

St ; 1
the function) is chosen to be an interval 5 <y < %n (the heavy part of the graph). Moreover,
this choice gives a full range of values (i.e. —1 <y < 1) of the function defined by y = sin x.

Y Y
A

1 x=siny

-n -nl2

L —n/2
y =sin x

-1
L —1

(a) (b)

On other hand, a vertical line lying between x =— 1 and x = 1 intersects the graph of x = sin
y at more than one point. This shows that x = sin y, as it stands, does not define a function. But,

on restricting the value of y so that — % n<y< % x (i.e. , restricting to the solid part of the curve
only), each value of x between — 1 and 1 inclusive corresponds to exactly one value of y. To
indicate this restriction in x = sin y, it is customary to write (capitalise s in sin)
x=siny

and the value of y so obtained is called the principal value (p.v.).

Other commonly used notations for this are

y=sin"! x, (read 'inverse sine of x')

and y = Arc sin x, (from the Latin phrase arcs cuisus sinus x est —the arc whose sine is x)

Note that x = sin y, y = arc sin x and y = sin”! x are three equivalent notations for the same
thing, Also, it should be remembered that

1
sinlx NEVER MEANS T

In short, we have the following working definitions of the inverse sine, the inverse cosine,
the inverse tangent, the inverse cotangent, the inverse secant and the inverse cosecant being

Omitted as they are of less common use.
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(a) The inverse sine function is defined by

or equivalently x=smy

sin' x=y
1 £
provided that - 1 <x <1 and-3n<y<7 ™
(b) The inverse cosine function is defined by
cos'x=y or equivalently
provided that— 1 <x<land0<y=m.
(c) The inverse tangent function is defined by
tan' x=y  orequivalently x=tany

X=C0SYy

. I 1
provided that - x <x<xand -3t <y <3 m.

(d) The inverse cotangent function is defined by

cotlx=y or equivalently x=coty
provided that - x <x<x and 0< y <. -

The graphs of these inverses togeth i i 1gi i g :
] er with the correspond /
o g ponding original functions are show HM 0

j esir'sd
y ,
Y
4
1 3::12T
n2 = 3n/2 )
-n2 ©O X
2 X=cosy
' Y=cosx 1
-1 et X
-1 (0]
(a) ~n/2 1
¥ (b)
A
y=ta
3 n x I
2
J Bovh R T ot el

-nf2
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For emphasis and convenience, we list here the definitions of principal inverse
trigonometric functions, together with corresponding domains and ranges.
e

| Notation for Principal | Defini N
ction p efining -
Fun Thverse Funiction Equation Domain Range
sine sin”! =sinlx | -1<x<1 1 1
y =S e =) < y < 2 T
cosine cos™! y=coslx | -1<x<1 0<y<m
tangent tan™! = tan~! = 1 1
g y=tan'x x<x<X | _sm<y<ym
&tangcnt cot™! y=cotlx | —x<x<x 0<y<m

some Useful Results
We shall now establish some elementary but useful results involving tri
inverse trigonometric functions.

gonometric and

are show (2) For a given angle 6,
(i) O=sin"'sin® (i) @=sinsin™! 0, etc.
Let sin@ =x, then, by definition, 0 =sinIx.
Hence 0 =sin'sin® (sincex=sinb)

Again, let y = sin-! © , then 6 = sin y, and
0 =sinsin' O (sincey= sin! 0)

The rest follows similarly.

(b) For a given numerical value x,

o [0 . 1
(i) cosec! x= sin™! o (i) cot!x=tan™ 2

- X
v 1
(iii) sin!'x= cosec™! PE etc.
We shall prove the first one only and the rest will be left as exercises;
Let 0 = cosec-'x, then, by definition, cosec 8 =X andsin 0 =7,
and hence @=sin" -
’ 1
Thus  cosec x=sin"' -
X (c) Expressions of a given inverse trigonometric function in terms of the remaining inverse

trigonometric functions.
s of the results that we are going to d

A few simple case ( _
imilar but a bit more general relations.

in (b) above. We shall consider a few s

iscuss here has already been given
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(i) sin-'x=cos!'y/1-x*
1% (iv) sin'x =sec” =

(iii) sin-!x=cot" =

X

(i) sin”' x =tan”!

1 —x2

-1

.

- 1 d x
— sin-! x then sin 6 = x, an
To prove these, we put 6 = sin _ I e
=cos™ 4/ . {
(i) cose=m=\fl—x2= ie. 0 3 M{( _
sin ___x ie. 6=tan =— o«
cos +1-x2’ . B
The remaining two also follow similarly, and are left as exercises. Combining the aboy

(i) tanB=

results, we find that Wﬂgf (igon°
X , ] —x? (siné
sin™! x = cos' /1 — x2 = tan"! === = cot"
l —x2 x ” sl‘n-l (—I)ﬁa
1 1 !
= gec”! >=cosec™! —. 2
V1-x X j wmli X
(d) For a given numerical value x ; )
(i) sin!x+ cos! x =% T WFEMS

i 1
(i) tan-'x + cot! =3T

1
(iii) coseclx +sec-! x = 5.

| Suppose sin! x = 0, then x = sin 0, and s0 cos (% T—0)=x
This gives cosly = g —6; and hence

| sinlx + cos-ly = % .
The other results also follow similarly.
;1 (e) For a given numerical value x,
. i) sin(—x) = gjp-Ix
) cos!(—x)=x-— cosx
| [ | iii) tan!(=x) = — tan-1
iv) cotl(—x) =g — cot-lx
‘ Let sin-!x = 0, then x = sin 6
B ; So, —x=—sin @

Or, —x = sin(-g)

| S (x) = gip, oF, sinl(—x) = _g
Tl Again, if cos-lx = 0, thep y = cos §

i

-f}; So, -x=—cos or

e Cos(n - g
1 Co87H(=x) =7 — oo Ix, . % COsl(-x)=n_¢g
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The other results follow similarly.

we shall now illustrate the proced i i |
mgonomen-ic il procedure of handling with problems involving inverse

Worked Out Examples

Example 1

Use Trigonometric table if necessary to evaluate

@) sin”' (-1) (b) sin (cos-% ) (c) Arc tan (tan 60°)
Solution.

Using trigonometric tables, we have

; 1
@ sin'(-1)=-27 and

2
(b) Letcos'3=x, then

2 ; 2
cos x =3 and sin (cos'3) =sinx =4/1—cos?x

A%
=/1-3=73
(c) Arc tan (tan 60°) = 60°.
Example 2
Find the value of cos (sin'% + cos” %
Solution.
———. ks
et x=sin"'7 and y=cos 'z, then
sin x =% and cosy =';' , and hence

[ 1 15 SR T

cosx= 1-_1-6-::.\/% and smy= 1—'5:‘\[}:[-
! 1

Therefore, cos (sm—‘;{ + 005‘15) =cos (x +)

=CcOoS X cosy~sinxsiny

W51 1B
_415—\13

8
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Example.; ‘I_x_jl-
Prove that tan”! x + tan™ y =120 1 _ x

Solution. _
’ l.‘Let tan' x=A and tan'y= B, then
x=tan A and y=tanB

tanA+tanB _x+ty
Now,tan(A+B) =T_nAtanB 1-xy

B, azh 8
Hence A+B =tan'1_xy—
: TN .5 .1
Le.tan”! x + tan-'y =tan-! 1 —xy
Example 4
Show that sin-! x + sin-! y=sin! {nf1-)2+y V1-x2}
Solution.
Let sin'x=A and sin”! y =B, then
sin A=x and sin B=y and

cosA=41-x  and Cos B =4[] — 2

Now, since sin (A + B) =sin A cos B + cos Asin B

=x\T=p2 4 y\Tp ki
A+B =sin"{xle -y2+y~,f1 —x2}
ie. sinlx + sin-ly = gjp-1 {x\1 -y +wn/l -x2}

— The second case follows similarly,

: Example 5§

g Provethat 2 tap-1,= sin-! ‘l‘%‘r;; = cos-! ‘ll'-:j};; = tan-I TZ-LE :
= Solution, B
i- | Letx=tan @, then » tan! x = 2tap-i tan 6 = 79

=i ‘. i 2x 2tan @ ,

= qin-I .
f LTI tan = s (sin 26) =29
1 —x2 1 - tan2 )

T+ = =cos-! -
1+ 42 008 m = €057 (¢og 20) = 26
2x " 2ta
tan! 77— = tan-1 2209

1-x2 ]._tanze"tﬂn“'(tanzg)aze.

i-- Combining the above results, we 8et the

! / d ICOS"I

Tequireq result.




s
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Eﬂ’"’f’k 6

T 1 2b
Solve sin”! 1 + a? + sin”! 1+ = 2tan-! x

Solution.
Let a=tan9 s B=tan'g
., _2a . 2tan 6 )
Then, sin™ Td - sin™! (m)

= sin™! (sin 20)
=20=2tan"a

Sin_l —"—'—'1+a2 =2tan—1 a’
o] ._l_gll__ r
similarly sin 1+b2+2tan b

-, the given equation becomes
2tana+2tan' b =2 tan' x

_la+b Ea
or tan™ T p =tan™ X.
__a+b
Hence X =1 ah
Example 7

Find the value of cos tan-! sin cot™! x.

Solution.
) 1
Let cot-! x = 0, then cot 6 =X and sin 6 = —'—"'_m

Again, suppose

tan-! sin cot™lx = tan -lginf=0
1
then tan g = sin cot™ x =sin © =m :

Hence cos tan-! sin cot™! x = €08 @

—-—\],—-—;_—l_———"_'_=-—-—-—-l-‘-"_
= \[1 + tan?@
1+1+x”-
1+
=N} 242

Ex“mple 8

Prove that cos (3 cos™'x) = 4x® - 3x




Solution:
Let cos 'x = 6 then

0
os-lx) =cos 3
Now, cos (3 ¢ _ 4cos'0 -3 cos®

x=cos 6

= x3-—3x

Example 9

] +cosx\_& X
Prove thattan™’ ("m—) 22

Solution: -
1 +cosx (__2cos’x )
o [ sin x ) =t (2 sin x/2 c0S 1/2
= tan! (cot x/2)
= tan"! (tan (n/2 — x/2))

ST
(TR

Example 10
Prove that cot-lx — cot-1z = cot—' L'— + cot™! L——

Solution:

cotlx —cot-lz = cot-ly — cot™ly + cot-ly — cot-l

= cot™! -Z—— + cot! Eil

z-y
Example 11
o o 1
Prove that sin-! =+ 2 tan-1= _ T
sTelry=3
Solution:
Since, sinlx = tap-1 —X__
4/5

sin™! 5 “tanl—22

Again since, 7 tan x = 2x
1 —x2>80

2tan1 1 3 <tan12X1/3

-Gy
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Now, sin”! 3+ 2 tan”! 3 = tan™! %+ tan-! %

143

- 4 4
"t 3t cot! 3 [ tan-'x = cot! .
X
LR -
2 ( Ctan-'x + cot'x = 5)
Example 12
T
If cos~x + cos™'y =7 , prove that x? + 2 =
Solution:
cosix +cos™'y =7-2£
T
or, COs'x= B cosly
or, cos'x=sin"y
or, Cos'x= cos™! \I 1-)2
or, x= -\‘ =z yz
x+yr=1
ﬂ@#—
1. Evaluate the following without using tables:
. 1
(a) sin! 1 (b) sin™! (5 )i (c) cos™ (_123)
(d) tan-' 1 (e) Arccot (1) (f) Arctan (_;}5)

2. Express each of the following in terms of x:
(b) sin (cot™'x)

(e) tan (2 tan™! x)
(h) cot (2 Arccot x)

g, using tables if necessary;

(@) costanx
(d) cossin!x
(g) cos (2 cot™! x)

3.  Evaluate each of the followin

(a) sin (cos“ %) (b) cos (ATCCOS %)
(d) sin (tarrl %) (e) sin (2 cos™! %)

4.  Prove each of the following:
(a) 2 cos'x=cos'(2x*-1)

(c) tan (Arccotx)
(f) sin(2 tan™ x)

(c) Arctan (tan %) |

(f) sin™! (2 cos %)

(b) 3cos'x= cos~!(4x3 — 3x)
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: cos t) = cos (Arcsin ¢
o s x (d) sin (Are ) )
(¢) 3tan'x=tan"; 332
(e) cos (2 Arccos 1) = 20 -1
| -x?

() sin(2sin'x) =2 e
(g) cos (sin” u +cos” v)=V\II —ut -\
h 11y tan"‘l*=tan"|%

(h) tan'g 3 .

a =
() tan"a—tan"c=tan"m+mn | 1+bc

u-v
() tan(Arctan u - Arctanv) =770

(k) tan(2tan"'x)=2tan (tan"' x + tan”' x°)
xtytz—xyz
(h tan-‘x+tan"y+:an—lz=tan-1l_yz‘zx_xy

gl B . 16 1
(m) sin'5+sin' F+sin! s=57

| L2 0. . 2 Vx
(n) Prove that tan-! \/x=§cos—' Tox) 2885 Ta .

Find the value of each of the followin g

‘ , L: e 3
(a) cos (sm-' ;i+ tan-! ]—55 (b) sin (ccos—I 5 +sin! g)
4 .12
(c) tan (Arccosg— Arcsin 73 (d) tan (tan! x — tan-! 2y)
1
(¢) tan”'3+tan'3 () Arcsin £ — Arccos (-9
Solve each of the following equation:
(@) cos-lf b (b) tan-! x — cott x=0
(©) sin'Fx=cos ! x (@) cos x = cogt 51;(_
-1 = -1
(€) tan' 2x=2tan x ® cos-1x+cos—:2x=%n
(8) sin'x+cos! (1 -X) =‘21'n:
. 2a 1-p2

(h) sin! 1 + g2 —cos™! T+p=2tan-1y

x-1 £+
(i) tan""‘—+tan1‘-—-—_ta i .

x-zl ERTE 0 ta'n'l")-""‘tan"3x=iir|:

1

-4 B I _ __l_
(k) 3tan 2+ N3 tan'x_tan 5
Prove that
(b) xy +yz +zx = l, iftan-I X+ tan-! y+ tan-! % =%
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. If cos™ x + cos™! y + cos™! z=m, show that x2 + 2 + 22 + 2xyz = 1.
g, Prove that:

. 3 3 27
(i) tan™ 5+sm 5—tan*1ll

(i) tan"! ! +tan! T+ tan! 3+ tanr i =17

(iii) 2 tan™' 3 + tan~! -%
(iv) 4 (cot'3 +cosec \5)=m

- | = o .
(v) tan”' 1+tan!2+tan!3=n=2 (tan*‘l +tan-‘%+tan-1%)

10. Prove that:
/a x ,x
— 1. —_—— o I
cOs™ 8 — tan!

(i) sin™\ ' -
(i) cos!x= 2 sin! A\ ‘_x“—-zcos—l'\ /

11. If sin'x + sin-ly + sin~'z ==, prove that x\ll 2+ 12+ Z\II —z2=2xyz.

; . . T
12. Ifsin'x + sin"ly + sin~'z =75 , prove that x2 +y2 + 22 + 2xyz = 1.

A. What are the domains and the ranges of sin-'x, cos~'x and tan-'x in order that they represent
functions?

B. Draw a rough sketch of sinlx, -1 <x< 1.

Answers

1 (a) % n (b) ~/6 (c) égq (d) ;}E n (¢) % ®-%

2 @I+ OV T+ ©@lx @ NT-2  (@2/(1-x) (D 2x/(1+x)
® fg;ll () (22— 1)/ 2x

3. (a)4/s (b) 273 ©n6 ()35 (e) V372 ®3n

s wiges o2 0% 01, 2 @ -2

6. (a)x=1A2 b)x=1 ©@x=2M5 (@x== 12 (€)x=0
“)F*?Jl% (g)x,__.}j (h)Fﬁ (@) x=+ 12 (G)x=-1or 1/6

k) x=2
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Additional Question £
b -b__-_'f__ 4 tan—-l -E'E'Z%; ﬂf:ﬁmﬁ'ﬂ']’c rll'[
1. Prove that: tan™' Ta],::g + tan” 1+bc 21 B2 b2 — c? PR - g2 T!'gﬂnmﬂg P
' : a:= gl —rm——— an— T, z
S Er AR T I L,
al
, enef
2. Prove that: +1 G
L ogabtl o betly 1 S0 (’)mahe"”"
(i) " cot! ——p +oot! 3 c-a At
e
(i) cot'1 +cot'2 +cot'3 =n/2 8 Fﬂganinlﬂi
(iii) sec(tan-'2) + cosec¥(cot'3) = 15 ot o
1 ) 20 Y = yz) _Xxty 1?
(iv) tan(isin'll__l_;}"'ﬁcos' 1+y2) 1-xy (= Im
3. Prove that 1.5 pisainte8
. cosx—sinx) =« i) tan-! (-Qix—) =—=_= b'niﬂg(l]
) fan (cos;r+sinx o (. 1+sinx) 4 2 Coml
AT - N x =nm
(iii) tan™! i l_Jﬂ:Elecos*‘ x? B
Vi+x2-q[1-x2 4 2 e astow
1 [} ]
4. (i) Ifsec'x=cosec 'y, show that 2 + yzl =] Beaeifnis
r=m
(i) If cos™x + cos-ly =6, show that x2 — 2xy cos @ + y*=sin20 vl ;ﬂ!
" f " ’ nsodd (=
(lll) Iftaﬂ_l 1t m 1 _Iz =, prove that xz = Sm 2&. ( r
VI+x2+4[1 -2 : Y=
()
Introduction of Trigonometric Equations ”‘%
A trigonometric equation is an €quation invi e

variable (angle) is equal to a constan. The equatj

by x = 30°, x = 150° and all angles wh
is, for all integers, the solutions are

x=30°+ n. 360°

. 1 . ed
Rl ch an example. It is 8
ich differ f, 2 P

om these by any integral multiple of 360° th
and

xX= 1500 + - 360°
thus there exists an infinite number of roots o .

f the

€quation sjp X = -%

e A
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\ General Solution of the Equations sin x = k, cos x = k and tan x = k.

Any angle x and each of the angles formed by adding or subtracting any integral multiple
of 360° to or fron? the anglg x, have the same initial and terminal arms, i.e. are coterminal.
Therefore, any tngonometnc function of an angle x has the same value as the same
rigonometric function of every angle coterminal with the angle. In particular

. 0 — o o o 1 7
S“.l 30°=sIn (ﬂ: 360° + 30 )'_—E: sin (n 360° + 300) forn= 0’ :I:1,:I:2, +3 ..., etc.

(a) The General Solution of sinx = k, (-1 < k < 1).

‘ Let 6 be the @gle (Preferably the smallest) whose sine is k. Then, = — 0 is the other angle
having tlhe same sine. Since the value of the trigonometric function is unaltered by adding or
subtracting an integral multiple of 360° to or from 6, we have

x=2mn+0=2mn+(-1)"0 €))
ad  x=2mr+n-0=Qm+ln+lmie ()
where m is an integer, as the solution of the equation sin x = k.
Combining (1) and (2), we havex=nm+ (=10, n=0,£1,+2 ...
But x =nmn+(-1)"(Z6) ie. x=nnx(-1)0
is same as to write x = nm + 0.
Because if n is even, (-1)"= 1, s0
x =nn+(-1)0=nn+0
and if n is odd, (-1)*=-1, so
x=nnx(-1)0=nn* (-1)0=nn+6
sx =nnx(-1)P0=nn* 9, for all integral values of n.
Cor. 1 If k=0, sin x = sin nx, Or X = nT for all integers n.

Cor. 2 If cosec x = k, x = nu + (-1)* 6, for all integral values of n.

T T ,
1ctions of Cor.3Ifsinx=1,x=2nn+5= (4n+1)3 for all integers n.

T n ;
atisty the Cor. 4 If sip x=-1,x=2nm-7%= (4n-1)3 forl all integers n.

(b) The General Solution of cos x = k, (=1 = k<1)
Let 0 be a particular angle such that cos 0 = k. Then — 0 is another value of x whose cosine

o th¥ is the same costant k. Since all coterminal angles of 0 and — 0 are given by 2am + 6 and 2nm — 0,

cos x = cos (2nm * 0).

Hence x=2nm= 0, for any integer 1.
Cor. 1 If k=1, cos x = cos 2nn and x = 2nm, for any integer n.

Cor. 2 If sec x = k, then x = 2nm £ 0, for any integer n.
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n

- —(2n+t 13
Cor. 3If k=0, cosx=cos‘2‘andx (2nt+1)2
| = + 1)
Cor.4Ifk=—l.cosx=cosnandx—(2ﬂ )

=k

(c) The General Solution of tan 6 |
Let 0 be a particular angle sO thai taﬂb ;

x + 0. Thus the coterminal angles are given by . J
2mn + 0 and omm+7+0=(2m ’

Also tan x = tan (n7 + 8), for any integer 7.
Hence the required general solution is x =7

Cor. 1 If k=0, x = n, for any integer 7. | | !
Cor. 2 If cot x = k, then x = nm + 0, for any integer 7.

g = k. The other value of x for which tap <t

n + 0, for any integer 7. 1

Trigonometric Equations in Other Forms (e

If a given trigonometric equation is not in the simplest form discussed S0 far, the usugl o
procedure is to derive two or more simple equations which yield all the solutions of the given Thus
equation. In order to obtain simple equations from a given equation, the most useful tools ar
the algebraic operations and trigonometric identities. We give below a few hints that will be of
adequate help in solving a trigonometric equation.

(a) Express, if possible, all trigonometric functions in terms of a single trigonometric function
of same angle.

(b) Transfer every term to the left.

(c) If quadratic in certain trigonometric function

. : : is obtained, use the formula for the solution
of a quadratic equation.

(d) Or factorise the left side, and €quate each factor to zero
(¢) Use the general values of the last section,

squaring, cubing, etc. give rise to some additiona]
roots. It is therefore advisable to check which of th o

equation. Such roots must be discarded. We illustra
Suppose we have to solve the equation

ions and consequently some additio
€ Toots thus obtained do not satisfy the give?
te this with an example,

LR i RN AN
e
H
=

cosx —sinx =1 for 0°<x<360°.

It is usual to write the above €quation in the
rm

CoOsx=1+sginx.
Squaring both sides, we have

cos? x = sin?

X+ 2 sinx + 1
Using cos?x = | —sin2

and simplifying, we have




| on

', the usy
f the giva
ul tools ax
t will bed

ric functio

he soluti®

&
s SW
ns >
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2sin?x+2sinx=0
or, sinx(sinx+1)=0.
Hence, either sinx = 0 or sinx = -1,
Thatis, x=0°and 180° in the given range if sin x = 0;
and x = 270° in the same range if sin x =— 1.

It is easy to see that the roots x = 0° and x = 270° satisfy the given equation where as the
value x = 180° does not. Hence x = 180° should be discarded. (Why ?)

Worked Out Examples

Example 1.
Solve 2 cos2x —Scosx+2=0for0°<x< 360°.

Solution:
Factoring the left hand side, we get
(cosx—2) (2cosx—1)=0.
Thus cosx—2=0and 2 cosx—1=0

1
or cosx=2andcosx=7
Since cos x can never be greater than (numerically) 1, cos x =2 has no solution.

1 : tans ;
From cos x =7 , we have x = 60° and x = 300° as the required solution in the given range.

(Chedking our results is quite simple.)

Example 2.
Find all values of x in the interval 0 <x < 2 7 which satisfies the equation
6 cos? x + 4 sin? x = 5.
Solution:
The given equation may be written as
6 co2 x+4(1—co?x)=5

or, 2cos2x=1

1
or, cos?x =7

1 1
Hence cosx=:1:’\/'—i=ﬂ:'q5
l in the given range are x = 45° and

Clearly, the roots of the simple equation COS X = \fg
— 135° and x = 225°. All these roots

- 1.
X =315° and those of cos x = — '\/-5 in the same range are x

satisfy the given equation (Checking is left as exercise).
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Example 3.
Solve  cotx+tanx= 2.
Solution
The given equation is same as
_L +tanx =2
nx
or, 1 +tan2x =2tanx
or, tanx—2tanx+1 =0
or, (tanx—1)* =0
tanx =1, (repeated)

gAY
tan x —tan4

Hence x = nn +% n, for any integral values of n.

Checking is quite simple.
Example 4

Solution:

be written down directly. However, we shall assume that g and

We then put

— coefficient of the second term (i.e. sin x) b
P

coefficient of the first term (ie.cosx) ~

Dividing both sides of the given equation by a and using tan '=

we have

cosx+tanOsiny =<
=

or, cosxcos0+sinxsin@ =£cos 0
a

or, CoOsS (x—0) =—E___
! If ¢2> a2 + b2, no real solution of the €quat

th
C Bt

COS @ = e
Va + 5

Solve: a cos x + b sin x = ¢, where a, b and c are constants.

If a=0 or b =0, the equation reduces to simple equation in each case, and the solution can

. % b are not simultaneously (which
is obviously the case) equal to zero. For definiteness, let us assume thata #0

SIS

VETE  since cos g 0@ _

If 2 < a? + b2, we can find an e 10n exists (Why ?)




-
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Therefore cos (x — ) = cos @

This gives the following general solutions of the given equation
x-0=2nnto
i.c. x=2nn+0+p

Exampfe S.
Solve \/3 sin x — cos x = \3 for 0 < x < 2.

Solution:
Divide both sides of the equation by 4/ (coefficient of sin x)? + (coefficient of cos x)?
=4/3+1=2.

Then, we have

\3 (using the smallest)

sin x cos 30° — cos x sin 30° =" -
2 positive angle

sin (x — 30°) = sin 60°.
Hence x — 30° =nmn + (—1)“% .

- Puttingn=0andn=1,
we get x =90° and x = 150°.

)sllu t}?ﬁ Example 6.
d Solve the equation 2 sin 3x — 2 sinx+ 5 cos 2x=0.

Solution:
Since sin 3x — sin x = 2 C0S 2x sin X,
4 cos 2xsinx +5 cos 2x=0
cos 2x (4sinx+3) = 0

the given equation reduces to

Thus cos2x=0

or 4sinx+5=0.
tion, the required solution

Since sinx =— % does not have any solu
2x = 90°, 270°, 450°, 630°, etc.
or x=45° 135° 225 315°, etc.
Example 7.
Solve  tan ax = cot bx.

Solution:

]
Here tan ax = cot bx = tan ('2‘ - bx)

—
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1
ax=n’[+'2' —bx

2n+l &
or X=a+b-2'

Example 8

Solve cos 3x + cos x =.C0S 2x

Solution:
cos 3x + cos x = cos 2X
or, 2cos2xcosx—cos2x=0
or, cos2x(2cosx—1)=0
Either cos 2x =0 or, 2cosx—1=0
2x=(2r:+l)% cosx=%

==
%
-
i)
P
N
|
A
2 X n
= x=(2ﬂ+l)z‘ x=2ﬂn:}:§
=}
et
i
==
-5
!
=
==
=]
il
—
==}
=]
==
"

x=(2n+l)%,bﬂr:ﬁ:%E o=

Example 9 | . | X
Solve  sin?0—2cos O + %= 0

Solution:

sinZ0 — 2 cosﬁ+%=
or, 4sin?0—-8cosB+1=0
or, 4—4cos?0—-8cosf+]1=0
or, 4cos?0-8cosB+5=0
or, 4cos’0+8cosf-5=
' or, (20059+5)(2cosﬁ-—1)=0
Either2cos0+5=0
5
cos@——2
Since  cosB<4-1,50

cos 0= 2.
~ T 218 not possible,

or, 2cos0-1=0

cose=%
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or, cos 0 = cos%
n
0 =2nm+3
Egampk 10

Solve 2 tan3xcos 2x + 1 =tan 3x + 2 cos 2x

Solution:

2 tan 3x cos 2x + 1 =tan 3x + 2 cos 2x
or, 2tan3xcos2x+ 1 —tan3x—-2cos2x=0
or, tan3x(2cos2x—1)-1(2cos2x—1)=0
or, (2cos2x—1)(tan3x—-1)=0
Either2cos 2x—1=0

1 T
0()52x—2—c-:)s3

T
2x=2mc:t3

Jc='mti6
or, tan3x—1=0

e pan
T T
3x=nn+z-':(4n+1)z
T
x=(4n+l)ﬁ
ey K X
..x—ml:ﬂ:6,(4n+ D12

Example 11
Solve  sin @ —+3 cos 6 =2(-2n <6 <2m)
Solution:
sin © —43 cos 6 =2
Dividing each term by 2,

: 32Ecose=l

-2'sin9—

wia

) n -
or, smecosg—cosesm =1

153




N —

s 2
tan(9+§)+tan(9+—3£)~_—4
- tan O + tan /3 i tan 0 + tan 27t/3
> 1-tan@tann/3" 1—tan 0 tan 203 = 4
o tan 0 +4/3 L tan8-4/3 4
: 1—\[§tan8 l+‘\[§tau9

(tan €43) (1+/3tan ) + (tan 64[3) (113

or,

; 1-3 tan?g \tan9)=4
;' 8tan O »
| % T-3tane*

or, 2tan®=1-3 tan2p

meM’H
. !
; or, snn(9—§)=
n
E 9_—3’!=(4n+1)'2'
T T
. 8=@n+1)5+3
s nT §E
-.— Whenn=0, 0=5%377
B T
=y n=1, 9=§2£+§>2n
! L 8 31t+‘.'1' Tn
—= n=-=l, =-5T=-
= ez D
T
- n=2 0=-Ff--Tg e
e
- _ . In 5m
— .. the values of 8 lying between —2x and 2 are — 6°6 "
—
i | Example 12
—i Solve tan(9+§)+mn(e+3’—‘)=4
= 3
Solution:
= olution
i
=
=
=
-
-
=
|

_ or, 3tan’0+2tan@-1 =
] or, (tan@+1)(3tan6-1)=
Eithertan9+1 =0

- “'% tan6=——l=tan(—14[-)

|

|l s
) ooty =]

) dartoosx
b Bz gy
b st fgny
Mgy
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or, 3tan@-1=0

1
tan0 =3

tan 0 = tan o where tan o =

e | —

O=nn+a

”: . 1
9—"“—4,nn+awherca=tan-l-

3 I
|
EXERCISE
Solve the following equations (Exs. 1 to 10):
l. (a) 4cos’x=1 (b) cos2x—sinx=0
(¢) 2sin2x=sinx (d) sin2x+sinx=0
2. (a) sinfx-—cosx=1 (b) cos?x—sinx+5=0
(¢) 4cosx+secx—4=0 (d) 2 sinx+ cotx—cosecx=0.
3. (a) 2cos?x+4sin?x=3 (b) 7sin2x+3cos?x=4.
(c) tanx+ cotx =2 cosecx © (d) tan2x=secx+1
4. (a) sinx+V3cosx=12
(b) V3sinx—cosx=Y2 (0<x<m)
(¢) cosx+ V3 sinx =2
(d) sinx+cosx= V2 (-2n<x<2m)
5. (a) sin3x+sinx=0 (b) sin 3x + sinx = sin 2x
() cos3x—cosx=0 (d) tan2x+tanx=0(-n/2<x<n/2)
6. (a) 2 cos? x + sin x cos x — sin? x =0
(b) sin2x—4sinx—cosx+2=0
7. (a) sin99=sin® (b) tan 56 = cot 26
() tan2x—cotx=0 (d) tanm6+cotn®=0
8. (@) cos6+cos20+cos30=0
(b) cos 6 —sin 30 = cos 20
(c) tan @+ tan 20 = tan 30
(d) 2sinxsin3x=1
9. (a) cottx—cosecx—1=0 (b) 2cosx+1=sinx
(¢) secxtanx=1V2 (d) 4sin®x—cos?2x=0

10. (@) cos @+ cos 30 + cos 50 +cos 76=0
(b) tan © + tan 20 + tan 30 =0.
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(g =2tan 30 that lie between 0° and 360°
cot 0=

: -3 .
11. Find all the solutions of tan 0 required)

12. Find the solution of the equations (
tanx +tany = 2
2cosxCOSy~= 1

9+tan29+tan39=tan9tan29
=1

general solution not

13. (i) tan
(i) tan9+tan29+tan9.tan29

n —

(i) tanGEJr 9)+tan('4'ﬂ9)—-4
14. (i) sin2x.tanx+1=sin2x+tanx
(i) 2sinx. tanx+1=tanx+2sinx

15. (i) cosx + sinx=cos 2x +sin 2x Wougﬂo[

(ii) cosx—sinx=cosa +sina

A. Find the general values of x satisfying the following pair of equations: I does the m
1 - th
a) sinx=%, cosx=“l'2E b) sinx-=—ﬁ, tanx = 1 W‘mluwr
N : 5 ) etefollovan
_i ' c) sinx=- 2 » cosx=3 ! d) cosecx=—$, tanx=_—\ﬁ ma’nlﬂ'iiﬂ‘h

Answers

T
. (@nn+3 (b)(4n+1)%,(4n~1)'§' (c)mr,2n:ri(cos"‘;‘)(d)nn,(6n12)§
' 2. @@+1)5,2n:r  (b)No soluti .
s 2 (b) osiunon ©(6n+1)3 (d)(6n:t2)%
{ . (@)nmnzy = =
4 ’ - (O)nmtg (C)Zmri';-[ (d)(znﬁl)n,Znn%
4. (@)2nm+i+y 3l
6*14 ®1 1 ©2nn+5+3 (- X
~4 %4
5. @, @2nt1)T [or™, (4ns )X
2 ) -r-llt.
I [ 2] ®)5, (6n+ 1)% (c)m‘%
(d-3,0,3

6. (a)nn -%, nn+ 6 where 6 = tan-1 9.

(b)mt+(_.1 n X
7. (a)%,(‘%n:l:l)'l% ur

®)@nx 1)L or 2 4 by

x
2 (©) @n 1) gor 2n+1)2 @ ns1y— T @nt 1)
8. (a)(4nil)‘:‘,(6n:|:2)-g- 208 2m =) " 20m )

o ox 3@+t ,  om
(© nm, 2 2 V4 (n-1)3

(d) (4 L
9, (a)nn+(_])n-?6£’(4n_l)_?2_t_ ("il)4.(6n:tl)-g

(®) (4n + 12
" 1)2’2""+9.9=c05"('%)
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©) nn+(-l)"-%

@ntD3, @D, (@nx 1)}

(d) (6n+1)%

n
10. (a) (b)5, nm 0, 6 = tan-! (715.)
g 3x Sx In x 2n 4n Sn
”--4-|T'4’4‘3‘3'3‘3
k2 13. (l)ﬂ ii 3 T
% g 3 (1) (4n+ 1) 77 (iii) nm+ ¢
. n & n -
14. ()3 (ii) nm 3.+ (1)

n e
15. (i) 2nm, (4n + 1) g (ii) 2nm - o, 2mt~1‘;'+a

Additional Questions

I. What does the trigonometrical equation mean ? What is its solution ? What does the
general value of the trigonometrical equation mean ?

2. Solve the following equations:
(i) sin2x+ sin4x +sin 6x=0
(i) 2 sin2x+3 cosx=0 (0 <x<2m)
(v) 2tan©—cot6=-1

3. Solve the following equations:

1
(i) sin9+cosﬁ=\'—,——§ (0<6<2n)

(iii) tan @ + sec 6 =1/3 (iv)
(v) \3cos@+sin@=1 (-2m<0<2m)
(vi) cos @ ++/3 sin0=2 (2m<6<2m)

(ii) 2 sinZx +sin?2x =2
(iv) sin?0 —cos 0=1/4 (0<6<2m)
(vi) tan?0+(1—4/3)tanB-~/3=0

1
(ii) cos O —sinB =Q—E (21 <0 <2n)

\f§5809+tan9=1

Answers
1 .2 4n
2 ()7 nm, nn + /3 (i) nm + /2, nm  w/4 (i) 3753
! N E X
3.5 ym-E ot gastrly  (Dmtymeg
)22 Ln o 2n Tnox LK iii) i £ - %
* 0 (-T2 " 12°12° 12 (i) 2ax%5 ='s
Snom
i n 3n zox lln fye 9% &
(lv)ZnR-Z W)-7 762" 6 vi)-73 3




Chapter 8
Conic Section

m

Ellipse -
An ellipse is the locus of a point 1n a plane s
from two fixed points is constant.

The two fixed points S and S' are ca}led foci (smgful}c:r
focus) and the point midway between them 1s the centre of t t;
ellipse. We call the line through the two foci the major axis 0
the ellipse; the line through the centre and perpendlcu!ar to t'he
major axis is its minor axis. The intersection of the ellipse with
the major axis determines the two points A and A’ which are
called vertices.

uch that the sum of the distances of the Doy

Alternative definition of an ellipse

An ellipse is the locus of the point in a plane such that its distance from a fixed poin
(called the focus) bears a constant ratio (called eccenticity) to its distance from a fixed straight
line (called the directrix). e, the eccentricity is any number between 0 and 1.

a) The Standard Equation to an Ellipse

Place the ellipse in the rectangular coordinate
major axis along the x-axis. We call this the ellip
and S’ be located at (c, 0) and (¢, 0) where ¢ is a

If P(x, y) be any point on the ellipse, we hay

PS + PS' = constant, say 2a,

Obviously 2a > 2¢,

Using distance formula,

\I(Hd“@-())%% -
o (r+eP+)=da 4o on y
or 4dcx—4g2= "4m
or (ecx-a?2= @[ (x - c)2 +7)
or ¢x2-2a%x+ g4 =
or a¥a®-c?)=(q?
X2 2
PEAPp g

Plane with the centre at the origin and s
se 1n the standard position. Let the two foci$
Positive constant.

€

+yz*'(lf~c)2+y2

a? [x2-2cx+cz+
“Cz)x2+a2yz yZ]

or
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g* - ¢ being a positive constant we may let b2 =
-3, 50 that the equation to the ellipse is,
(0,0)B| P(xy)

5; + '}3 - ] N
a (~2,0) / i\ (a0
The centre O of the ellipse is taken as the origin =z =% s o a = z
\ and the line joining S and S’ known as the axis is taken k)
as the X-axis. i

The vertices of the ellipse are A(a, 0) and A'(—q, 0). B’ (0, -b)

tance, The distance between trhem, 2a, is called the length of the major axis. The ellipse intersects the
Of y,, y-axis at B(0, b) and B'(0, -b). The distance between them, 2b, is called the length of the minor
axis. Note that a? = b + c2.
The eccentricity e, of the ellipse is defined as v
e= £ B
a
2 _ J2 2 . ) S
Also, e == =u=\/1-9— |
a a a?
: A A
[AS=eAZand A'S=eA'Z X = X
Then, A’'S — AS=e(A'Z - AZ)
" = (A'O+0S)—(OA - 0S) = cAA' P
m
e = 20S=e2a e
OS=age ie.c=ae ‘
Also, AS+A'S=e(AZ+A'Z) = 2a=e20Z
0Z=2] |
origin a14% 3 :
the two fodi’ If a > b, the major axis is along the x-axis. |
Since ¢ < a, the eccentricity is always between 0 and 1. The coordinates of the foci are
(tae,0).

Some of the major terms of the ellipse

1. Major axis: The distance between the vertices A(a, 0) and A'(—a, 0) is known as the
major axis. Length of the major axis is AA" = 24.

2. Minor axis: The ellipse cuts the y-axis at the points B and B’ where x = 0.

2 . = -
So,%g+-5=1 = §=1 . x=0)
y=1+b

. the coordinates of B and B’ are (0, D) and (0, —b) respectively.
The length of BB’ is known as the minor axis.
Length of the minor axis = 2b




. GRADE XII
HEMATICS:
BASIC MAT
£
ricity of the ellipse € = 4 \

A ~
3. Eccentricity: The ecce :
aZ - azez = b

Alsoa? - c* =¥ : 7
L5
epted by the ellipse passing through the focyq S

- b=a(1-¢) = e

interc

%,()

4. Latus rectum: The line LL

' 0) is the latus rectum.
orIS(-ae, )1 2h? (..Z‘.i.+§=1 and x=ae :y:s’f}
‘a

Length of the latus rectum = |1 s .

5. Axis: The line joining the two foci of the ellipse is known as the axis of the eﬂipm

above case x-axis is the axis of the ellipse.

6. Directrix: It is the fixed line perpendicular to the axis of the ellipse.

a
T
Its equation is x v

A
2 =

b > a > 0, then the major axis will be along the y-axis and minor axis along the x-axis.

If in the equation of an ellipse

c
In this case, b? = a? + ¢? and ecentricity (e) = 3

c b2 — a2 f a?
So, e-—b— b = ]—52'

Major axis: 2b J
Vertices: B(0, b) and B'(0, -b)

2

Length of | -2 i
ength of latus rectum == Directrix: Equation of the directrix are y=%

Minor axis: 2a
Foci: S(0, be) and S'(0, —be)

(4

b) Centre not at the origin

A X — h)? — k2
The equation %—L-y%i:l’a)b)() .

also represents an ellipse of the same size and shape

2. 42
as the one represented by ﬁ; + %2-= 1 but its oot
will be shifted to the point (h, k), the
minor axes will be paralle] to the x-axis
respectively. This will be clear if We re
E +y2=r2and(x—h)2+(y..;c)z
circles of the same size with th
first and at (A, k) in the second,

major and
and y-axig
Capitulate that
= T represent
0) in the

€ centre at (0’
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I
The equation y = 4ax represents a parabola with vertex igi I
: at the origin, but (y — k)2 =4a (x = -
) represents the same sized parabola with the vertex shifted to (4, ). : =4 ( i
o= e (9o k)

The equation 2 T ) = 1 changes to Y :

the X nr
foclls Y @ !
| ifweletx—h=Xandy—k=Y. I
= -"-‘:éi} In t!1e abovg equa?ion_of an ellipse, if > a > 0, then the i
g major axis and minor axis will be respectively parallel to y-axis and i
|

of the e[[,‘m x-axis.

For easy memory the important results of an ellipse are

tabulated below: "
0
the x-axis, : . Length
Eq. of an ellipse Centre | Vertex | Focus Maj.Ol' Mmpr Eccentricities | of Latus I.Eq' of
axis | axis directrix
rectum
i i
it -+- = 2 2b2
d 5T | 0,0 |0 |@eo| 2 | B |enf1-m| T | Foe
a>b>0
> S
= +55 =1 a? giz b
a* b (0,0) | (0,£b) (0, +be) | 2b 2a |e=A ’ 1 ~52 5 r= +
b b>a>0 E .
=2
arey=*¢ |G=hP (-k? _ 2b?
¢ T m T i |(ka k)| (hEae, B 2a 2b |e= 1—% o x=hi§
a>b>0
ix-hF !J:_klz 2 2
- ; a 2a b
2@ o =l gk | keb)| (kb)) 26 | 20 Je=A\[1- | T | YTEE,
u >a>0

A
s Worked Out Examples
, Example 1
/ Find the eccentricity, coordinates of the vertl'ces a;;d f0(231 and also the lengths of the major
axis, the minor axis and the latus rectum of the ellipse 55+ 7¢ = L.
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BASIC MAT
162
Solution: o
Comparing '-;%-f- ‘l%= | with fi"“gi" 1
we have, a2=25 and p2=16
= a=5 and b=4
@=b+c?
= 25=16+c?
= =9
c=3
3

c
Now, e = 2" s
Vertices of the ellipse = (xa, 0) = (5, 0)
3
Foci of the ellipse = (+ae, 0) = (5 x 5, 0) = (+3, 0)

Length of the major axis=2a=2x 5= 10
Length of the minor axis=2b=2x4=8

Length of latus rectum ;—_%= 2 x %:35_2

Example 2

Find the coordinates of the vertices, eccentricity,

major axis and the length of the minor axis and the latus rectum of the ellipse 2 + z_ l
: 25

Solution:

Comparing the given equation with the standard form x2

and p2=25
and b=35
Since b > a, so the major axis is
; along the y-ax;
i y-axis.
25=9+2
= c2=16

We have a2=9
= a=3

U

c=4

o+

Now,e=§=-

wh

Vertices of the ellipse = (0, +b) = (0, + 5)

coordinates of the foci, length of the fod b sccentric

9

+£= 1

a2




Conic Section

Foci of the ellipse = (0, +be) = (0, + § 45 )= (0, +4)
Length of the major axis =2b=2x 5 =10
Length of the minor axis =2a=2x3=6

2
Lengﬂloflamsrecnunzzg-=2%2=_13§

Example 3

163

Find the equation to the locus of the point whose distance from (3, 0) is 1/3 of its distance

from the line x = 27.

Solution :
Let P(x, y) be the point.

1
) \}(x—3)2+y2=§(27~x)
2
or x2-6x+9+)2=8l-6x+7g
or 8x2+9)?2=648
2 2
or '('J;—)E + Egz'\]—-_)i =1 which is an ellipse.
2 .

Example 4
Find the eccentricity and the coordinates of the vertices and the foci of the ellipse

-1 @=2°_,
16 4

Solution : '
x — h)? — k)?
Comparing the given equation with the standard form L?l + LLbT)_ =1

‘Wehave h=1,k=2,a*=16andb>=4
so that a=4 and b = 2. '

Since a > b, so the major axis is parallel to the X-axis.

= 16=4+c
= =12

c=2\f§
c_23_\B

Now e = a 4 =R
e ellipse = (h*a, k)

Coordinates of the vertices of th
= (14, 2) = (5, 2) and (-3,2)
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ipse = k
foci of the ell:pse-—(hd:ae, )

izj_’Z)=(lﬂ:2ﬁ’2)

Coordinates of the

= (124 x

Example 5 represents the equation of el

_11=0 . :
~16y—11 of directrix of ellipse.

18 .
Show that 9x2 + 4y? . uation
Find its centre, vertex, fOCUS, ccccntﬂCltY aﬂd the €eq

Solution:
ox2 + 4y2 — 18x— 16y—11=0
or, 9(x* —2x + l)+4(V2*4J’+4):36

or,

(x—h? (y-k?
+ 5 =1

az
wehave, h=1, k=2, a>=4 and =9
Since b > a, so the major axis is parallel to the y-axis.

B9

| Centre = (h, k) =(1, 2)
’- Vertex=(k,kib)=(1,2zl:3)=(l,5) and (L,-1

4 K 5
Focus~(h,k:tbe)—(l,2i3.l3£)=(l,25:\[§)
Equation of the directrix is

b 3
y=k+ - = y=2+—
\s
3
9
= pEAi=—=
\5
Example 6 .
Find the equation of the ellipse in standarg f
o

eccentricity = ji' .

ST
s
%
%
—
e
—
]
= Comparing this equation with
-
=
E
=
==
|
E
i
=
=
=
-
e
==
=
=
8

Solution:
Here 2a =8

™|

M with its length of the major axis = s

2 Ny
N\ S w|\e
W e W
S\ N L
5 R \

W
=
<
=
=

=
=

W
= b PO TN TR
<\

I\

-

-
-l
W

; 167




T 165

- _=Tl-6- _'.b2=7

—
(=)
18 T 1 TTr® 1 1

Now, the required equation of the ellipse in the standard form is
2 ¥
21 i
x2 P

= g rgT

= Txx+162=112

Example 7
Find the equation of the ellipse whose foci are (+2, 0) and the length of the latus rectum
is 6.

Solution:

By given,ae=2  ...... (i)

and Zgz' =6 = b=3a ... (i1)

Again, @2 = b2 + 2

= a*=3a+4 (. c=ae)

= a*-3a-4=0

= (@a-4)(@+1)=0
a=4,-1

The possible value of a =4
P2=3g=3x4=12

Now, the equation of the parabola is

i e

g =]
s X2 ¥
W wTR

1
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BASIC MATH

2PV
, f the vertices, the €€ lipses o B 0);
Find the coordinaies 7 ' f the following cllipS B e
of the major and minor ax 2 i) o+T==1 )
e _{_, + = 1 9 16 ’ ;l
28 i) 7075 Ll
: 24 4y2=100 ) - : & gﬁﬂl
iv) 25x n the standard position with the following data £4%5
€

Deduce the equation of the ellips

a) A focus at (-2, 0) and a vertex .at. (5, 0). | " -
b) A vertex at (9, 0) and cccent.nc_:lty 2/3. i w‘ﬁ
¢) A focus at (0,-5) and CCCeIltI‘ICIt?’ 1/3. | {} ﬁ‘(g!

d) A focus at (0, 3) and length of minor axis 8. é d
e) A vertex at (0, 8) and passing through (3, 32/5). g Py

f)  Passing through the points (1, 4) and (-3, 2).

: : o e
Find the eccentricity, the coordinates of the vertices, centre and the foci of the following | ¢ ;1\‘“" = 9
ellipses. : 6 2
x+20  (y=5) Btor
3)£16+ 9 1 b) 4 136 k
2 -7
g Tl d) 9+ 52 -30y=0 m:w |
hperola s t
€) x2+4y2—4x+24y+24=0 ) X2+2(p+12=8 nmmi&m
Find the equation of the ellipse whose Mﬂvely 1
a) major axis is h_,vice its minor axis and which passes through the point (0, 1). . > s
b) ii[tgs ;‘f):ctum i1s equal to half its major axis and which passes through the poir ']%

¢) latus rectumis 3 and eceentricity is —= )
ﬁ .

and the semi-latys rectum is 6

and focus is at (3,0)

d) distance between the two foci is §
e) latus rectum is half the major axis

In an ellipse

a) Sand S’ are the foci

b) Aand A’are the vertices

¢) ZMand Z'M' are the directriceg

d) P is any point on the ellipse such that Pg + P'S

, 12and A7 =

Draw a rough sketch of 3

56 Eeiictin f - thecdi:ectt}:;;:ihg?sg and then fipg the vertices, centre eccentricity, fo¢l ”
AA'’ as the x-axis. » I Centre of ¢ ’ d

. _ ¢
he ellipse be taken as the origin and
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Conic Section

Answers
3‘3
(4,07 (& 23,0),8,4

3
iii) (0,  4), 34£ ,(0,44]7),8,6

1
VEN3,0,5.63,0,43,6

.2}_,2_1

i) (10, 0).32@.&\13.0). 210, 245
iv) (o.is).@,(o,i\lﬁ ), 10, 4

3 a)*;'g+ T b) 5x2 +9y2 =405 €)  225x2+ 2002 = 45000
x 2
d)-,-6+§=1 )55t ea=1 f) 3x2 + 22 =35

3. aﬁ‘E (-6, 5) and (2, 5), (-2, 5), (-2 £[7, 5)

9 3? ,(0,2:243),,(0,2), (0,0) & (0, 4)

b) 2%[; , (=6, %6), (-6, 0), (-6, £ N2 )

167

&)% , (0, 5) and (0, 1), (0,3); (0,5) and (0,1)

c)jgé ,(6,-3) and (-2,-3), (2,-3), (2+2V3,-3) f)%, @22, -1, (0-1); (-2,~1) and (2, -1)

a)x2+4y?=4
d) 3x2 +4y? = 192

b)x2+2)2=8
e)x2+2y2=18

- o

Hyperbola

c)x2+22=9

A hyperbola is the locus of a point in a plane such that the difference of the distances from

two fixed points is constant.

Alternatively, a conic se

2) The Standard Equation to a Hyperbola

Taking the two points, called foci, at S (c, 0)
and §' (—¢, 0) and the constant equ{al_to 2a. O, Fhe
middle point of SS’ is taken as the origin and the ll_ne
joining S and S’ as the x-axis. If a point P(x, ¥) l'sz
;n the hyperbola then the difference of PS and PS' 1s

a. So,

NGT o+ 2 —[(-cp +)* =2aif PS > PS'
o, \[r=cp ¥ )2 —[(x + o) + 2 =24, if PS <PS
Transposing and squaring

x4 eyt 4= At + -+ ARG TP

Which simplifies to '
x2(a-c?) +ayr=a (a2 <)

ction with eccentricity greater than 1 is said to be a hyperbola.

B {M P(x, )
L
/
s s
(-, 0) (-2, 0) [|A' Z| Al (€, 0)
B
(0, -Ibl
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a triangle is 1685 than the third,

ides of
Since the difference of two sides

2a<2c
a? - ¢ is negative
g
2

the equation is 2 ci-a

2P

or, 2~ 2
— a2
or, b2 =cl-a

This is the equation of hyperbola in the standard form. Its graph, as shown in the ﬁgure,

consists of two branches that go to infini
asymptotes to the hyperbola. That is, the distan
to zero as the point moves to infinity along the curve.

The vertices of the hyperbola are A(a, 0) an.d A’ (-a, 0).
The line AA’ joining the vertices A and A’ is called the
transverse axis. Its length is 2a.

. . - b
ty. The two straight lines y = x and y = ~Zra
ce of a point on the hyperbola from the lipe tengs

length of transverse axis = 2a

The line BB’ through O perpendicular to the AA’ such that
OB = OB’ = b is called the conjugate axis.

Length of the conjugate axis = 25
Here the hyperbola does not intersect the y-axis at B and B’. The eccentricity e, is defined

as

Qo

where = -\}QZ + B2

c_\a+p b2
" \1va
a

Here e> 1 as ¢ > a. The coordinates of the foci are (ae, 0

Length of the latus rectum = 2
a

e
SO e

) and (—ae, 0)

and the equation of the directrix i y < 4 ¢
e
The equation of the hyperbola
) BT whose tr . :
axis along the x-axis is said to be the coj ugateaﬁ;s,;ersbi’axls Is along the y-axis and the conjugi®
€roola
E ¥ ox? '
Its equation is, e~ ;5 =1

Its vertices are A (0, b) and A’
. ©, ~b). The €ccentrici o8 . teS of
the foci are (0, + be) . City e is - (c>a). The co-ordinat

{
s wmpwtes
v i figure 8

ey memor
sl bow




defined

njugat®

nates of

Conic Section

if the foci of a hyperbola be at S (a, a) and S’ (-4, —a) and

169

P pe any point on the hyperbola, then Y
l )
m+a)2- (x-aP+(y-a) =2a
Jhich reduces 0 y=d s
aZ
of W= 2 where %= 5 s
X X
9 A (0,-b)
g
v
. Y
Its asymptotes are the axes of coordinates and its graph is
as shown in figure aside.
X
/\ fo)
For easy memory, the important results of a hyperbola are
tabulated below )
v
|
Transverse | Conjugate v, 34z Eq. of
Eq.of a hyperbola | Vertex | . Focus el 0P Eccentricities | i oo o
x2 . ¥ b e
2 =1 (xa,0) | (£ae,0) | 24 2 e-’\/1+az x=*
o — | ]
2’ 2 g =+ o
;2- - b2 wm] (0, :i:b) (O’ :l:be) 2b ke €= 1+ 2 Y= e
y NP
X~ hp — (- Y At
\ a "ngTk)"=1 (hxa, k) (h+ae, k) 2a 2b g ) 1#d x=hxy a
h\ = 2 242
= — k2 . L1 } & | ecias 2
k_‘ﬂi-___LLb{l' =-1| (b, ktb) | (h, kxbe) 2b 2a e 14352 | % k+ b
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worked Out Examples

Example 1 § |
. ici hyperbola g — 1= -
Find the vertices, foci and eccentricity of the hyp 9

Solution : g P |
Comparing the equation with 2-p2 = ©

= =5
a2=9 b2 = 16, cz=a2+bi=25 5 G

the vertices are at (£, 0) = (£ 3, 0)
the eccentricity, e = c/a = 5/3

5
the foci are at (+ae, 0) = (£3 x 3, 0)=5,0).
Example 2

the length of the latus rectum of the hyperbola
Ox2—16y2 - 18x - 64y — 199 =0
} Solution:
9x2—16y2— 18x— 64y - 199 =0
9(x? — 2x) — 16(3* + 4y) = 199
90 —2x+ 1) - 1602 + 4y + 4) = 199 — 55
9(x— 12— 16(y +2)2 = 144
(x—1? (p+2)
16 ~ 9 -1
Comparing this equation with %E e -(%‘E -]

Wehave, h=1, k=3
= a=4,b=3

U 4 U

a?=16, p2=9g

Coordinates of the vertices = (hta, k) = (14
] 14, -2) e $,-2) i,
3 € 0, and (-3, -2)

2 ——

2 =(1a '_2)

| N
N | o Eccentricity = ¢ = l+-—=‘\/1+\_?_._5 :!
az 16'—‘4" (..-Ezﬁ": a2+b2=
a

Coordinates of the focj = (htqge k)

Coordinates of the centre = [-5-'-'_3. =2~ 2)

'I = 5
i - 1+ =
I8 : ! ( 4)(4,._'2) (l 5,

Length of transverse axis = e (6, ~2) and (4, -2)

| & 2a=2x4=__8

Find the vertices, centre, eccentricity, foci, lengths of transverse axis, conjugate axis ay

e S AT s :"
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171
Length of the conjugate axis =2b=2x3=¢

Length of the latus rectum = 2 & 2x9 9

4 2
Example 3
Determine the equation of the hyperbola with a focus at (6, 0) and a vertex at (4, 0)
Solution :

Herec=ae=6anda=4.
e=6/4=3/2=1.3
2=a2+ b? gives 36 =16 + b2,
=20

s0b=25

3. i
. ol i
The equation of the hyperbolais  T¢—%55 1
Jjugate axis g
EXERCISE

—_———————————

. Find the coordinates of the vertices, the eccentricity and the coordinates of the foci of the
hyperbola.

X ¥ 2 Y _

) 674! b 916"~
c) 3x2-42=36 d) 5x2—20y2 —20x=0
¢) 9x2— 162 +36x+32y—124=0 f) 16x2—9y2—64x—54y+127=0

2. Deduce the equation to the hyperbola in the Standard form
a) with a focus at (-5, 0) and a vertex at (2, 0).
b) with a focus at (0, 5) and a vertex at (0, =3).
¢) witha focus at (-7, 0) and eccentricity 7/4.
d) with a vertex at (0, 8) and passing through (4, 8 \2).
e) with length of the transverse axis = 8 and eccentricity = 2

A. Inahyperbola,
a) Sand S’ are the foci
b) A and A’ are the vertices
¢) ZM and Z'M' are the directrices

!?/2) d) P is any point on the hyperbola such that PS'~PS=12and AZ=2
2

1ta

Draw a rough sketch of the hyperbola and then ﬁqd'the vertices, centre, length of the
transverse axis, length of the conjugate axis, eccentricity, foci, length of_ the latus rectum
and the equation of the directrices supposing that O, the centre of the origin and AA’ as the
X-axis.
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Answers

b (0,595 05

d) 4,0), (0,0); 325 @2 £4/5,0).

c)( 2v3,0), -"\!2? , (i\!'}! 1,0)
e)(-6,1),(2 2
yansennen e and 2,73 3> and @
? ’ -8)

y? = 84 b) 16y2 — 9x2 = 144 2 ¥
o2 ©)16733"
64716 | ¢) 3x2-y2 =48




Chapter 9
Coordinates in Space

aEmmmm————————————————————

Introduction

Presence of material objects in relation to one another or their movement makes us feel
about what is ordinarily known as space. In other words, the notion of space is closely
associated with material objects in relative rest and/or motion. We often regard a point as an
dealized model of a small material object (or particle). Small material objects or particles, when
taken together, form bigger objects. Just the same way, we agree that points, when taken
together, give rise to various forms or shapes. A space may therefore be visualized as the set of
all points that give rise to various forms or shapes. A systematic study of such set of points or
shapes can be done by associating each of such points with an ordered set of real numbers. Such
numbers are said to be coordinates of a given point in the space under consideration.

Coordinates in Space

We began our study of coordinate geometry by establishing a et
one-to-one correspondence between the points on a line and the real A
numbers. This was followed by associating each point in a plane with
an ordered pair of real numbers. Now we intend to explain how each
point in the ordinary space (or three-dimensional space) can be
associated with an ordered triple of real numbers.

To start with, we consider three mutually perpendicular lines o) y-axis
intersecting at a fixed point. We call this point the origin and the
three lines the coordinate axes. They are usually labeled as the x-
axis, the y-axis and the z-axis. On each of the three lines we select
appropriate scale and positive direction as indicated below:

The three lines, the origin and the directions form a system or ' _
coordinate system. In practice, we denote the origin by O and the x-axis by XOX', the y-axis by
YOY' and the z-axis by ZOZ". The direction of the positive X-axis, the direction of the poslmve
y-axis and the direction of the positive z-axis are chosen along the. index finger, the middle
finger and the thumb respectively. In other words, we follow the right-hand-thumb rule in
deciding the positive direction.

If we start from the origin O and move a certain distance (x 'unit’s) along the‘x-a}gis, we
arrive at a fixed point A on the x-axis. From A, if we move a certam‘dls.tance.(y units) along a
line paralle] to the y-axis, we arrive at 2 point L on the xy-plane. The'point L 1s denoted by the
ordered pair (x, y). From L, if we again move a distance (z units) along a line parallel to the z-

x-axis

E_
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axis (or perpendic'ula /
point P in the ordinary space of e L 2
point is denoted by the ordcrt=:d e Y

however, proceed in the reverse )

h mbers xz-plane
\ s et of ree nu i
e 4 with the help of OX and OY. In

XOY is the plane forme .~ il be zero. SO, this y
: t wi

the plane, z-coordinate of CVCF);F;)O:;ane' Similarly YOZ and / 0 Y
plane is known as xy-plane Or Z " jane orx=0,¥= Py,
ZOX are the planes known as yz-plane, ZXP / X =g L ¢
planes respectively. xy-plane

In a plane the coordinate axes di
quadrants. In space the coordinate plane
space into eight parts called octants. The signs 0
applying the right-hand thumb rule.

The following table gives a summarized picture of the signs:

Octants
Coordinates oxyz | ox'yz | oxy'z | oxyz' | ox'y'z | oxy'z' | ox'yz' | oxyZ

). We may, .. iy

¥zZ-pla
y=0 e

vide the plane into four X

lanes divide the whole :
f the coordinates of any point can be foy dy

x + - - + -~ L = - ‘ mfﬂlﬂm
y + + — + - - + = | ) ﬁﬂm wm 0
z + + + - + - - | - - Rm(eswhcase of f

Distance Formula

Given any two points in space, it is, as in the ¢

. ase of plane coordinat me ossible
to find the distance between them in terms of the C00 p € geometry, p

rdinates of the points.

a) Distance between Two Points

_ Let P, y1,2)) and Q(xy, yy, 2,) be two given points
with reference to the rectangular axes OX, OY and 02
Draw PL and QM perpendiculars to the xy-plan ‘
XOY-plane). Then, the coordinates of the pointspL if
in the xy-plane are respectively (1, »,, 0) and (x o
Clearly, the distance between two points [ (x ), e
M (x2, 3, 0) [i.e. L (x;, y;) and M (x2, )] is gi!\:e};:’b(;) and R(x, ¥ &)

LM = -1 + (- y 2. o ‘

Now, from P draw PR

- perpendi X
PR is parallel and equal to LM‘?rgonf;gumlat;l to _MQ- Then /
triangle PRQ, E € night angleq =t c

PQ? = PR+ RQ: v
=LM2+ (MQ -MR);
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= [2= %) + (2= )] + (2, - 2, )2,
Hence, PQ = ‘\I(x; =X+ =y )2+ (2, - z)?
Cor. If one point say Q(x3, 3, z,) be at the origin then

OP =[x+ itz

Locus and Equations

Points in space may or may not be scattered or spread uniformly. They may or may not
satisfy certain condition or conditions. Since points are associated with coordinates in
coordinate geometry, conditions satisfied by given point or points can be considered as
conditions plifced on the coordinates of the points. These conditions can be expressed as
equations or inequalities. The set of those points and only those points that satisfy certain
conditions is called a locus. The corresponding equations or inequalities are called the
equations or inequalities of the locus. Moreover, each such equation or inequality defines a
relation in such a way that there is a one-to-one correspondence between the ordered triple of
numbers and the points of the locus. In short, a locus is a graph of a relation.

Section Formulae |

Given some points of a locus, we often have to find the coordinates of certain point or
points. One such case of frequent occurrence is the determination of the coordinates of a point
which divides the join of two points in a given ratio. Obviously, there are two cases:

a) Internal division and b) External division.

The formulae giving the coordinates of such points of division are called the section
formulae.

Let P(x,, y;, z)) and Q(x2,
apoint R(x, y, z) divides the joi
in Fig, (b).

¥,, 2) be any two points in the three-dimensional space. Suppose
nof Pand Q in the ratiom : n internally in Fig. (a) and externally

Fig. (a)
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e known coordinates of P ang

. th ;
in terms of and then draw paralle] [ine © t

nates of R XOY-plane;

To find the coordi .plane or sl M
P on the xy-pid y. Clearly, L, N and M lie in the same Plane:g L4
dravm

perpendiculars PL oe M and N respective

RN cutting the xy-plane at -
in the san%e line LM. Also QM and RNd?Zilgrl;pa
parallel to LMN cuts RN and QM perpen

endicular to the plane. A line PN’
¢ N’ and M’ respectively.

a) Internal Division
In this case,
MM'=NN'=LP =2z,
N'R=NR-NN'=z-2
and M'Q=MQ-MM' =2z-2.
Since N'R // M’ Q, A PN’ R and PM’ Q are similar; and hence

N'R PR
M'Q " PQ’
Ly R

or =
-z mtn’

or, (m+n)(z-2z)=m(z,—2z).

mz, + nz,
Hence, P ———
m+n

Proceeding similarly, we can show that

_my, + ny, s _mx; + nx,
m+n = A m+n

Therefore, the coordinates of R are (mxz i =1 Ty map ¥ nz,
msn > m+n > m+n
b) External Division
In this case, MM'=NN'=LP =z,
N'R=NR-NN'=z-z
and M'Q=MQ-MM'=z,—,
Since N'R || M'Q, *A PN'R and PM' Q are simila
N'R PR ’
M'Q" PQ°
or, — ==
Z2-2) m-p°
or, (m-n)z-2z)=m(z,-z).
mz, — nz,
m-—n

r; and hence

Hence, z=
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‘an, 8y QM"% proceeding similarly, we can show that
Py Py my, = ny, mx, — nx

e y="mon wmd x=TIE

b m=n

Therefore, the coordinates of R are (m.x2 Xy my,—ny, mz-nz,
m-n ¥ m-n * m-n

Cor.1 The coordinates of the middle point of the line segment joining the points

X +x S i
P(InJ’hzl) and Q(x2, y», 25) are ( 1 > 2 ,yl 23’2 ,z, 2.22
Cor.2 The coordinates of the point that divides the line segment joining the points

. _ Ay tx; Mty Atz
and Q(x2, ¥, : T 1)
P(x,, y1» 21) and Q(x2, 2 zz)ulthv:’:ratn:)l.lare(;,w_1 A+l AL )

Worked Out Examples
Example 1
Find the distance between the points (4, 3, —6) and (-2, 1, 3).
Solution:
Using the distance formula,
d =4/(x—x)* + (02 —y)2t+(@-2)
=JC2-4p+(-3P+BF6r

—\F6T4 78l

=4/121 =11

Example 2 N

Find the equation of the sphere whose centre is at (1, -1, 1) and radius is 2.
sofutiom

Let P(x, y, z) be any point on the sphere with centre at O(1, -1, 1). Then,

OP=2

= OP2=(2)

> -lp+@+12+E-1P=4

= 2-2+1+y2+2y+l +2-22+1-4=0

> R+p+p-u+2y-2-170

which is the required equation of the sphere.
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- dition PA? + PRz _
Example 3 , ¥ 2) satisfying tae: IGO0 B

i f a point P 2
A( ]F;mi It)h:mliol;l(lg, g, _2) are two fixed points

Here, PA?  =(¥ +2z+6
=x2+yz+zz+2x-4}’ .
2 12
and PB =n+(@-3P+E*tD Ww P(’a}c(a
—p+p+-bytazt 13 H{M,ﬂ)a“ (x
Since PA? + PB?=6 st : 0)
So, we have B OP;,(,V |
’ +13=6 .
x2+_}’2+22+2xr4y+22+6+x2+y2+22-6y+4z : PN:(H‘I)
= 22+22+22+2x—10y+6z+13=0 PB;,([)—I)J
which is the required equation of the locus of a point. e 0- 2
Example 4 op=PA
Using distance formula, show that A(4, 3, 1), B(3, 1, 2) and C(2, -1, 3) are collinear. 4 (P=PA
Solution: 5 (0-Xp+
Using distance formula e
& =(x—x2+ -y + (2 - 2% I

we have “ 1%30
AB=\G -2+ (137 + 2~ 1P =AT+4+1=16 Sl
BC:\[(2—3)2+(—1~1)2+(3—2)2=\]1+4+1=\jg : I
AC=~(2-4P+(1-37+(3- I¥=\4+16+4=+24 = /6 '%.yvl

Since AB+BC  =1[6+1/6=2/6 = AC
. the points A, B and C are collinear.

" Example §

Show that the triangle whogse

vertic
ol ©s are (2,

L1, (1,-3, -5) and (3, 4, 4 is2 ™ §

Solution: ‘
Let A(2,-1, 1), B(1, -3,
Using distance formula,

&?=(x-x)+ 02~y + (z, ~z))2

—S)and C
(3,4, —4) be the vertices of a triangle.

s W
AB2=(1 - 2)2 + (=3 + l)2+(‘5=l)2= : +4ifhave
BC2=(3—l)2+(~4+3)2+(_4+5)2=4+ +36 =4
and CA2=(2—3)2+(—1+4)2+(1 l+1=¢
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|
< . BC2+CA?=6+35=41 = AR? |
: My, - the triangle is a right angled. !
Exﬂ"'pk 6 !
ghow that the centre of; the1 sphere which passes through the points (0, 0, 0), (a, 0 0), !
(obO)and(OOC)‘s(z L I
Solution: :
Let P(x, , z) be the centre of the sphere passing through the points O(0, 0, 0), A(a, 0, 0), [
B(0, b, 0) and C(0,0,c) ;
Using d2 = (2 = X;)* + (", = »1)? + (2, — 2,)%, we have i
0P2=(x—0)2+(y_‘0)2+(Z~0)2=x2+y2+zz ______ (i) !
PA2=(a-xP2+(0—-yP+(0-22=(a—-xP+y2+22 ... (ii) i

PB2=(0-x)*+(b-y)P+(0-zP=x2+(-yP+22 ... (iii)
PC2=(0-x?+ (0 -y +(c—zP=x*+y>+(c -2 ...... (iv) |
OP=PA :

ear.
= OP2=PA?

pis

= (@a-xP+y+z2=xt+)y?+2?

= 2ax-x*=0
1
x=5a
Similarly making (i) equal to (iii) and (i) equal to (iv).

1
we have, y=5a and z=54a
1

. the centre of the sphere = (x,)s z) = ( 2o % 2 24)

Mm le 7 - . - -
Ft:nd the dinates of the point which divides the li;e segment joining the points
coor: . colf
i (1,4, 1) and (2,3,-5) a) internally b) externally in the ratio
a

a) Internal division: Let (x, , 2) b the coor

Then usin i division,
hen usi g section formula for internal div1s
mz, + 1z

-+ my, + " _________._._...)
& _(mxptnn mp i T
'),2) m+n > mthn

Ly 39,
| 12+2.1-13+2(4 ,1_1.5%“5——]
.‘=(‘ 12 ’ l+2

1

dinates of a point of division.
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= y 3 3 ' . o
; 3 Let (x, y» 2) be the coordinates of a point of division_
b) External division: Let (X, J>
section formula for external division ale
mx, —nxy My, ~ " mz; l)
bid)  Loe mo * Mo
1221 13-2.(4) 1.(=5 —2.1)
=( 5 * 1~ * I=2
= (0! _I 1 ’ 7)
Example 8 : .

Find the coordinates of the point where the line through the points A(5, 6, 1) and B(5, L,6)

crosses the xy-plane.

Solution:
Let the line AB cross the xy-plane at P.
| The z-coordinate of any point on the xy-plane is 0. So, P, a point on xy-plane, has
‘ coordinates of the form (x, y, 0). If P divides the join of A(5, 6, 1) and B(5, 1, 6) in the ratio Al
- then
1 atg
|
|

2 a1

~. the point P divides the join of two given points external

The coordinates of P are (Ez—ixi Mty J

A+1 l+l

=(-_1£6_-_§_t_§ ~1/6.1+6
By Iy

ly in the ratio of 1:6.

) 0) =(5,7,0)
Example 9

Show that the points 2,3,4
» ’ ] ._I -—
and (4, 7, 8) taken in order form a) B 51

Solution:
Let P(2, 3, 4), Q1. —

2 2 * ¥ ] 1 5
S(4,7,8) be the vertces of 3 quailge. Pors.)
Mid-point of the diagonal pR 5.

P (2,3, 4)

)’ (1) 2
parallelogray, 3)

=(ﬂi—x_2 y|+y2 2 +z
2 5 9 “"2-—%J

), B

i)

oltion

121 AD b€
g, Then, the
nth y_}.f.}:l
T

G (¥ ). 2)
Gdindes AD in t

Then the coq
I.l'ﬁ‘li:

142

"




Coordinates in Space 181
=(2+1 342 4+5) (3 59
Then 2 * 2 ] 2 = 2 ’ 2 L) E) .
"*iq Mid-point of the diagonal QS ‘
=(—l+4 =2+7 1+g) (3 59 /,
2 ’ 2 B 2 - 2 s 5 ’ 5)
Since the c:ioor;h;l_ates of the mid-points of the diagonals PR and QS are the same, SO
dmgonals PR and QS bisect each other.
-, PQRS is a parallelogram.
Example 10
l-B( Show that the coordinates of the centroid of the triangle ABC whase vertices are
S + +2
) Lﬁ] A, Vs 21)9 B(x;, V2 22) and C(X3, s 23) - (xl 3;2 + X3 ’yi +};2 + 3 ’ z;t 232 ZB)
Solution: i
Let AD be the median so that D is the mid point of
e, has BC. Then, the coordinates of the mid-point D of BC are
- Ntx; Yatys 2tz
2 ratio A, 5 2 0 2
If G (x, y, z) be the centroid of the triangle ABC, then
G divides AD in the ratio 2 : 1.
Then the coordinates of G are B =
+ * 2t 23 (X1 ¥z Z5) (X ¥y Z5)
.:{111 +2. 2 2.)63 Iy, + 2.}-2-2--Jg 1.z +2.75 }
i5g = L2 21 b
X txtX3 N s 4 +22*€§J
=( 3a 2 3 2 3
g cese
7,9 I Fi : oints .
s 4 \ el i e s b) (4 -1,5) and(-4,3,6)
! ! b4 Y sl iy d (10, 2, -2) are the vertices of an
.2 2) Show that the point (2, 0, %) (4, 2, 4y »
equilateral triangle. _4. 9, 6) are the vertices of a right
b) Show that the p{)int (0, 7’ 10), (--1, 69 6) and ( 3 23 ’
i triangle.
; angled isosceles triang (213 2) and (4, 7, 6) are the vertices of a
2,9 a)  Show that the points (1,2, 3), =ty

parallelogram.
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12.
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nd (2, 2, 5) are th .
(1,1, 1), (24 D €D 5) and ( © Vet
ints y 49 2
b) Show that the po :
square. | —
Show that the following points &€ %9 b) (-2,3,5).(1,2,3)and (7,0, =)

X L
(1,2,3),(-2,34) ond ¢ which moves such that its distance from the fixed , .
n

" Poiy

a) Find the locus of a poi
(1,2, -2) is always 5. :
b) Find the locus of a point W

=1,5): |
(_l’ 29 3) and (4’ I’ . = ;
ind th dinates of the point which 18 equ1d_1stant from the f(:ouzi points 0O, A, B g
Flll:dn: (; fso ?l:e lorigin and A, B and C are the points on the x-, y- and z-axis reSpecm,dm
whe A |

distances a, b and ¢ from the origin. | e
Find the coordinates of the point which divides the line seg_meEt _]Ollrllnf:.{ each of y,
following pair of points internally in the ratio 1:2 and externally in the ratio 3:2

hich moves such that it is equidistant from twg fixeg i

a) (1,-2,3)and(l,2,3) b) (2,0, 1)and(4,-2,5)
Find the coordinates of the mid-points of the join of each of the following pair of points
a) (4,3,6)and(2,1,-3) b) (2,5 -8)and (4,-1, 6)

If A3, 4, 5), B(-1, 2, 0) and C(-3, 4, -2) are the vertices of the triangle ABC, find ti

length of the median joining the vertex A(3, 4, 5) and middle point of its opposite side.

a)  Find the ratio in which the line joining the points (-2, 4, 7) and (3, -5, -8) is dividet
by the xy-plane.

b)  Find the ratio in which the yz-plane divides the line Joining the points (4, 6, 7) and
(1,2, 5). Find also the coordinates of the points on the yz-plane.

¢) Given three collinear points A(3, 2, —4), B(5, 4, —6) and C(9 B find the ration
which B divides AC. ) and C(9, 8, -10), fin

a)  Find the point where the line

b) Find the point where the |
plane2x +y +z =7,

ine joining the points (2, -3, 1) and (3, -4, -5) cuts the
rti
D G022, 13, umd(g ) 2 Prallelogram

b)  (1,3,4),(-1,6, 10), (-7, 4,7) and (-5, | 1)
Two vertices of a triang ’

! le ABC
Find the third vertex C. are A2, 4, 3) ang B(3, -1, -2) and its centroid is (1, ® 3

Three vertices ‘of a parallelogra

Find the coordinates of the foirn?v*:riCD are A(-
X.

0
35,2), B(-9, -1, 2) and C(-3,




C, find e
te side.

) is dividet
4, 6, 7) ol
the ratio”
cets e

5) cul ¥

1.a)7 ,

6.('153-5"‘-2.‘:)

&M*L% by Qid~1)
912 11.2) 2,0, 5)

Direction cosines of a line

If a line AB makes angles
o, B, y with the directions x-, y-,
s-axis respectively, then cos a,
cos p and cos y are called the
direction cosines (d.c.s) of the .
line AB and a, B, y the direction
angles. The direction cosines are
generally denoted by [, m, n.

Note that the direction
cosines of the line BA are cos (7
- ), cos (m — B) and cos (= —7)
as the direction angles of the line

OP' through O parallel to BA are © — o, T —

b)9 S.a)x+y +22- 2 —dy+4z_16=0
’ 2
ﬂ)(],"'} .3)&nd(l, IOS 3)

Coordinates i
s in Space 183

Answers .
b) 5x~3y+2z-14=0

8 27
b)G,-3,3)and (8,-6,13)

b) 4:1, (0 i3 21

il D
13.(-2,5,8) 14.(1,3,0)

9.4/62  10.2)7:8
b)(1,-2,7)

X

B and m — y. Hence if I, m, n are the direction

cosines of the line AB, then —/, —m, —n are the direction cosines of BA.

Direction cosines of the coordinate axes

Since the x-axis makes angles 0, 2

direction cosines of the x-axis ar

cosines of y- and z-axis are 0, 1,0
To prove that 2 + m2 + n? =1

2 and '125 with x-axis, y-axis and z-axis respectively, so the

T T g —
e cos 0, cos 5, COS 5 ie 1, 0, 0. Similarly, the direction

and 0,0, 1 respectively.
where I, m, n are the direction cosines of a line AB.
y with the coordinate axes so that cos a,

= kes angles o, Bs
In the above figure, OP (= 7) M3 gs of the line AB. If (x, y, z) be the coordinates of P

c0s B, cos y i.e. I, m, n are the direction cOSINE

and PM is drawn perpendicular to
cos o = oM
opP
Similarly, y = mr and z = nr
Also, Op2=x2+y*+22
> R=(r2+mrpP+ (nr)?
= 1=RP+m2+n?

P+m2+n2=1

A

x-axis, then from the right angled triangle POM

e x=lr
=7 S




Suppose a straight lin

order to find the direction cosines 0

equal and parallel to PQ=r.

Then CD and PQ will be incline
same angle Y, say. Also draw DC' perpen

axis. Then, clearly
cC'
CD = CosY
2-2
r

or, =cosy=n

Direction cosines of the Lin

e PQ passes
f PQ,

BAS!

¢ through TWO

c MATHEMATICS! G

through two

Proceeding similarly, we can find that

xz 'xl
r

Y2-)
>

=cosa =1,

=cos B =m.

Hence, direction cosines of PQ are

X2-X1 V2=V Z-2

r* g o

r

xz_x] _)"2 'yl __‘22—21

Also,
cos o

cosB  cosy

r’

where

Projection

and z,

a) Projection of a point on a line or a plane

) The projection of 5
point P on a line AB or a
plane CDEF is the foot L of
the perpendicular from the
point P on the line AB or
plane CDEF. In the first case,
it 'is also interpreted as the
point L of intersection of the
plane through the given point
P and perpendicular to the
given line.

=]

A—_

L B

draw PC perpendi

RADE XII

Given Points

given points P(xy, »1, 2;) and Qi

. 2y '
cular to the z-axis, From CJ’z, 2),

d to the z-axis at the

i to the z
dicular B

(0,0,z,)C

r =\/(xz —X;)? +(, -2+ (z, =

Furthermore, the quantiti -
quantities x, — x,, y, — y, =2, are the direction ratios of the line PQ

z

d»raw

Q(x

P (x?' Yo 21)

- B0y

2%:3)




—

/Q ("r U

2,)

0' Y|' 0)

e line ¢

—~B
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p) Projection of a line segment on a fine
The projection of the line segment AB of a

given line on another line CD is the segment / /

A'B of CD where A" and B' are the projections A B

of Aand Bon CD. He_re we may also say that A’ e |

and B’ are the _points in which planes through A N

and B perpendicular to CD meet the line CD. & . | 5
To find the length of the projection of a 4 i

given line on another line / /
Let AB be a given line and CD be the line
on which the projection of AB is to be

determined. From A and B, draw AA’ and BB' perpendiculars to CD so that A’ and B' are the
projections of A and B on CD. Then A'B' is the length of the projection of AB on CD. :

Again from A, draw AN perpendicular to BB'. Then : ; B
AN=A'B'. Let ZNAB = 0 i.e. 0 is the angle between AB and
CD.

Then from the right angled triangle ANB A N

o AN
Ccos ~'AB

= AN=ABcos0

= A'B'=AB cos 0 W 5
A' B'

Projection of a broken line on a given line
IfA B.C.D,......, M, N be any number of points in space then the sum of the projections
of AB B,C L M’N on ;my given line PQ is equal to the projection of the straight line AN on

A\VAVAAN

Q

M’ N'

P 5 C D

' N f the perpendiculars from A, B, C, D, ..., M, N
Let Al' Br’ C', D', .”’M‘N be the feetO z A'B’ e
on the line PQ. Then the projections of AB, BC, CD, ..., MN on the line PQ are | B B'C,
CD, ..., MmN respectively and

A'B'+B/C' +CD' + ..cos
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Angle between two lines

respectively. Let OP, and OP,
respectively so that the angle

BASIC MATHEMATICS: GRADE XII

ofAN on PQ:—"A"Nr

g the end points A and N

Again the projection -
. - otion of the line joinin i
-, the pro_}eclIOH 1C! + ... + M'N

-AN=AB'+B

Igebraic sum of the projections of the broken lines on PQ.
=a

Projection of a line joining two points P(x1, y1» 21) and Q(x2, 12 22) 0n anothe, line ,, wso
) Wi Thcl'e

direction cosines /, m, n. T o
Given that P(x,, y), z;) and Q(xz; y2, 2) fare ba pois p - d (x,y &
AB s a line with direction cosines /, m, n. Jomn PQ. F.r om all: > ;
Q, draw PM and QN perpendiculars to AB meeting at the ': "
points M and N respectively. Then the direction cOSINES of PQ el
i X2 — X ,Jb =y ’22—21 . P, ; )
A SN ; 5 Jhich 1V
where PQ=r=\j(x2—x1)2+0’2—y1)2+(22*21)2
If 6 be the angle between PQ and AB, then Alternati¥
cosG=x2;x|.1+)‘)g;—M.m+ﬂ.n A I,m,n__j____s Let (hy ™»
| ¥ M N GP|=-"| and OP
Also the projection of PQ on AB = MN = PQ cos 0 Then
r
=(x2_'X|)_1+ (yz—-y|).m +(ZZ—ZI),H :IT XI
. f
Direction Ratios NowP,p,2

If a set of three numbers a,b
. _ » b and ¢ are pro i i ;
line, they are called its direction ratios (or R e ans o ] s ol 1ot

. SIS d.r! S ks . ;
1s easy to find the direction cosines. We are givefl).thlztthe direction ratios 5 Bl e g
L_m_n
a b ¢
I m

Hence, | =—%____ b
Nt m=——=b_
@+pry o = E

To find the angle between two lin,
Let (1, m,, m) and (1, m,,

R Cosine (1, m, n,) and (i, m, 1)
€ orj 'nes of two given lines AB and :
€ same ag'“ O paralle] 1o the lines AB and

€ angle between the lines A




v

Coordinates in Space 187

. Let this angl'e be 0. Also the direction cosines of OP, and
o, are respectively (b, m, m) and (1, m,, n,). Let the
oordinates of Py and Py be (x), y,, 2)) and (x,, y,, 2,)

c[ively / B
respe A D

lep ling [f OP, = r», the projection of OP, on OP, is r, cos 0.

Also the projection of OP, on OP, is equal to /,x, + my,
+m2y Therefore we have

X2 Vs z : Y
cos 6 =] =4+m=4pn 2
or, 17, m, = n,

r;

=Ll +mm,+nn,

which gives the angle 6.

Alternative method:

""“;“"'"s Let (I, my, n,) and (I, m,, n,) be the direction cosines of OP, and OP, respectively. Let
' OP,=r and OP, = r,. Let the coordinates of P, and P, be (x, y1, z,) and (x,, y2, 2) Tespectively.
Then '

2+t +z2=r? and x2+ylr+zi=ry
Also xIZIlrl, Yy =mry, Zy=mry,
and X, = bora, Yo = Myl Z) =Nl
Now P,P,? = —x)2 + 02—yt (22— 21)
= (x;2 +y2+ z;2) + (x? +y2+2) - 2xx tyyn t 212,)
, and 7 Of? L =p2tr2 -2t mm tmny) s (1)

e, i |
re give Also from trigonometry, we have

P]Pzz = r]2, =+ rzz e 2r]r2 cos® e (ll)
Hence by comparing (i) and (ii), we get

cos 0 =L, + mymy + minz

Cor. 1. Expression for sin 0
We have sin20 =1 —cos?0 =1 - LWL+ mym; + myny)?
=g +m2+md) @ mp? + n?) — (hilp + mumy+ niny)®
( 212 + m12 0 n12 =]= 122 + m22 + n22)
= (lym;— Lym,)? + (min2 = myn 2 + (mb— noly)? by Lagrange’s identity
= \F}

2 ") =3 (l,my — lbm)?

d
an A
33 00 fﬁd Therefore sin 6 =+ W
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== . two ]jnes
» icularity of
E Cor. 2 Condition of pex"peﬂd‘ ach other, then angle between them, § = 9o i
— If two lines are pefPeﬂd“‘f“laf oo * Cog Oy mm
i = (). Hence the required condition 18 - z|
i Ly + mymyt M = cos 90 i m’f:ﬂ'
" ism of two lines i
Cor. 3 Condition of parallelism 0
. If two lines are parallel, then 6 =0, i.e. sin 6 = 0. So from the above result we have it
2= v
— (lymy — Lmy)? + (myny — mym)? + (il = L D wo
. But this, being the sum of square of three quantities, can be zero only if each of ten | g the
= separately zero, i.e. if
. l]mz—hml =0, mhy — My, =0, n]z2_n211 =40
— /
-" which gives ]—' LR
- 2 My m Wk {
! L my n b2+ m? + ny? ffastile
i L=bL m=m and n, =n, ’myﬂiﬂ“dm
i which is the required condition of parallelism of two straight lines. Sl
; Pimt+n?
E Angl; between two straight lines whose direction ratios are given &
o , » by on ratios of two | i '3+ co?
E ‘ direction cosines are ly, my, n; and b, my, n,. Then ines whose corresponding ]
—| | b, g 1 *‘['
] e it
= Nerrbirer M mgerer mm e e
I i a, b : m iy
and L= ; Mm=——=_ 3 s
: Nedrbirel MUEDETE . meomi o
= I m A
E £ be the angle between the two lines, then e L
= €08 8.=hly + mym, + ny, =\/2‘;\’“2+%
. a“+p2 4+ zv\
= (Substituting the valyes of 1y, my, n, 4 i 1T ei? a2 + b2 + ¢,
- - ) * 1> Fiy an 2, mz’ n
] .The %0 Iincs will be perpendicular to gqqp, 2)°
ie. @a,+bb,+cic,= Other]f9=-.900

The two lines wil] be paralle] if g = 0°

or |
(@18, + b,b, + e 80, so

l=\
(@2 +b2+ %) (a2 + b2+ ¢ 2)
2
= (@?+b2+c?) (a2 + b+ 2 (
— a!az + blb

= (@b —axb))? + (bic, - b)) + (c
19, —

2R =)
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0c ig & This relation is possible only when
k b,=0 - 2o 3
a,bz-ﬂz ! az_bz ! bICZ‘sz|=0 = h:ﬂ
b, o
0 A
i a T —— —
have and €2 =7 & a
a_b_a
ie. a b, ¢
Ch of tey
l Hence the two lines will be parallel if — = b_a
2 b o
Worked Out Examples
Example 1
i
If a straight line makes an angle a = g' with the positive x-axis, an angle B = %with the
positive y-axis and an acute angle y with the positive z-axis, find y.
Solution:
Since 2+ m? + n? = 1, we have
T s
rresponit cos? 3+ cos? 3 + cos®y

1 1
= 2+j4'+ costy=1

1
= cos}y=3
| 1
cosy== '\7—5
Neglecting the negative value as we need only the acute angle, we have
1
cos Y = ?
2
T
Y=3%
Example 2 | o |
If-1, 2, 2 are the direction ratios of a line, find its direction cOSInNEs.
Soluﬁon 2 .- . ’
then by givena =-1, b=2,c=2.

Ifa, b, ¢ be the direction ratios of a line,
2+b+ct= (-1 + )2+ 232=9
then

If I, m, n be the direction cosines of the same line,
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=
a = —— 3
=t a 9
Vergre ¥
2
b e =
n e B
‘\I . "o § ui 4
e g \@ ow: o
’ ; i f the line N ABI
which are the direction cosmnes 0 Hg]‘lce
Example 3 ' ints A(<1, 2. 5 § ‘
Fﬁi’nd the direction cosines of the line passing through the points A(-1, 2, 5) anq B4 1 e gir
Soluti mp“"”o“
olution: : .
i i distance fi [}
If r be the distance between two given points A and B then using ce formula, k'
r =\/(—2+1)2+(4—2)2+(3—5)2:\ﬁ +4+4=3 ijsﬂrelaum
The direction cosines of AB are 20+
X-X o= Z-2 i
AN 2 ininating 1
—2+1 4-2 3-5 Elinina
>t A (2
12 2 b,
e 3
3 (I+2m) (2
Example 4 g
[
; 3F:;]d5 the angle between the two lines whose direction cosines are proportional to 1,2,} "
an ) 3 /

Solution;

Ifa;, b, ¢, and ay, b,, ¢, be the direction ratios of the two lines then by given

a=1, b=2, =3 and a,=3, b,=4 cy=5
Now using the formula, , )
cos® = 2%+ bib; + ¢yc,

I 2 b2 + sz

where 0 is the angle between the two lines

= 1'3+2'4+3.5

=—26 13
TS T
0 = cog-! (-—-!-.‘3__)
5\7
Example §

Show that the line AB i
(5! 4; —I)s (3-; 6, 2) and (], 2, O)

S Perpendicy]y,
feSpectively,

z 4)
to CDh if A, B’ C, D are the poinlS (2' 3
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| solution:
. For AB: If @), by, ¢, be the direction cosines of AB, then
a=5-2=3, by=4-3=], cym=l-4=-§
| Again if a3, b,, ¢, be the direction cosines of CD, then
i a=1-3=-2, b=2-6=4, (=0-2=2
.- Now, aja; + biby + ¢, = 3(-2) + 1(-4) + (-5)(=2)=0
Hence AB is perpendicular to CD.

Example 6

Find the direction cosines of two lines which satisfy the relations 2/+2m — n = 0 and
[m+ mn + nl = 0. Also find the angle between the two lines.

Solution:
Given relations are
21+2m-n=0 . ... (1)
and Im+mn+nl=0
Eliminating » between (i) and (i1),
Im+mQl+2m)+ 21+ 2m)l[=0
= 2P+5im+2m?>=0
= (I+2m)QI+m)=0 |
Either [+2m=0 e (iii)
ynal to 1, 2 and 2+m=0 e (iv)
From (i) and (iii),
214+2m-n=0
[+2m+0.n=0
By the rule of cross multiplication,

/ m n

—

0+2 -1-0 4-2
n R+mitn? 1
= =1 2 T \a+1+4 3

1

2

2 = ! n =% which gives the direction cosines of the first line.
3 ] i 3 »

m
=

S=

Again from (i) and (iv), we have
21+2m-n=0
21+m+0.n=0

By the rule of cross-multiplication
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g
Em”llf lii fm, n, and l,, my, n, are direction cosi.nes of two liilcs Lhel; jhij ;halt ;hejirectim from (iv) &
cosines of a line perpendicular to both are proportional to m 1y = MMy, Mity = Mok, Limy — L, _’_L[Z ; m
Solution: - | o fa !
Let I, m, n be the direction cosines of a line perpendicular to the two given lines. fech a0
LIy, +mm +nn =0 .
LL+mmy+nn=0 !]b:kl
By the rule of cross-multiplication The two line:
/ _ m L n 1I12+mt

mny —mony - mily—nyly Limy — lm,

Hence the direction cosines of the required line are proportional to k£+ ki
) miny —mony,  ml—nyl,, lLimy — lym, i f E )
Example 8 ? “+b+z

Prove that the lines whose direction cosines are given by the relations al + bm + cn =0 m""’ﬂline;
Jmn + gnl + him = 0 are perpendicular if £+ 5

h
b ™ ¢ =0 and parallel, if \[af + \[bg + \/ch =02 (‘V*bg.
paralle, if \Jaf £ \[bg +\[ch = 0

S g
S 3
Solution: q* 58&
Given relations are 3 ‘G
al+bm+cn= ) y ‘ﬁ
Smn + gnl + him = “(ii) N
Eliminating n between (i) and (i), we e
al + bm al + p
fm(._ c )+g(h-7@)l+hlm=-_g

= agl+(af+bg- ch)im + bfm2 <
12 /
= ag(,‘n') +(af + bg ~ ch) (‘,;)+bf=0




r
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an q
li%

e C L

the 4
iy

+c1r!"‘{”‘mi

ﬁ;oaﬂd

Tespectively, find the projection of RS on PQ.
Solution;

Coordinate
s in Space 503

.
h is quadratic in . Let the two roots be i and L

1
m m,

L L bf

Then! m| : m2 _ag

hﬁ_ mym,
= bf 8| ag
L, mm,
- Pa™gh = e (iv)

Similarly, if we eliminate / between (i) and (ii), we have
mm Lk
gh ~ hc e (v)

From (iv) and (v)

h
I,Iz=k‘£ mlmz=k‘g and mmy =k

The two lines will be perpendicular if
1112 1 mym, + nn, = 0

Fewl. o B
ka+kb+kc_0

i [+g+ﬁ=0
a b c

The two lines will be parallel if the discriminant of the equation (iii) is zero.
(af + bg — ch)* = 4abfg

af + bg — ch =+ 2\|abfg

af + bg + 2\[@ =ch

(af £+[bg)? = ch

2B =+

= faf£[bg+\[ch=0

v U U

Example 9

If the coordinates of P, Q, R and S be (1, 2,2), 2, 4,0), (3,0, 1) and (-1, -2, 2)

l)2+(4w-2)2+(0,_2)2=.\l§=3

Using the distance formula PQ= \/(7‘
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then
4-2

—_—

i [, m, 1y
If the direction coSINEs of PQ are ;
2-1 . 3
n-x_2-1_- m="%

I="pq - 3 3
Now, the projection of RS on PQ o
=(xz—x:)-l+(yry1)-m+(22 1) ’
2.a-n(-3)
l s —
193+ (2-03+@-D73

—

4 4
3 3

w

EXERCISE

—_— ﬂ) onaliﬂcjc

. . : . ) ABCH
1. If a line makes angles of ';Eand %with the positive x-axis and z-axis respectively, find i llnl] [A.l ) )
B
acute angle made by the line with the positive y-axis. ; mjwﬂﬂﬂﬂ
! 2. Show that the direction cosines of a line equally inclined to the axes are A
4 \(5 , ‘\!3 N ‘\/3 .
. 3.

a) Ifa, B and yare the angles which a line makes with the coordinate axes, prove that
sin’aL + sin?B + sin?y = 2.

b) Ifa, B and y are the direction angles of a line, prove that

¥ cosZa+cosZB+cosZy+l=0

4.  Find the direction cosines of each of the line w i i
s whose directi 1
P { 58 on ratios are

b) 2,3, 6.
passing through the points
b) P, 3, 4) and Q(1, 4, 6)

j 5. Find the direction cosines of the line
L] a)  0(0,0,0)and P(2, 3, 4)
j | ©)  M(-1,2,-3) and N(4, -1, )
{ | 6. Find the angle between the two lines :
| B wh : .
¥ a) 1,2,4and-2,1,5 e d‘br ection ratios are
| © 1,2,2and2,3,6 ) 23,4and1,2,
7. Show that the line Joining the
" a) parallel to the line joinin L2, —3) is
il b) perpendicular to the line igin: % 4)and (s, 9, 13)
a) For what value of k % 1,5)and (3, 3, 2)

. < Makes the };
perpendicular to the line joining the pgf the points (1, 2, k) and (5
»Dand (3, 5, 3

nts (4,7




tively, fingy

, prove tha!

10.

1.

12

13.

14.

15.

16.

A
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p) For what value of k makes the li

the line joining the points (4, 3132;(2:;“(52‘1;6 g;);nts(l 2, k) and (4, 5, 6) parallel to

if O is the origin and P(2, 3, 4
perpendicular to OQ. ( ) and Q1 -2, 1) be any two points, show that OP is

Find the direction cosines of the line whic

cosines proportional to 3, -1, 1 and -3, 3. 4 h is perpendicular to the lines with direction

Show that the angle between two diagonals of a cube is cos—l(%) .

Th:zl :::jecnon of a line on the axes are 6, 2, 3. Find the length of the line and its direction
co

Find the projection of the join of the pair of points (3, -1, 2) and (5, -7, 4)
a) on the coordinate axes

b) ona line whose direction cosines are proportional to 1, -1, 2
¢) ona line joining the points (0, 1, 0) and (1, 3, 7)

a) A, B, C and D are four points with coordinates (2, 3, 1), (3, 2, 5), (-1, 2, 4) and
(—1, 5, 7) respectively. Prove that the projection of AB on CD is equal to the

projection of CD on AB. Also, show that the angle between them is %

b) A, 2, 3), B(-2, 2, 0) and C(3, 1, 1) are three points. Fmd the foot of the
perpendicular drawn from A to the line BC.

Find the direction cosines /, m, n of two lines which satisfy the equations

a) I+m+n=0 and 2lm—mn+2nl=0
b) 4/+3m-2n=0 and Im—mn+nl=0
¢) I+m+n=0 and RP+mr-n?=0

Also find the angle between the lines.

a) A line makes o, B, v, 8 with the four diagonals of a cube, prove that cos?a. + cos?f +
cos?y +cos?d =73

b) Prove that the lines whose direction cosines are given by the relatnons pl+gm+rn=

b
0 and amn + bnl + clm = 0 are perpendicular lf 2 q+ == (0 and parallel if
\ap ++[bg £~er=0

Examine which of the following are the direction cosines of the line and which are not

3 4

12 2 By, ~=:0:%
a) 3,373 5 5
d) (2’_394)
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— 0,4,0 and R(0, 0, =5) be three poj
: B. If0(0,0, 0) be the ongm and P(3; g 81)1?0( ) Points, Whe,
= the direction cosines of p, 0Q an I
E C. Consider acubeora cubond Take three adjacent edges as the I:XGS of coordinateg an
=) intersection as the origin. Next consider thre corners P, Q, opposite to O of the h,

adjacent faces. i i
a) What are the direction cosines of the axes of coordinates:
= b) Write the coordinates of the three comers P, Q and R- (You may guess it.)
! ¢) Find the direction cosines of OP, OQ and OR.
—~
. Answers
I 122 23 6

— 1. s = 2 =
. 3 43) 353;3 b)?w‘?s’?
. kot ged L2 gl
E V29" /29" 29 Y6 Ve O\ 5252

6.a -1 (&) _‘.l_'E 20
: henk 3170 b)3 c) Cos™ 57
i 8.2)8 b)2 IOL_S__:J_ 6 2 3
i ‘ i 309‘\13_0; 30 12 7,7,?,?

13.a)2 4
x| 92,62 HA6 I i i S b)(i 42
i . 15, d) =" (44i8, ‘nidl V2’2 3323

* ' L 7 22,3 4 12
! | \I'\IE \/g 1\{_\/_ 6 ®3,-3:3:13°13°13 cos-l(%ig))
i 0 1 _]—

g ? \{_ \l' 2 V5 120 (or 60)
-
I .
2
.
!
-
I |

Lot Pl Yo 21
et (1) then we
d AgtBy:
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\ Plane

t,)

_———

Definition

A surface such that the straight line joining any two point on it lies wholly on the surface is

called a plane surface or simply a plane.
The general equation of the first degree in x. y and z represents a plane.
The general equation of the first degree in x, y and z is
Ax+By+Cz+D=0
where A, B, C and D are constants and A, B, C are not all zero.
Let P(x;, ¥1, z1) and Q(x,, y,, 2,) be any two points lying on the locus represented by
equation (i), then we have ; :
Ax, +By;+Cz;+D=0 "l (ii)
and Ax,+By,+Cz,+D=0 .~ ...... (iii)
Multiplying equation (iii) by k and adding to equation (ii) we get
A(kx, +x;) + B(ky, + ) + Clkz, +2)) + Dk+1)=0
or A(lﬁkg%lﬂ) + BC%%E—IXI‘J + C(klz::lzlj +D=0
This shows that the point-
,+x kKt _kfg_tﬂ)
(erp ,
the equation (i). But this point lies on the line joining the points

.
ies on the locus represented by it in the ratio k:1. Giving different values to k except —

P(x and divides 1
lf \:ey;e?zll?ntif ;izi;i:,oz;)the line PQ. Therefore, by definition of the plane the locus of the

€quation (i) is a plane. :
Hence the general equation of the first degree mn x,

y and z represents a plane.

Equation of the plane

3) The intercept form ich cut
We have to find the equation of the plane which cu
the coordinate axes.

s off intercepts equal to a, b and ¢ on

e

TR BN T i S B B R R B mE I E E e e e




cx+D=0
Ax+By+t

Let the equation of the plane be

It meets the x-axis where its Y-
(a, 0, 0) then we have

and z- coordinat

oD
SimiI‘::yT il;i-t- :]eet:;e y- and z—a:is at the points (0, b, 0) and (0, 0, ¢) rcs;:.ecti‘,e]y‘ .
have . [ =
B==" and C=mg
Hence the equation (i) takes the form i"*‘% + f ={]

b) The normal form

Let p be the length of the perpendicular ON frqm the
origin O on the plane and let /, m, n be the direction cosines of

ON, we have to find out the equation of the plane in terms of
I, m,n and p.

Let P(x, y, z) be any point on the plane ABC. Since ON
is perpendicular to the plane, it must be perpendicular to
every line lying in the plane. (o]

Join NP, then ZONP = 9(°
Also ON = projection of OP on the line ON
= sum of the projections of the segments of A
OP on the line ON X
=kk+my+nz
But ON=p, therefore P=k+my+nz
Thus Ix + my + nz =p is the required equation of the plane.

Reduction of the general equation of th

€ plane to th
If Ax+By+Cz+D=9 € normal form

and !x+my+nz=p
represent the same plane, then
i m_n_-

A'r+By+CZ+D=0

are proportional to A, B, C, i et ;
: ce the axes being rectay, gular,

————— Wi (1]
= [A2+ B2+ C2 €ach of the ratios in (i) is equal

But p is a positive number, therefore if D jg Positiy
€ we haye

es are zero i.e. if it meets 4 the .
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I.
) at the l D ’ A "
1 p = 2 - = — N =
| VA2 +B2+C2 VA4 B G " nr o
' —C
.! and "= AL B2+ C2
pecﬁvely " | If D is negative, we must change the sign of A2+ B2+ (2.,
| plane through three given points
Let the three non-collinear points be (x,, Y1s 21), (%3, ¥5, 25) and (x3, y3, z3). Let the equation
. of the plane be
' Ax+By+Cz+D=0
Since it passes through the given points, so we have
Ax,+By,+Cz, + D=0
AX2+By2+CZZ+D=0
't AX3+By3+CZ3+D=0
! Eliminating A, B, C, D from the above relations we get
| X ..y'z 1
X z: 1
P 1 V1 4
Rl 5 =0 e (i)

X2 Y2 23 1

X3 y3 z3 1
This gives the required equation of the plane.
Cor. The condition that the four points (X Yr> Z), T
(x4, y4, z4) satisfies the equation (1).
Hence the required condition is

Xy N1 o4 1

=1, 2, 3, 4 be coplanar is that the point

X, Y2 22 1

X3 V3 23 1

Xs Ya Za 1

Plane through the intersection of two planes
Let P=Ax+By+Cz+D=0
o Q=A'x+B'y+C'z+D'=0
ud d be the equations of two given planes. Con
P+AQ=0

sider the equation
is ed




p+AQis also linear in X, y, z. Hence ¢ Natigy

i i » % P intersection of the (i
Both P and Q being linear If x;;;,tes of every point i the In plang (; ")

. i
Again the coordi — 0 and hence will also satisfy P +Q < (}( )2

represents a plane. Aga . =0and Q= i.') I

1 t] It

R tions P h the line of intersection of (i) and (
(ii) will satisfy both the equa ome plane throug : tion of P =0 9
for all values ;Jlf A, (“").a'ie:qrﬁi?;: f)f the plane through the intersection and Q=
P + AQ = 0 is the gene

een two planes . ;
Ang":’ b:::w that the angle between the planes is the angle between their normals.
€

i lanes be
Let the equations of two plan Ay +By+Caz+ D,=0

- d )
Ax+By+Cz+D, =0 an i . _ +kBY
It is clear that the normals of the above two planes have their direction cosines Proportiong| Wi By +
to A}, B,, C, and A,, B,, C, respectively. o A
If © be the angle between two planes i.e. between their normals, then 9.'.
g AiA2 BB+ CiCy )k
N TN T i pane (0
; that
. T i WS
Cor. 1. If the two planes be perpendicular to each other, then 6 = 7> hence diodsdesof equa
A]A2 + B;Bz * C|C2 =0
Alternatively if the two planes be perpendicular, then their normals with direction cosines X all
proportional to A, B, C, and A,, B,, C, are perpendicular so that *ﬁ etween
N A/A,+B,B, +C,C, = 0. 19 the angle
Cor. 2. If the two planes be parallel, then 8 = 0 e e line anq

: and cos@ =2t BiBa 1 CC
. \VZAz[zA,

or, 1
| VA [zA;
i or, (A2+B2+Cp2) (A2+B2+ G =(A A,
| |.-J; or, (A2+B2+C?)(A2+ B2 +Cp2) - (A A, + BB, + C,C)2 =0
i
E

i : I or, (BG- B,C,)* + (ClAz = CZA])Z + (Ale = AzB|)2 =0 L e’s identiWJ
This result is possible only when eachy term is ze (Lagrang

+B|B, + C,C,)?

';':_'\ To.
i B, C, C
Thus, ==l A
B G - §Th 0 e _:_12 _g_l
Theref A _B, C 2 2
erefore 3 =§_=El
2 2

e e SR o P .
K £




ction cosins

; idenﬁw

TR 201
ively if the tw
Alternatively © planes be parallel then their normals with direction cosines

p,-oportiﬂﬂal to Ay, By, C, and Ay, B,, C; are also parallel so that 2= ot - &

Cor. 3. We have provided that the two planes

Ax+By+Cz+D;=0 . | i)
amd  Ax+TBy+Cz+D=0 (ii)
. A _B_G
are parallel if A, 8 =C_2 =k (say) andk #0.
Then A, = Az, B, =Bxk and C,=Cxk

SUbStltutlng the values OfAl, Bl! Cl n equation (1) we get
KAz + kByy + kCyz + D, = 0

or, Ax+By+Cz+D=0 ... (iii)
_D:

Thus if plane (i) is parallel to the plane (ii) then plane (i) can be expressed in the form of
(iti) which shows that we can write the equations of two parallel planes in such a way that the
left hand sides of equations differ only by a constant.

Angle between a line and a plane
If  be the angle between the line and the plane Ajx + By + Ciz + D, = 0 then the angle

. ’ N ;
between the line and the normal to the plane is 5 — 6. Let the line have direction cosines

proportional to A,, B,, C,, then we have

T j . Miﬁﬁ
COS(E_B —SIDB* \{EK—,Z"EAQZ
Cor. If the line lies on the pl

ane (or parallel to the plane) then clearly
AA,+B Bt c,C.=0

While we find the equation of a plane under given co
femembered.

Letax+by+cz+d = 0 and a,x + by cz2 +.d2 = O‘be th(;
ecil.mtic‘ﬂs of two planes. Again let I, m, nbe the direction cosines O
aline, -

ndition, the following points are to be

ax+by+cz+d =0

) If two planes are parallel, then the lines normal to the planes A !

are also parallel.

— e — e —

ax+by+cz+d, =0
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. h Other9 then
are perpendlcular to eac e ‘ficular é

by relfmppe (o the planes are also P

the lines normal
to each other.

s ayay+ by teicz=0

o

=
-
>
]
= ZX+b2y+CZZ+d2=0
!
i
-
5
-
3
d
&
.
]
|
v

¢) Ifaline s parallel to the plane, then the line and the line normal

to the plane are perpendicular to each other.

Laltbm+en=0

a,x+b‘y+c1z+d'=0 AR P
‘m.pomtbﬁ

:' d) Ifa line is perpendicular to the plane, then the line and the line e' bﬂ'ﬁ
j - normal to the plane are parallel . . Sl
| o _b_o G | T
I ~m=n [ ‘ et length of
. I LCT R

a1x+b1y+c‘z+d‘=0

| Length of perpendicular from a given
| i Let the equation of the Plane in the no

Ix+ my+nz= p .
and let P(x,, y,, z;) be the given point, T ®

point on 3 given plane
rmal form pe

o Th i

o € equation of the plane paraje] ¢, the given plane ;
_ i fx+my+nz=pl Plane js
i If it passes through P(x,, 2,), then

' 1x|+my|+nzl=

Let O be the origin, then the 4;
) d
between the two normals ON, anq 0‘;;?1;03 between the tWo planes (j) differenc®
€.Prand p, s (1) and (ii) is the difl€

P
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1f PM be perpendicular from P on the given plane then
PM = NN| = ONI e ON

7 =p-P
e =lx,+my, + nz, - p
b This is the required length of the perpendicular.

If the point P and the origin O lie on the s i
given planc, it will be seen that Sua s TN

PM =N,;N=0N - ON, 2
\P =p-pi &
=p—(x, + my, +nz) / | '
i W Thus PM =l +my, +nz, —p X

1 or, p-lx,—my,—nz,
\_/ ‘ according as the points P and O lie on the opposite side or same side of the p.lane.

Cor. If the equation of the given planebe =~ Ax+By+Cz+D=0

+d =0
and the given point be P(x;, y,, z;), we change the given equation of the plane to the normal
form which is
ik, B g Gy
i Jzar” TAzar’ Tzar Aza?
Hence the length of the perpendicular from the given point P(xy, y, z;) will be

Axl +By]+CZ] +D
‘\IZAZ

This sign of radical is to be taken a positive or negative according as D is positive or

negative,

&+

Worked Out Examples
Example 1

" Find the intercepts made on th
Itection cosines of the line normal
Solution;

To reduce the equation of the plane

0 the intercept form, we divide each term by

4_44.-4-=1 or, 472

Therefore the intercepts on the c0

e coordinate axes by the plane 2x — y + 2z = 4. Find also the

to this plane.

2 -y+2z=4
4, then we get

ordinate axes are 2,4,2.




A

from origin = 3.
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BASICM
4 |
n the x-axis, put y = 2 = 0 in the equatiop Ofthe |- P:J 0 a”
. intercepts O -axis, putz =x = 0, we go . Play, | V'
Alternatively to find o ;n for intercepts on Y and z-axis, p gty Sy f ' )
t x = 2, and similarly U W ‘rﬂd
then we gei gl > S i
pulx=y=0wcge‘z_ . l is zx_y+22=4 sﬂfhﬂroq
: tion of the plan¢ ional to 2, —
e eq.uas(;f the line normal to the plane are proportiona L2 Therey, " |
the direction cosine
direction cosines are | 2.5 5 l
. 1 = i 531
—_, = +
N2 ()220 224 (1) + 2 2R -
Example 2 ! _ . mp]iﬁf
: centroid of th sl
A plane cuts the coordinate axes at the points A, B, C and the © triangle g | et Y
is (1, 2, 1). Find the equation of the plane. -
jve
Solution: - s -
Let the coordinates of A, B, C be (a, 0, 0), (0, b, 0) and (0, 0, ¢) then by definition of the wmeequaﬂo (
centroid, we have ArtByt
+0+ .
-0+
which give a =3, b=6, c = 3. Air-0)+B
Hence the equation of the plane cutting off intercepts 3, 6, 3 on the coordinate axes is o Ar+B(y- |
SHELES] o Nipedis

Solution
The given equation of the plane is X+2p+2;=9
To reduce it to the normal form, we divide both sides by

VETZT 5

1.€. 3 and thus the €quation red;uces to

X 2y 2z 9

3v3+v3=3

X, 2y 2z
or, 3+3

. direction cosines of the normaj
to the plan,
e




Plane -

8et Py D\ ka 4 _
\ Find the equation of the plane passing through the points (0, 1, 1), (1, 1 2, (1, 2.2y

T Solution: '
herefu; l The required equation of the plane is
4 2T PR

o N0
o
—
[
S

-1 2 21
which when simplified reduces to
| x-2y-z+3=0
finitiop ol Alternative method
Let the equation of a plane be
Ax+By+Cz+D=0 ... ()
Since the plane passes through (0, 1, 1), so
A(x-0)+By-1)+C(z-1)=0
axes is or, Ax+B(y-1)+Cz-1)=0 ... (i)
Since it passes through (1, 1, 2) and (-1, 2,-2), s0
Al+B(1-1)+C2-1)=0
ad  A(-1)+BR-1)+C(2-1)=0
ie. A+0.B+C=0
-A+B-3C=0
Solving these equations we get

A 2 i --g—=k(say)

— e ——

0-~1 =1+3 1-0
which gives A =k, B =2k, C=k.
Substituting these values in equation (i) we get.
—kx +2k(y - 1)+ k(z— =0
o, x-2y—-z+3=0
Which is the required equation of the plane.
) W Example 5
Show that the four points (0, 1, 1)
Solution;

iGIjlsr As in above example we can ShowW that the ¢
M (-1,2,-2)isx-2y-z+3=0

the direct®

jon (1 1,1,2), 1.2, —2) and (2, 1, 3) are coplanar.

quation of the plane through (0, 1, 1),(1,1,2)
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| 3) lies on this plane as the coordinates of this p,
point (2! s

It is evident that the Hence four points aré ©

the equation of the plane.
Example 6

Find the equatio

2x+3p+10z=8 and

and perpendicular to the plane 3x —

Solution: oL
Any plane through the intersection of the plane 2x + 3y+10z

and 2x-3y+7z-2=0is |
(x+3p+10z-8)+M2x-3y+72-2)=0  ...... (1)
o, (2+2A)x+(3-3A)y+(10+7A)z-(8+21)=0
This plane is perpendicular to the plane 3x -2y + 4z =5 if
32+20)-2(3-3))+4(10+70) =0
Le. ifA=-]

n of the plane throug ' ' the planes
h thc lntersectlon (0]
plane thr fth

2x-3y+7z2=2
2y+42=5-

Substituting this value of A in (i) we get the required equationas 2y +z=2

Example 7

Find the equation of the plane through (1, 2, 3) and

parallel to the plane 3x — 4y +5z=0
Solution:

Equation of any plane paralle] to the given plane

Ix-4y+5z=0 is
It will pass through (1, 2, 3),
or, k=-10

3%-4y+52+k=0 ... ()
if3.1-42+53 +k=0

Substituting the value of kin (i), we get

| 3x—4y+52—10=
which is the required €quation of the plane, "

int ..
oplanar. : Yl

}

fe?
Fnd he €0
plheplane® ty
gquation of t
A(x+1)
Itwill pass thr
All+1)
2A-2B -
Again i) wi ¢
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D%t
\ gince the line normal to the .
plane is paral o .

2 parallel to the line joining the points (2, -1, 1) and

A_B_C

-] 3 2

| A_B

. A==k, B=3k, C=2%

Substituting the values of A, B and C in (i), we have
—k(x—2)+3k(y+ 1)+ 2k(z-1)=0

= =x+2+3y+3+2z-2=0

= x-3y-2z=3

Example 9

Find the equation of the plane through the point (-1, 1, 1) and (1, -1, 1) and perpendicular
to the plane x + 2y + 2z = 5.

Solution:

Equation of the plane through the point (-1, 1, 1) is

Ax+1)+Bp-1)+Cz-1)=0 ... @)
-4y +52=0 It will pass through the point (1, -1, 1) if

A(Q+1)+B(-1-1)+C1-1)=0
2JA—IB+0C=0 e (i1)

Again (i) will be perpendicular to the given plane
x+2y+2z=35

if A+2B4+2C=0 Al e (iii)

Solving (ii) and (iii), we get

— — i ——

Pl

which gives A = 2k, B = 2k, C=-3k
Substituting the values of A, B and C in (i) we get
2x+1)+2(y-1)-3-D=0
o, 2x+2y-3z+3=0
Example 10

Find the equation of the
3! 2+3y+4;=6 3x+2y+22=8

which is the required equation of a plane.

plane through (-2, 3, 4) and perpendicular to the planes
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| 4 ' 7
il /ﬁdd“ B g
! : j
- Solution: . oint (-2, 3,4) 18
: | ‘ Equation of a plane through the g:)fcn(;’ """ ® fhe
. ~-3)+C(z-4)= f 0
: - ’ At B0 : ) to each of the given planes ‘Wrﬂ”sson pelP :
i 1 If plane (i) is perpendicular to GEREETEET (i1) f¥ ! of %
:' 2+3ytde=6 (iii) fﬂf.feﬂ W=z
| and acegprdesd - - v . T (iv) ?
: then 2RAIBAAE=0 gy g Lpei T s HLAT W) . dislﬂ"‘
I and 3A+2B+2C=0 4\W',dqat
| Solving (iv) and (v) we get 0
I A = B = C Wd{ d[swﬂce be
i 6-8 12-4 4-9 i
| A_B_C_
| or, =g~ k=) g en planes 1€
d
|| which gives A =-2k, B=8k and C=-5k ]33.1 yrztl=
i Substituting the values of A, B and C in (i) we get 3 -
. 2(x+2)+8(y-3) - 5(z—4) =0 Tyo be W
j or, 2x—8y+5z+8=0 y-yiztl
L H which is the required equation of the plane. V2P + 12
k Emm?le - . | i the length
b Find the equation of the plane through (3, 2, 1) and perpendicular to the line joining i .
) (-5,3,7) and (2, 4, 5). ad these p,
i Solution: Citveey them = 1
"' ¢ Equation of a plane through (3, 2, 1) is i
A(x—3)+B(y—2)+C(zh1)=0 ...... ()
| The direction cosines of the line joini i -
E Wyl es © fine joining the points (-5, 3, 7) and (2, —4, 5) are proportiona [
The plane (i) is perpendicular to this line, jf , T "H(IS '
) But dircction cosines of the normal to e ;;1an?§ l.gormal to the plane is parallel to this l;ﬂ:é _ £
' condition for parallelism gives Proportional to A, B, C and theref0 |
A_B_C g
: 7 =7 =3 =k(say) '

Then A =7k, B =-Tkand C = _p
Substituting the values of A, B anq Cin
Tx=3)-70-2)-2(z - D=0
or, Tx-Ty-2z-5=0
which is the required equation of the plane.

(i) we get,

gy,
NN
*h It

Ny

A
|}
i

N

A

A
.' e

| ':f 'ty

KR
, * «
% g
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Find the length of the perpendicular from the poi
point (2, 3, 4) on th
Sl T ) on the plane
Solution:
The equation of the given plane is Ix-2y+62+4=0
The -length of perpendicular from the given point (2, 3, 4) is then
32)-2(3)+6(4)+4 28
32+ 22+ @ =7 =4 unit
(Note that the distance is always positive)
Example 13
Find the distance between the parallel planes 2x — 2y +z+ 1 =0 and 4x — 4y + 2z +3 =0.
Solution:

The given planes are

2x—-2y+z+1=0 and 4x—4y+2z+3=0
They can be written in the normal form as
2x-2y+z+1 4x—4y+2z+3

\[22+ (<2) + 12 0 and \J42+ (4 + 22 =0
. 1 1
Therefore the length of perpendicular from the origin to these planes are 3 and 5

e line join®  respectively, and these planes are on the same side of the origin. Therefore, the required

" 111
istance between them = 27376

- ;:vr':w"’f""’”’I EXERCISE
_—————

S lig _ )
] tO thlrefﬂfc l. a) Find the intercepts made by the plane 2x + 3y + 4z = 12 on the coordinate axes.

nd the b) Reduce the equation 4x + 8y + 82 = 9 to the normal form and also determine the
: dire-cl;ltc;zn :osictlles of the normal and the length of the perpendicular to it from the
origin.

2. 2) Find the equation of a plane which makes intercepts 2, 3, 4 on x-axis, y-axis and
z-axis respectively.
b) Find the equation of the plane
through the point (2, 3, 4)-
% a) Find the equation of the plane passii
(1,2, 1)

which makes equal intercepts on the axes and passes

g through the points (1, 1, 0), (-2, 2, -1) and
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1), 5.1), G 9,4)and (-4,4,4) are C°Pla!1ar

ints (0, ; '
i b) Show that the four pot ough the point (3, -4, 5) and paralle] the ) {
. he plane thr Play 5 gnd
5 4. a) Find the equation e d E b)
B wodp+5z=T of the plane through (o, B, ) and paralle] ¢, the oy
E b) Show that the equation 4 cz=ao.+ b+ e
a.r+by+Cz=Olsax+by
lanes
I 5. Find the angle between the tWO P +y-z+13=0 3
- i) x+2p+z+7=0 and =1 1)6“4'
] i) x+2y+3=6 and - ITZ £ e
- 3y - 4z = 3 is parallel to the plane 10x + 15y =20~ p | sy
. 6. Show that the plane 2x + 3y by W =9
I perpendicular to the plane 3x + 2y + 3z=>. o T .3 i et i 1,]?1’};? sz=0
- . . 2 0 4
3 7. a) Find the equation of the plane through the point ( © P l‘Jﬂ+4y'5z=9
| b) Find the equation of the plane through the point (2, 1, 4) and perpendicular to each g dy
i the planes 9x— 7y + 6z +48 =0andx +y +2z=0. j )
. 8. a) Find the equation of the plane through P(a, b, ¢) and perpendicular to OP'_ nzﬁwu A
i b) Find the equation of the plane through the point (2, -3, 1) and perpendicular to th ;
' . line joining the two points (3, 4, -1) and (2, -1, 5). .
' c) The foot of the perpendicular drawn from the origin to a plane is (3, -4, 2). Find the 35
{ _ equation of the plane. '
i 9. a) Find the equation of the plane through the point (2, 2, 1) and (9, 3, 6) and normal to
4 the plane 2x + 6y + 6z =9,
: { b) Find the equation of the plane through the points (-1, 1, =1) and (6, 2, 1) ad
: | perpendicular to the plane 2x + y+z=S5.
’ ’ ' 10. a) Figd tl:je;qua;ion 32 the plane through the intersection of the planes x — 2y +3z+10
=V and 3x + 35y - 2z - 14 = 0 and (i) passi . ) parallel
| 45 e (1) passing through the point (-1, 4, 3) (ii) para
b) Find th i . .
) i h aton o e pln o e st o e plans -+ 565
| - perpendicular to the plane 4y + Sy—-3z=8.
: 11. Find the length of the perpendicular
| I D rom the point 2,5, 7)o the plane x + 4. 3, -
| ] r_. ii) from the origin on the Plane 3x -2y + 6, = 17
8l 12. Find the di : '
.Ei"»f! Fm e distance between the follomng planes
& 1) x-y+2z-4=0 and 2
i) 3x+2-62+1=0  gq ~2y+4z45-

6X+4y__ 122+9=0
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are a model showing the di
A Prep coordinate planes and : i
classroom. coordinate axes. Present ‘it in the

a) Whatare the equations of the coordinate planes?
b) Whatare the direction cosines of the lines normal to coordinate planes.

Answers

x. 2y .22 3132 273
1.0)6,4,3 b3+ 3+T=%:3:3.3:7 20)6x+ay+3z=12  bx+y+z=9
3.3]2;4-3)’—32:5 4.a)3x—4y+52=50 S_i)% ii)%
7.9) x-y+3z=9 b) 13x +3y—16z+35=0
g_a)ax+by+cz=a2+b2+(:2 b)x+5y-62+19=0 ¢)3x—4y+2z=29
9.3)3x+4y—52=9 b)x+3y—sz='}' '
10.2)i)3x+4y-z=10 ) y—-z=4b)x+Ty+13z2+96=0 11.i)5%units ii)Z%units

12 '13—lmits ii)lunit
.2% 2

Additional Questions

l. A plane meets the coordinate axes in A, B, C. If (a, B, y) be the coordinates of the centroid
of the triangle ABC, find the equation of the plane.

2. A plane passes through the middle point of the join of A(=2, 5, 1) and B(6, 1, 5) and
perpendicular to it. Find the equation of the plane.

3. PA and PB are drawn perpendicular from P(c, B, y) to the coordinate planes x = 0 and

B Y &
y=0. Show that the equation of the plane OABis ' + By

4. Show that ax + by + d = 0 represents 3 plane parallel to z-axis. Find the equation of the

plane through the points (1, 2, 3) and (7, 5, 6) parallel to x-axis.

Answers

4.y-z+1=0

=3 2. =y+z=4




Chapter 11
pProduct of Yectors

%

Products of Vectors |
The multiplication operation between two vectors can be performed by the folIOng ty
ways:
(a) Scalar product or Dot product

(b) Vector product or Cross product

Scalar Product of Two Vectors

- -
Let a =(a), @) and b = (b, b,) be any two plane vectors, then the scalar product of two

- > - >
vectors a and b denoted by a . b is defined by

=2 —>
a . b =ﬂ]b|+azb2

Again, 1f a =(ay, a,, a;) and b = (by, b,,

bs) are two space vectors then the scalar produt
of two vectors is defined by

> —»
a.b =a|b] +a2b2+a3b3

Alternative Definition

vectors.

Vector Product of Two Vectors

o —
Let a =(a),a)and b = (b,, bz) be two vector
S

in the C e)
the vector product of the two vectc,,fs a and arteslan plane (i.e., xy plan
an b » denoted by ‘I'J‘*

, is defined by
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- -
a xb=(a bz*-azbl)-l?

-, d :
where K iS the standard unit vector along the positive z-axis

- - -
Inotherwords, a xb  =(a b,-a,b) k

\ =(a1b6,-a,b)(0,0,1)

x =(0'! 0! a!bZ"az bl)

1

: fOllowjngh

-.)
The vector product of two space vectors a = (a,, a,, a;) and P (b, by, b;) denoted by

-

7 x b is a vector defined by
-» -
a4, % b = (als az: a3) X (b[, bz, b3)

:l = (ayb5 — a3b,, azb, — a,b;, a,b, — aby)

- - - _> -_-)
Later, we see that this vector is perpendicular to the plane of the vectors a and b . The

| - >
product ofmn' components of the vector a x b can be obtained by the following rule.

a
b,
sca_[ar prodUﬂ a2b3 == agbz a3b1 = alb3 alb2 = azbi
Alternative Definition
- - Y
The vector product of two vectors 2 and b isa f)
vector which is perpendicular to the plane of the vectors ‘ﬂ > o
ax
B~ 4
a and b and whose magnitude is ab sin® where a and .
— —> b
. bare the magnitudes of a and b and 6, the an%l)e >
| —a
- U LI St . %
between 2 and b _the sense of rotation being from a < /i a
thc twn 1 to ":-)) as ’ . .-"*‘L’ i
yeen l. in a right handed screw. i - =
- H x a
Symbolically, o
B i .
axb=|al||blsinbn
- - =
(e’ Where 1 is the unit vector normal to 2 and b -
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i) Geometrical Interpretation

i Y c=6.
i A-2. O0C=b and £A0 pap
i l[;;woa parallelogram OABC with Oﬁfu;la railod(;):
I its adjacent sides. From C, draw CN perpendiC

’ Now, area of the parallelogram OABC
: | =0A xCN

=0A xOCsin 6

: ~ =absin 6

-
Also| a x b |=absin0

’ o dnd B I to the pl
Hence the vector product of two vectors a and b is a vector norma € plane of the

vectors _: and _b? and whose magnitude is equal to the area of the parallelogram wiy

- __) —* . . .
magnitudes of a and b as its adjacent sides.

Cor. 1. Since the area of the triangle is half the area of the parallelogram, on the same bas

. - o
having the same altitude, so area of the triangle OAC =% | a x b |

Vector product of two vectors in determinant form
e S
Let a =aq,i +aqa,j task =(ay, ay, ay)
A
and b=bii+byj +bk =(b,byb) betwo space vectors.
Then,
_)
x b

= (als a, a3) X (bl, bz, b3)

= (ayb; — a3b,, asb, - ayb,, aib, - axb))

— 1
= (a2b3 = a3b2) 1 + (a3b] = a1b3) j 4 (albz - azb ) k
|

= rd
=(@b5-aby) i - (a\b; - aSbl)? *t(ab, - a.p )?
20,

| i S

N J k
1q = i e

i 13 a,
is 1
.,‘v’ bl b2 b3
1
4
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i) propertles of Vector Product

Vector products involving two or more vectors enjoy the following properties:

| The vector product of two vectors is not commutative

: lf—)and_l_;btw A xbEBxa
ie. Ifa etwovectorsthen a xb #b x a

- -
Let a =(a, a2 a3) and b = (by, by, by)

2> 2> o
1 J k
> o
Now,a x b =1 a a a,
Y ; bl b2 b3
'plaﬂeofﬂki g “ugh g
. ! i j k
.logram wltht | J
=7 b by by (R oRy)
he same bag | a; B &
- -
=-b x a
. 5> o o D
which showsthat a x b # b x 2
- - —
2. Distributive law: If a , b and ¢ be any three vectors, then
T Bk T AW S
ax(b+c)=axb+axc.

- — -
Let a = (ay, @3, d3)s b = (by, by, b3) and ¢ = (cy, ¢y, C3) be three space vectors. Then,

- -
b+ c =(by b by) + (c1, €25 €3)

(b +e,batenbs T c3)

i J

> o -
Now, a x(b+c¢c) = a; a

-S> -
o = g
i j k ioj ok
= al a2 a3 + al a2 a3
b, b, b; 6 C &

being the sum of two terms)

(Each clement of Rs




3. For any scalar n,
- > 7 _l; )= ': xn —g
(na)xb=n(ax
: —
. i = *
Let a = (al’ az’ a3) and b = (bl, bZ) b3)
I Then, n —Z = (nay, nay, nas) N
' » 2> 7 —f ? k
| o
f - o =
: naxb =| na, nay, ma; | T & 2B 3
; b1 bz b3 b] b2 b3
i o
=n(a xb)
> - - 3
{ Similarly, a xnb =n(a xb)
1 adr e e N S
na xb=nlaxb)=axnb
- - — -
4. The vector product @ x b is perpendicular to both a and b .
— -
Let a = (a,, a,, 03) and b= (b], bz, b3)

- - ]
Then a x b = (a2b; - a3b,, asby - a,b, aib; - azb))

iy - o5 5
: ) (a x b )-a =(a2b3—a3b29 a3bl—alb3s a]bz‘azbl).(al, a, a3)
= (@305 - azby)a, + (g.b, — ,
| I 302)a, + (a3b, anbs)-az+(a,b2—a2b,)a3
_)
a

- . -
x b is perpendicular to g4 .
- >
axb

Similarly, a x

is perpendicular to ? 5

i) Expression for sin 9

- -
Let a =(aj,a;,a3)and b =(b), b, b,)
R \

.—)
axb = (ayb, - a;b

then
25 a3b| - a'b

» b, - b))
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- =
d a.b =a b, + ayb, + ayby = ab cos §
- >
Jhere 018 the angle between a and b .
-5 = - = - —
Now, (axBY=(axb).(axb)
= (a2b3 - a3by)? + (a3b) - a1by)? + (a )b, — ayh, 2
=(a +a? +a3?) (b2 + b + b?) - (a)b, + b, + azhs)?
-> >
=ag*b?-(a .b )
- - - > - >
or |axbP =laP|bP-]a]|b]cos?6
__)
=|a | b [(l-cos?0)
- o
=|a 2| b [*sin?6
‘ - - >
i o, |axb| =|a]|]|Db]|sn®
- o
o _laxb
sm - Y -
la|lb]
iv) Unit Vectors
N -
Let T =(1,0,0), J = (0 1,0 and k=00 D beree )
mutually orthogonal unit vectors forming a right handed screw
system.
> - i
Then, 2 <3 =(@,0,00x(1,0,0) |
=(O, 09 0)=0
-S> -

Similarly, j x ]
—>
J

Again ixj =(1,0,0)x(0,1,0)
=(o—0,0—0,1—0)

IO—————

Ly
=0,0,H=k

. - - 2>_7

Similarly, _j)x_l-(>= iand kx17]
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‘ S P xk=-] L
| . 7, i =—1i an erpendicular unit vect % |
: Similarly, k xJ duct of two mutually perp OIS ca b )9 +

S rO /‘ |
N The value of athcrgfagrim circle. A7 veet
i iy remembered by using the ﬁs(”‘sth

, 4

ine : I
uation of a Straight L _ : ,
’ ‘i,)ea'l(‘)r t‘Eq d the vector equation of a straight line through a given point and paralle] tg , 8lvey
: (i) To find the
vector.
-S> -

’ : . = b be the N 8 9
’ Let O be the origin, A be the given point and MN WI‘ 5 73k

given vector. ]
Let P be any point on the line through A parallel to the given

ol

—)
vector b . M
> -
| LetOP=r

- - - -
Since AP and MN are parallel vectors, so AP = ¢t MN where ¢
is a scalar.

Using vector additions,

> o> o

OP =0A + AP
- - —>
i r=a+tb

Since the different values of ¢ will
AP, so the relation is true for any
of a straight line.

et

. give the position vectors of different points on the line
pont on the line AP. Hence, it represents the vector equation

e

Cor. If the line passes through the origin, then —a) =(0, 0), so _r“) - 'g
] (ii) To find the vector equation of a straight line -

passing through two given points :
Let O be the origin. Let A and B be two given point given p
- o > - >
such that OA= a andOB=p .

- o5 o
Then,AB=OB—0A=?--: ;
Let P be any point on the line thr,

N Ough A and B sycp
that OP= r .

R —
Since AP and AB are paralle] vectors gq

e
AP=1AB=1(b -2 ) wher,;,

. " a scala
Using vector addition L.
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> =

Op = OA + AP
> -
_a+b-a)
> o
=(1-fa +tb

which represents the vector equation of a straight line through A and B

Worked Out Examples

Example 1
B = A 4 - - - -
ffa=1i+j-3kand b=-1i -2j -3 k are any two vectors:
- -
() find a x b

L . ; i -
(i) find a unit vector perpendicular to a and b
(iii) find the sine of an angle between them.

Solution:

5 -
xb =(, 1,-3) x (-1,-2, -3)
=(—34,3+3,-2+1)=(—9,6,—1>

> >
=~ 5 =¥ =
axb| =|-91+6]j k!
—JOOR + (6P + 1)

=4/118

(.. - —>
) Unit vector perpendicular to 3 and b

- =

—> 3
2% 9it6ji-k




Example 2.

Prove that the unit vector perpendicular t
1

\/155

w7, o T,
3i+4) -k is

Solution :

™ B B

- Let a=21i-j+k=(2,-,1) and, b=31+4; —
{8 e

E 1 J k
| —» =3
4 Now, axb=]| , 1 1
iy 34 1

| ry 7 -

’ =0-Hi-(2-3)j +B+3) K

! > >
= 3i+57+11k

: . - = > S

LG Jaxb| =37 +sTen R

=\0+25+12]

=44155

. . ﬂ
Unit vector perpendicular to 3 and -1;)

> >
=axb
—_)
la x b
> > -
=-31+5-+11‘k*
155
. ﬂ ﬁ
Again, | a|=|2j ? -l?

o each of the vectors 21 — j +

(—3—i_) + 5? + 11_12) and the sine of an angle between them is

ﬁ
k

I S
k ag
155

—

=(3,4,-1)




~4
S
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- e
bl=13i +4j -k |=
> -
axbl 155
sin®="_" _ _\féxﬁé
lallb]
155
sin9=’\/-1'5—6'.
Example 3
! - 5> o> D
Fm: the_)area of the parallelogram determined by the vectors i + j * o and
= -
2i+3j tk.
Solution:
> 2> 2> 2 —3
Now axb =(i+]+k)x2i+3j+k)
> > > D> > D > D
=—21X1+3ixj+ixk_2jxi
R R - s D v S
+3jxj+jxk,—2kxl+3kx1+kxk
_0+3Kk - j —20-k)T0+i-2j-31 +0
oS5 >
= 2i-3j+5k
G - -
|a xb| =|-—21—3_]+5k|
=\/4+9+25=\]§§
- - .
Area of the parallelogram=| axbh |=\f37§ sq. units.

Example 4
__)

Find the area of a parallelogram whose diagonals are represented by the vectors =3 1 —

PS> > D
2 +Kand i +2j +3k .
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dlde

> -
|dy x d; |

BASIC MATH

- 3,2, %123
- (6-2,1+9,6+2)
=(-8,10,-4)

By + (107 + (4
_\[64+ 100+ 16
—\[T80= 65

Area of the parallelogram

> = 1 ..
=%|dlxd2l=5(6\/§)

= 31/5 sq. units.

Example 5

Find the area of the triangle formed by the points A (1, 1, 1), B (1, 2, 3) and C (2,3,1),

Solution:

Let O be the origin. Then

- —
OB =(1,2,3)and OC= (2, 3, 1)

Now, AB

.._)
OA=(L,1,1)

-5 >

=0B-0A

2(1’2’ 3)—(la 1, 1)=(O, 1, 2)

e T

AC =0C-0A

=(2, 3, -1, 1, 1):(1’ 2, 0)
i T

- - =¥
[ABXAC|  =-47 4,7

VIETaT
21

]k

_>
=(0-4) j _(0_2)3*+(0_1

—_)
=-4i+427_

ﬁ
k|

gMATICS: GRADE XIl




7

Product of Vectors

. ) R < -
Area of the triangle =5 | AB x AC |

_1 21
2\]— 2 Sq. units.
Example 6
provethat (2 . b )?+(a x b )?=aZp
Solution:
( b )2—(ab cos 9)2 a2b2 cosze
-5 > i
and (a ><b)2=(a><b).(axb)

a2 -
=(absin® n ).(absin® n )

dC23,)

- . . 5 e
where n is the unit vector perpendicular to a and b
> - -
(axb) =ab sinZ 0

__)
Now, (_) b >+ (a x b PR = a2b2c0529 + a?b? sin? O
= g2b? (cos? O + sin? B) = ab?

- -
o B p+(axby=ah

Example 7 .
Show that the diagonals ofa rhombus bisect each other at right angles (use vector method).
Solution :
- - - =
Let OA= a and OC=D
- i <
| Then, OB—0A+M3CM+OC=a+b
i 5 > D>
| ™ AC—A_()+0C——a+b=b‘a
E Now, the vector equation of the line OB 15
i 5 o A
r = t ( a + b ) ...... (1)
Where ¢ is a scalar. _
traight line AC 1s

Again the vector equation of the s

W .
here 5 is a scalar.

223
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then for M, we have

tM,
If two diagonals OB and AC meet 8

-
t(—;+ b)=(
ke vectors,

-5 -
-s)ats b ,
i t=1-5 and t=Ss.
Equating the coefficients of li

1
Solving =s5=%

.. the position vector of M

- 1> 2 _l"’
i.e. OM =-2'(a+b)—-20B
e~
Ao, AM =AO+OM
—> -5 -
=-a +’;'(a+b)
= = ]
=%(b—a)=§AC
"~ 1 =
AM  =7AC

Hence the diagonals bisect each other.

: - - iy 5 NN
Again, OB.AC=(a+b).(b-2a)
-2 2
.
=0C2-0A?
=0C? - OA?
So, the diagonals of a rhombus are at right angles,

. the diagonals of a rhombus bisect each other at right angles

Establish by vector method the equatiop

of the straight line i intercept 0"
X Y_ . in the double intercep
+ b= 1 where a and b have their usual meanings. u
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| SMuﬂ'o" J nt line AB | Zz -
Let a straight f{ine meet two mutually perpendicular -
raight lines OX and OY at A and B such that OA = g and OB = b, \

Take O as the oﬁgin. Then the co-ordinates of A and B are  \
00 and (0, b) respectively. Let P(x, y) be a point on the line AB.

-
Then, AP=(x—a,y)
-
and‘ AB=(0—a,b—0)=(—a,b)

- —
Since AP and AB are parallel, so

- -

AP =k AB where k is a scalar.
or, (x—a,y)=(-ka,kb)
By the definition of equal vectors,

x—a =-ka
or, X ="‘ka+a
2kl pbabemress (1)
a
Also, y =kb
Lo e den (ii)
b k

TR Y,
Adding (i) and (ii), , ¥~ *

Alternative method
Let _1) and —_]_) be the unit vectors alo.ng1 t“f tmg::\uzilz
perpendicular straight lines OX and OY respectively: e .
and OB = .
g OB b‘j-)
—> _ .
e OAZ ! o0 i 0 From P, draw PM
N Let P(x, y) be a point on the line AB. From &
irﬂi@rcep Perpendicular to OA. |
e M=x 1 Wby X
Then, OM =% l and o
Now, join OP.
By vector addition,

TR L rewkaes s @)
OP =OM + I\—ﬁ’=x_i ty ]




i raight line
in, the vector equation of the straig “
Agal i R R A o R (i1)

- ( l
For P, the pomt of in N

x—i>+y—J)-(1")“ ERLE

Equating the coefficients of like v
x=(1-ta, y=! b

ectors,

¥
Adding, P % =L

Application of Vector Product to Plane Trigonometry
As an application of a vector product, we use it to establish the following formula

1.sin (A + B) = sin A cos B + cos A sin B

Let XOX' and YOY', the two mutually perpendicular Y
straight lines represent x-axis and y-axis respectively.

Let ZXOM=A and /NOX'=B N
sothat AZMON=x-(A +B) r

Let OM = r, and ON = r,. Then the co-ordinates of M
and N are °

(rycos A, r, sin A)
and (r, cos (m—B), r, sin (1 — B))

_)
So, OM = (ry cos A, r, sin A)
= (1 cos A, r; sin A, 0)

and ON =(0;c05 (5-B), 1, sin x—
= (-r;cos B, ; sin B)
=(-rycos B, r, sin B, 0)

>

M ><()N]-rlrz(cosAsmB+smA
Cos B)

Find the



2 : — -
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gince © — (A + B) is the angle between OM and ON. 5o

o -

sin [1t - (A + B)) _1OM x ON
g -

IOM| |ON|

. sin(A£P) ‘= r\ry (sin B cos A + sin A cos B)
rr,

sin (A + B)

ﬁl

1. Find the vector and the unit vector perpendicular to each of the following pair of vectors.

= sin A cos B + cos A sin B.

y formuly i) 4-2,3) and (5,1,-4)
" it TG B poat? e
G) 31+j+2k and 21-2j+4k.
) N - > S Do - >
Y 2. (1) Ifa=61+) —5kand b=1-4j +2k andshowbycalculationthataxb
- >
is perpendicular to each of the constituent vectors a and b of the product.
- - - - o >
/ (i) If a =(2,3,6), b= (3,-6,2) and ¢ = (6,2, ~3) show that a , b, ¢ are mutually
" - >
perpendicular andthat a x b =7 ¢
N 4 3. Find the sine of an angle between the following pair of vectors:
/10 @ 2,1,-4) and (3,-1,-1)

- > - -2
G) 3i+j+2k and 2i-2jt4k.

o A L
4, Show that the unit vector perpendicular to each of the vectors i + 3j + 2k and

> 3710k 115
2? - 4—j> FL Y is lll—f—?’—-l—;"' and the sine of an angle between them is a7

230 7
i AP s
5. (i) Find the area of the parallelogram Jetermined by the vectors i + 2] + 3k and
e
3i-2j+k.
(ii) Prove that the area of the parallelogram
(2,-1,1)and (3,2, ~1)is 54/3 sq units.

whose three of four vertices are (1, 1, 2),

jagonals are represented by the vectors

(iii) Find the area of the parallelogram whose di
> > = 2.2 5
3i—3j+kand1+]—-3k.




e T

- — -
. If a, b and c be the position vectors of the points A, B and C respectively, show th!

: EXIl
BASIC MATHEMATICS. GRAD

i i >
i dbythevectors31 +4j and 5] o
rmine hose vertices are P (1, 2, 3) Q@ I,
PQR who : (,4)5

: dete
o N f the triangle
(i) Find the area 0 .

jangle
(i) Show that the area of the triang

: its. .
R(1,4,7)1s 2V6 sq. uni f the triangle formed by the points whose

in the sides, angles and the are@ © 5> o> o Posig,
Obtain ” ,_) P od 3?and 2
vectorsare2i — j +3k, 1 +2]) - L
rf b |-
(a) If—a>_b-)=48’|;)|=]53nd|b j=4,ﬁnd| a X_} I
> Pi=211e Ti=sfinda. b
() If| a x b |=27,| a |=9and] |=5,
(a) Prove that: o
5 o> o 2 2
(i) —;x(?+_c_:))+bx(c+a)+cx(a+b) 0
- - - { ;
(i) (_a)——b))x(_a)+ b )=2 a x b and interpret it.
e T '
(b) If ?+ ?+ ?= 0, prove that a x b = bx ¢c= ¢ x aand interpret i

geometrically.
(a) Using vector method, prove that sin (A — B) =sin A cos B — cos A sin B
(b) Prove, in any triangle, by vector method that
sinA sinB sinC
a b ¢

the vector area of the triangle ABC is

1 - 2 5 o b
5(3Xb+be+Cx?)

Using cross-product of two vectors, prove that

a) §+%=1

b) xcosa+ysing=p

ST +317 4147 avet
i d +14k
b D5.3L19, 1182 (ii) (8, -8 -8) ‘1)—"’-?




i }
\5\; H
) |
PSR |
Q(a, ZH | (i)%iz 2 roduct of Vectors
i 2 (ii)
S wi, v 60205 units )
) 5. (i) 6V .
p%‘ e {10,326, sin“( 235 5 5q. units
1 196) = (\/zﬁ) (iii) S\ﬁ $q. units
92 ) sin™! (‘\/-4?7
A , 5)’3[235
2 8q. units |
. |

b) 36

iVClya show ¢
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Chapter 12

Correlation and Kegression Analys;g

m

Correlation

The various statistical methods

con

practice, we may come across a number qf problerps i Ly
Distribution consisting of two variables are said to be bivariate . apter,

discuss various methods to determine if there exist any relatipnship bet\yeen two vz.xriables, As
for example; the amount of rainfall and the volume of production of certain comm0d1ty, age ang

the blood pressure, etc.

Two variables are said to have "correlation,” when they are so related that the change
the value of one variable is accompanied by the change in the value of the other. For example )
the amount of rainfall to some extent is accompanied by an increase in the volume of production
ii) the decrease in the price of a commodity is accompanied by the increase in the quantity
demanded iii) increase in advertisement expenditure is accompanied by increase in sales. The
measure of correlation called the ‘correlation coefficient’ summarizes in one figure, the degree
and direction of movement. But the important thing that is to be noted here is that, correlation
analysis only helps in determining the extent to which the two variables are correlated but i
does not tell us a.bout cause and effect relationship. Though, there is a hi gh degree of correlation
between two variables one cannot say which one is the cause and which one the effect.

discussed up to now consist of only one variabje Butj,
sisting two or more Variableg

Types of Correlation

Correlation may be of the following three types:
(1) Positive and negative

ethods of stud

The following
() Scatter di
0) Karl Pear

) Spearmay

(i) Linear and non-linear
(iii) Simple, multiple and partja]

(i) Positive and negative correlation
If two variables vary in

the same diracfin.. -
: i rect ;
variable results increase (or decrease) in the 10N Le. increage (or decrease) in the value of on¢

said to have positive correlati vat

(@ | x: |10 20
. 25 30 (b) X: ]00
y: 15 8 | 10 20 50| 30 |10

ue ) : €
on: For examples; of other variable, then the two variables ®




h

B

T 5 )

* the charg
. For exampk ipf’
1€ of producty
in the quani
se 1n sales. Tk
ure, the dege
hat, correlats
orrelated buti
e of correlai?

sffect.

m
(of increases
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¢ other hand, two vari .
o w tables are said to have negative correlation if two variables

. the opposite direction i.e. i i i
e in the Opp if one variable increases (or d
) As for example: r decreases) the second decreases

@/ x: | 10 | 20 | 25 | 50 (b)| x: {100 50 |30 10
y: | SO {2010 8 vl 1] 2 |3]7

(W) Linear and non-liner correlation

| The COT‘:‘LZ‘;S‘::“:@;H tW9 variables is said to be linear when a unit change in one
variable results nt change in the other variable over the entire range of the values. As for

example :

X: 1 2 3 4
y: 7 9 11 | 13

If corresponding to a unit change in one variable, there is no constant change in other

qariable, then the correlation is said to be non linear. As for example:
X: 1 2 3 4

y: | 7 |10 | 11|20

Methods of studying correlation
The following methods can be used to stu

(a) Scatter diagram
(b) Karl Pearson's correlation coefficient

(c) Spearman's rank correlation

dy the correlation between two variables.

3) Scatter diagram _

It is a graphical method
correlation between two variab

of studying correlation. The simplest method of ascertaining the
Jes is the scatter diagram. For this let X and Y be two variables,
each consisting the same number of values. Points are plgtted with the.valu;s of X as the x-
coordinates and the corresponding values of Y as y-coordinates. The points are repTesented by
dots. The diagram consisting of set of dots thus formed is said tlo:ff tclll'e si?tter (fhagranll' On
seeing the scatterness of the dots, an idea about the degree an OZ Sgrr:icgh ?{i I?e, ﬁ(i);lz :1:;, (iﬁ

between two variables can be made- More the closeness of the dots t

be the correlation between tWo variables. Greater the scatterness, less will be the correlation.

b) Karl Pearson's correlation coefficient
al methods of ¢

One of the widely used mathematic ;
®tween two variables is Karl Pearson's Correl.anoln cr:(;enf(tl‘lis defined by
Correlation coefficient. It is denoted by Ty, OF SIMPLY

alculating the correlation coefficient
cient. It is also known as Pearsonian

Cov(X,Y) _ e )
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! < y(Y-Y
where Cov(X,Y)=j5 = x-X)¥ )

of X-series and Y-series respectively. The formuly () e

X, Y being the arithmetic averages
be put in the following forms.
(i) can also be expressed as follows

T Yo £ s D (i)

F= e X - Rp (Y -V

Ifx=X-Xandy=Y-Y,then

TR .. S (iii)
Tx24/2y?
Also, r= —ZEL ...... (IV)
no,oy <
On simplification, (i) becomes t 0 =
n XY - EX.IY
...... V)

= nzXe - EXPA\nIY?2 - (EY)?
(v) can also be changed into the following form

. = EXY-nXY
‘ \]EX2 = nizﬁ;Y“'l nY?

The formula (ii) or (iii) is also known as the product moment formula.

Computation of correlation coefficient using product moment formula will be tedious if the

arithmetic mean be not a whole number. So, to avoid such a problem, we put u = L0 }" A odv=

y=b _ _
1 Where a, b, h and k are constants. The correlation coefficient of two variables x and y will

be same as the correlation coefficient between the tw. : i
_ 0 new var this
property of the correlation below. ables 1 and v, We quols

e nXuv — Zu.Xv
i \]n2u2 ~ (Zu)? \In2v2 S@EVR (vii)

This method is known as the deviation method of c
between two variables, '

thus,

alculating the correlation coefficient

Example 1

Calculate Karl Pearson's coefficient of correlatiq,

moment formula. n from the following data using product

X:1121] 9 8710 THRT
v a3 6 sy




be tediousi

Correlation i
and Regression Analysis 2

solution ¢
COMPUTATION
- OF CORRELATION COEFFICIENT
X= e
X Y y 5 ! 2
X Y-¥ ¥ y » |
et 14 t:
2 2 5 4 25 10 |
9 8 -1 1 1 1 1 ;
6 -9 3 4 9 @
10 9 0 0 0 0 0
11 11 2 : ) :
13 12 3 3 2 : y
7 3 -3 6 : 22 =
$X=70 | Y =63 k=28 | Ty =84 Fxy= 40
o _3X _70 _ v -2 52
=42 =2 =10, Y =" 0
Now r = 2K - >
, VIx Ty 28 B4
46 __46
- 2352 - 48.497
=0.95

Properties of correlation coefficient

Important properties of
1. Correlation coefficient between tWo ¥

2. The correlation coefficient between tw
-l<r<l

3. The formula for the correlation coe
symmetrical i.e. Ixy = Iyx

4 Correlation coefficient is the geometrical

Example 2

Calculate the coeffici

the correlation coefficient are given below :
ariables is independent of change of origin and scale.
o variables lies in between —1 and +1. Symbolically

fficient between the two variables x and y is

mean between two regression coefficients.
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i \TION COEFFICIENT
CORREL
pUTATION OF CORT ———
Cr — | Demand V= 2 ?
Price u= u? (¥) y—23 i
® | XD L1 | 1 1 5
_5 25 :
y 22 =1 1 3
. K : 20 - -3 9 0
0 '
; 24 1 3
22 .
23 0 0
24 5 25 X y
30 11 121 26
— 5 _
yu=11 |Yu?=189 Sv= Yv2=21 | Yuv=34
- nYuv-—Yu >V
f e o V{nzv- GVl
_ 6x34—11x1
{6 x 189 — (112} \[{ 6 x 21— (1%}
_ 20411
\J{1134 -221} /(126 - 1)
__ 193
~ (1013 x 125)12
193
| = (126625)12
| 13
~ 355.84
=0.542

Interpretation of correlation coefficient (r)

(i) Whenr =1, there is a positively perfect correlation b

.. . e
(i) Whenr = -1, there is negatively perfect correlation b
(ii1) When r = 0, the variables are uncorrelated

(iv) Nearer the value of r to +1, closer wil]
the value of r to 0, lesser will be the re

tween the two variables.
€tween the two variables.

lationshjp 5
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;

n
et and limitations of Karl Pearson's Correlation coefficient

- Merits :
P | Pearson's method of findin i Ay
} (|) Ka'r ethod summaries in on 5 correlation coefficient is based on all the observations.
- (i) This m ¢ higure the degree of relationship as well as direction.
3 { Limitations:
0 This method always assumes linear relationshi
: i assumptlon is true of fot. ship between two variables whether this
5 % i) It is affected by extreme values.
3 § (iii) In comparison to other methods, it is most time consuming.
. W) Interpretation of the value of r is not an easy attempt.
Worked Out Examples
. Example 1
% Find the correlation coefficient between the two variables from the following data
n=10, IX=18, Y =25, £X?2=90
Y2 =120 and ZXY = 65
Solution:
H _ n IXY - ZXZY
ere, T = \]?ZX2 i (ZX)2 \/EZYZ — (ZY)?
10 x 65 — 18 x 25
10 x 90 - (18)> 10 x 120 —(257
650 450 200
J57e~575 5155
=0.35
N Example 2 b
i the t iables X
| and +lrhayb'i g om the following data. compute the correlation coefficents between fe o VAT
” .
,cluls:; off | Series X  Series Y
o5 o.. if 1ter.ns. . 25 | 18
5. A:thmetlc mean: 32 33
i S 136 138
9 from mean:
18 ”ﬂd Sum of squares of deviation Ir y from their respective arithmetic
ab ations of X and o

Sum f the devi
Mean < | ;f the product O




282

®
\[76+/186  118.89

=0.77

; Xl
gasic MATHEMATICS GRADE
236
Solution: _ ¥ =18, Ox » 3.01, oy 3.03,
Here,n=15, X =25 ' X)(Y-Y)=
(X -X)( )=122
=138 and
T(X - X)2 =135, (Y -
sx-X).(00-Y) - -—31632—"13;;
Now, I = — \/”T._)z 1
(X - X) (Y
- _____122——' = -‘12'2_—6 = 0.89
“A[136x 138 136.99
Note: r can also be obtained using o, and Oy-
Example 3 : . .
Calculate using product moment formula, the coefficient of correlation between the priy
and sales
Price: 25 | 2l 26 | 20 | 18
Sales: 60 54 66 68 53 57
Solution:
Let X and Y represent the price and sales respectively.
X=23) | (Y=60)
25 60 2 0 g 5 ;
" o 2 P 4 36 12
2: 22 X i 25 36 30
20 53 ’ 8 9 64 24
18 59 - - 9 49 21
= -1 25 1 5
TX =138 | ZY =360 = =
x2=76 |Ty?=186| Zxy =
- X 138 — L
==2-222-23 and y=z_g.=_3@=
6
ZX
Now, r =t
\]sz \lzyz

Now,
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- gumple # |
1 i Calculate the correlation coefficient between the two variables
Y: [ 8 | 52 65| 70|51 |62
Solution:
Computation of Correlation Coefficient
u= V=
X Y X _ 23 Y " 62 uz v2 uv
betweey g, 19|52 -4 -10 16 100 40
N 28 | 65 5 3 25 9 15
| 30 | 70 7 8 49 64 56
g 18 | 51 -5 11 25 121 55
| 24 | 62 1 0 1 0 0
su=6 |Tv=-14|Zu2=120 Tv2=310| Zuv=158
N _ nzuv — Zu.Zv
&l ow, T = Jnzu? - (Zu)\nZv? - (V)
1 _ 6 x 158 — 6 x (-14)
0 | =6 x 120 — (676 x 310 - (-14)

1032 1032__ 06

12 I =0.
J684 x 1664 1068:83

24 Example § |
A computer while calculating correlation coefficient between two variables x and y from

25 pair of observations obtained the following results.

/5 n=25, yx=125, xx*=65 $y=100,  Ly>=460,  Xxy=508
2 ’ ’

> A , ; od d .
W It was however,later discovered at the time of checking that he had copied down pairs as
, 1L6 .1L while the correct values were 285 —ILZ _ Obtain the correct value of the correlation
— 4 Sy cam—
8 |6 6| 8
Coefficient,
s"lution:
n =25
Corrected Yx=125-6 -8~ g +6=125
Pﬂc‘ ”» Zy = 100"14-—6+12+8=100 ; 0
et o e e Gs0 = Ep - O +(6) =63
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)2 + (8)2 = 436

62+(12

Find the correlation coefficient between the two variables under the following conditions
a) Cov (X,Y)=covariance of the variables X and Y = 18
Variance of X = 16 and the variance of Y = 81
b) Cov(X,Y)=-16.5, Var. (X)=2.89 and Var. (Y) = 100
Q) E(X-X)2=40,Z(Y - Y= 63 and Z(X - X) (Y - Y) =35

d) n=150x=32,0y=34and (X -X) (Y -Y) =122
e) n=10,ZX=60,ZY =60, ZX2 = 400, £Y2 = 580 and TXY =415

f) n=10,X=5Y=3,5X>=290, 2Y2 = 300, IXY = 115

g
‘ Series X Series Y
No. of pair of observations 10 10
Standard deviation: 2.05
A 2.41
Sum of ‘the squares of deviations 42
from their respective means: >

Arithme
L norde
tobge

2. a) Calculate Karl Pearson’s correlatio
cm) and weight (in kg) from the data given bel
elow

Sum of the products of deviations of X and Y from th
eir respecti

n coefficient between the two variables helgh

Height : 160 | 162 165 | 161

162

Weight: 63
62 64
60

61

ve means = =36




§

1g conditions

4. In order to find the correlati
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.~ d the correlation coeffici
b) Find t icient between t ;
data he two variables X and Y from the following

X: 5 " : 3 :
Y: 1 2 {314 5]

0) Calculate Karl Pearson’s correlation coeffici .
thousand rupees of 5 firms. ient between the sales and expenses 1n

Sales: 43 41 36 34 50
Expenses: | 12 24 15 21 19

d) Dc.-atermine the degree of relationship between the ages of the husbands and their
wives from the following data

Age of the husband: 23 22 24 23 26 27
Age of the wives: 20 18 20 21 21 22

From the following table calculate Karl Pearson’é correlation coefficient between the two
variables:

X: | 6 2 10 4 8
Y: 9 11 ? 8 7

Arithmetic means of X and Y series are 6 and 8 respectively.
on coefficient between the two variables X and Y from 12 pair

of observations, the following calculations were made:

IX=30, £Y=5, XX*= 670, XY?=285, TXY =334

On subsequent verification, it was found that the pair (X = 11, Y = 4) was copied wrong,

the correct value being (X = 10,Y = 14). Find the correct value of correlation coefficient.
A. Student are asked to visit in the different departmental store to collect the information
ems and their respective prices. Prepare a note on the

about the demand of the electric 1t L ) ,
correlation between the demand of the clectric items and the prices. Present the report with

conclusion in the class.

Answers
0059 H-038 07

La)0s d) 0.75
)-097 0697 9 3,092 40775

22051 b)-042 c)-0.10 )08

to their respective ranks is

Rank Correlation :th respect
iables with 1eSp
cen two varid eraman’s rank correlation

The degree of relationship betw _
OWn as “Rank correlation coefﬁcient”. It is also known as Sp

Coefficy
e -
. he characteristics Say A and B

T —
ndividuals according :
e dividuals have the same rank 1n a character then R, and

fo Le_t R, and R, be the ranks _
SPectively. If we assume that n0 two 11
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’ nk COrrelatiOI’l CoefﬁCient den " i A |
Spearman sra oted g
m 1 to n. NOW, Y $

= R, take numerical values ffo s
E R is given by the formula -, fﬂ M
6%
- g —_— I"‘ s
_ i R=1 n(n? - 1) ‘ uolf
‘ % where d = R; — Ry, n=10. of pair of observations. ‘ ﬂm‘ﬂ
= The value of R also lies betweenh —1and+1. $
i LgviL
i i cient 4
= i Methods of calculating rank correlation ;oefﬁ ‘ A — ¥ ‘“‘moﬂ\yn
' We obtain rank correlation coefficient under the 1070 g Mo
| ot !
m“‘““"d

(a) When actual ranks are given _ _ .
When ranks are given the following steps are to be used for calculating the rank correlatio ud“mns

i coefficient. e pumr
& s

i)  Find the difference between the ranks and denote 1t by d. ‘ mnu“‘o"
: ii) Find d? and obtain Zd? i mmxhe“‘

63
iii) Use the formula, R=1- N2 1)

Note: For correct ranking, Zd =0.

(b) When ranks are not given

If ranks be not given, we rank the given data by giving the highest value as 1 and next
highest value 2 and so on. The same procedure is used for both variables under consideration.

Rest procedure is same as in case (a).
Note: We can assign 1 to the lowest value and 2 to next lowest value and so on.

Repeated ranks

If two or more _vgriate yalges are equal then each equal value is given the common rank. In
such cases, each individual is given an average rank. For example, if two individuals are ranked
b

equal at 4th place, they are each given t 4+5 -
P Y given the rank === 4.5 and then the succeeding value th 6ib

rank and so on.
Some adjustments are to be made in the above Spearman’s correlation formula for repeated

m(m? - 1) . ¢
12 is to be added to Xd? where m is the 0% 0

times a variate value repeats. This correlati i
. . . tion factor i ’
icient R is

ranks. In the above formula an extra factor

6{zd2+m‘(";‘;‘l)+mz(m‘zzﬁ
R=1- 12 +}

n(n? - 1)
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; tion of Rank Correlation Coefficient
The interpretation of rank correlation coefficient
. . .‘
) b oefficient. Its value R lies between -1 ::ijm] :se san;e<a[s{ th?t of Karl Pearson's
e ~-1€&R<I. IfR =1, thereis a

iti rrelation betwe
fect positive €0 en the two ra . .
g:htionship between the ranks of two judges. ks of two judges. If R = 0, there is no

Merits and limitations of rank correlation

Merits
) This method is easier compared to Karl Pearson’s method.
i) Thiis the only method of finding the relationship when ranks are given.

jii) This method is appropriate for qualitative characteristics such as intelligence, beauty etc.

Limitations

i) When the number. of observations is greater than 30, the calculation will be tedious and
consume a lot of time.

i) Itcan not be used for bivariate frequency distribution.

Worked Out Examples

Example 1
A firm wanted to employ some accountants. Six candidates appeared for an aptitude test
and were assigned the following ranks by 2 examiners:
Candidates: A B e D E

RankbyX: 1 3 2z 5 4 %
Rankby Y: 2 1 3 6 4 3

Calculate the rank correlation coefficient.

Solution
Computation of Rank Correlation Coefficient
' by Y d
Candidate Ra‘?;{?)y * Ran(l;{z)y ~R,-R, d2
A 1 2 -1 1
B 3 1 2 4
C 2 3 ~A 1
D 5 6 -1 1
E 4 4 0 0
F 6 5 1 1
zd=0 Td2=8
n=7 L/L/_______




Example 2 price and supply for the follow,

Calculate the coefficient of rank correlation between
9 14 18 16

data:
12 6
16 21 10 12

Price: 8 10
15 25 18 20

Supply:
Solution
Calculation of Rank Correlation Coefficient
-
Pri Suppl Rank of Rank of d 3
rice | SUpply | price (R,) | Supply (R)) | = R, -R,
8 15 7 6 1 1
12 18 4 4 0 0
6 20 8 3 5 55
9 16 6 5 | :
14 21 3 5 | 1
18 1
16 12 ; ° ol 49
: ! -5 25
2d=0 | Zd2=118

Here,n=8, Xd*=118, R=?
6Zd?

N R =1-
ow 1 D)

6 x 118 6
=] c—= &

864_1) 1~ %63
=—0.405.

Example 3

From the following data of the
mark :
paper, compute Spearman rank coﬂelatios obtained

Marks in Computer (X) 25 68
Marks in Mathematics (Y) 36 40

by 8 studems n Computer and Ma(hcmﬂllC’

45 50 80 74 so o8
740 72 75 60 40
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N

golution:
2 . CRank of | Rank of d
omp. (R)) Math. (R,) | = R, -R &
25 | 36 ® 8 |
68 | 40 o ) :
| 7 6 2.5 6.25
0 4 3.0 9.0
0 | 4 55 6 05 0.25
%0 | 72 2 <] - 1.0
74 75 2 1 1.0 1.0
% & 5 3 25 6.25
o & i gt 6 2.5 6.25
\ $d=0 | =d*=30

Here, n =8, 242 =30, m; =2, m, =2, m; =3, R =?

ml(m12 -1) my(my? — 1) in3(m32 -1) }
6{2‘1” o T 12 12

Now,R =1- =1
: = — 3(9 -1
12 12 12
o 864 1) |
6 x33 :
=1—8X63—0.61
Example 4

Ten competitors in a beauty €O
yetpige. L B 3 1S 2 4 9 7 2
ond Judge: 3 5 8§ 4 7 10 2 10- z ’
3rd Judge: © 4 9 8 1 2 3 1

- ine W
Use the rank correlation coefficient to determun

approach to common test in beauty-

ntest are ranked by three judges in the following data:

243

hich pair of judgés has the nearest

soluu'o"
) Caiculation of Rank Correlation Coefficient
: d12 = d23 = dl3 :‘I_{ ‘ d122 d232 d132 |
. R _R. R K3 ]

; 2 3 R] - R2 R2 3 1’_5 4 9 25

T 13 te .24 | ; :
1 2

6 4 1- ! 1 g
5




R VOO A O

g 0
16 4 . /l:ﬁ("/
8 36 4 P17
3 1 64 0 S"*"
a 23| 2 T Yy 64 81 1 7
o |1 lw] 8 | 7 | ) 1 1 4 65‘{)9’
7165 ! 1 1 : 4 | ) 07 y
71 -1 2 L TR >
8 9 == | Zdlzz = 200 Zd232 == 214 Zduz = 60 Edl;
I it 2
«t\'aluc‘
From R, and Ry: (o
Here,n=10, Zd;,2=200, Rp;;= ? v et
oW
6d;2 &
NOW, RIZ =1- n(n2 - 1)
6x200 I 6 x 200
=1-T0100-1)~ ' "10x99
=-0.212
From R, and R;:
Here n =10, 2dy2=214,R; =7
62d,s?
Now Ry =1 _H(nT—l—)
_1 6x214 -1 6x214
~ 0 10(100-1) " 10x 99
=-0.297
From R, and Rj:
Here, n= 10, Zd]32 = 60, R13 =9 Jl
Now. R o 8%dat )
ow, 13 “ “n(n2-1) F’Mlh:
_,_—8x60 _ 6x60 R
10(100-1) " " " 10 x 99 , :”\,_\ﬂ
=0.636 \5’1‘\
From the values of Ry,, Rys, R} we can sa ¢ AN
’ ’ th - . vV .
the nearest approach to common test in beauty . given by 1st and 3rd) udges 14 \E\ |
Example 5 { ﬁ;

The rank correlation coefficient ‘of the



< g

Correlation ang Regression Analysis 245 k|
¢ | |
1L goaton 8
0 |17 gere,n=10, R=04, Zd=2 ol
-l 6 Td? | "
C Now, R=1 -3 1) | e B

) 6 Td? .
¢ |1 5 04=1-Toq00-1)
w 1»

i 0.6 x 10 x99
P = =" ¢ =99
Correct value of Zd? =99 _ (9)2 4 (6)2 — &1

6 x correct value of Zd?

~_1 | w |
- ; 6 Td? . . i |
Ed\z% > Tox99- 06 i
|

'

\

Now, correct value of R= 1- R 1)
| SO £ gl 6 x 54
=1710(100-1) ~ " T 10x99
' =0.67

EXERCISE

. 3 Ina drawing competition, tWO judges have give

n the following ranks for 8

competitors
S.No. 1 2 3 4 5 6 7 8
Judge A: 3 5 4 7 8 6 1 i
Judge B: 6 4 2 | 8 7 5 1 L
Find the rank correlation coefficient between the ranks of two judges.
b) Ten items ranked by two €X erts are resented belowG _ I J
ﬁ Items s | B | CyD1E F o [l
! S : > 8 i z 8 7 10 | 2
| Bpeny [ 6 | 11412 .
4 's rank coefficient. | N
‘Udgesh ¢ . Speal:man i ective marks in a certain examination are presented
3rd] '3 The IQ of 6 students and their resp
d below — A B C D E FO
' haﬂ = 125 | 110 140 | 130 90 10
. Eﬂgllf,f (1 2 82 86 90 75 70 87
v K 4 E Marks :
g gof xam.




nd Accountancy are given beloy,

718
65 | 75
70 | 73

e Spearman’s correlatio |

Comput
. isement cost i
ation between adV ertis (11'1 thousnd RS) g

h ﬁ ‘ Accountancy.
‘ c¢) Calculate Spearman
sales (in Lakhs Rs.

‘ Advt. cost 57
g Sales 78

rank correl

m the followin data
ﬁ(:tS 72 | 78 53 | 63 86 | 98 | 59 | 711

37 | 41 | 84 56 | 85 | 77 | 87 | 70 | 59

n for the relationship between the demand gy

3. a) Calculate Spearman rank correlatio
supply of 6 goods

Items I > s
i Demand | 100 160 | 130
Supply 90 150 | 160
b) The marks obtained by 8 students in Mathematics and Physics are given below
S.No. 1 2 3 | 4 5 6 7 8
Marks in Math 40 | 60 | 35 | 68 |- 70 | 96 | 70 | 84
Marks in Phy 48 | 62 | 28 | 52 | 85 | 90 | 52 | 73

Find the rank correlation coefficient between the marks in Mathematics and Phsyics.
¢) The following data gives the scores in psychological test (X) and the arithmetic

ability (Y) of 10 children
Child A|B|C|DJ|E|F| G| H I J
X: 20 | 25 | 60 | 45 | 80 | 25 | 55 | 65| 25 | 75
Y: 52150 | 55150 |60 | 70| 72| 78 | 80 | 63

{ AR T A T A M

Calculate the correlation coefficie P
e nt betwee - , thmetic
ability in terms of their ranks. n the psychological test and the ar

4. The following table presents the ranks of § co
music contest. X

Judge | 4 7 3 1 3 5
Judgell | 5 ] » A : 6 Z
1
3 1 '

Judge 111 6 5
2 | 4 | 8 | 7
Use the method of rank correjati
el .
approach to music. ation to examine which pair of judges have ¢ ned

petitors given by three judges in a cert?

Spearman rank correlation
of marks obtaj -
was found to be 0.6. It wa i ained by 10 Students i ics and o
s later discovered that differencetisnl?a:dl?tizexva:lscjbjects obta!?
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student was incorrectly tak .
y one_ Y taken as 9 inst ;
coefficient. ead of 7. Find the correct rank correlation

Answers
1907 :) 60522 #8043 b) 0.905 ¢)0.56
s 3.a)0.5| ) 0. ¢)0.19 4.1and 111 5.0.79
Meaning of regression

The simple meaning of regression is returning back to the original position. The theory of

regression was first developed by Sir F. Galton. He studied the heights of a group of father and
their sons. He found that the taller fathers have taller sons and dwarf fathers have dwarf sons.
He also found that the average height of the sons of the taller father is less than the average
height of the taller fathers and the average height of the dwarf sons is greater than the average
height of their fathers. But now-a-days, regression analysis is used as a tool to present the
strength of the relationship between the two variables. Thus it is considered as a device which is
used to predict the value of one variable when the value of other variable is known. The variable
whose value is known is the independent variable and the variable whose value is to be
determined is known as the dependent variable. The analysis which is used to describe the
average relationship between the two variables is known as a simple linear regresion analysis.

Difference between correlation and regression

The following are the differences between the correlation and regression.
tween the two variables so that the change in the

) Correlation means the relationship be _
the value of the other variable. But the regression

value of one variable results change in
means the returning back to the average value. | ‘
i) There is no need of cause and effect relationship between the two variables in case of
correlation but there must be cause and effect relationship between two variables in case of

regression.

ii)) Correlation analysis presents the
the direction of their movements. |
relationship between the tWO variables
variable when the value of other variable is known.

: 0
Correlation coefficient is independent of ‘ c'hal?ffnot R
coefficients are independent of change of origin but.

coeff i not exceed but one regression

elation Coefflcient between the twoO varlables' can ] ! ;

ici d 1 and other regression COCfﬁClCnt less than maklng their pTOdll {
ent can excec h ]

less than or equal to 1.

«tent to which the two variables are correlated and also
But regression analysis aims to study the nature of the
les so that we may able to find the value of one

iv) f origin and scale but regression

e —————————— S—
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e two variables, the dots of the %
Afey

Lines of regression th
. chip between i i
onship € is a straight line, then it sy,

i
Whenever there shows @ rold? rtain curve If the curve

diagram will concentrate arou |
1 ion. .
as the line of regressio . e e <onse of least s et .
the Of there arc in general two lines of fegressi(?e

0

A line of regression gives  Hle. S0
variable for a given value of the other va{la . 9, iimated value of y whenever th :
One i the line of regression of y on X giving the best ST . the best estimated © Valyg o
x is known. Other is the line of regression of x on y gIVing value of y

whenever the value of y is known. The two lines of regression intersect at the point (x, y) |

and y being the averages of X and y. If there is wide gap between the two lines of regressiqy, £X

the correlation between the two variables is less. If the two lines of regr ession are near enougy .
1. Whenever the two lines of regression ™0 gemm

then the correlation between the two variables is hig : ' .
between the two variables. On the other hand, if the twy § o equt

coincides there is a perfect correlation ) ‘
lation between the two variables.

lines of regression intersect at right angles, there is no cotre i of
. . ; . {
Let us see the following graphs of the lines of regression presenting the correlation hs QUi
between the two variables. dup\ymg
Y Y :
This s knc
yoor .
% "
+c>°
§ Agin fro
(o] X
High degree correlation ° H
Low degree correlation Y 2
Y
Y
+
A
(N
3 £°
Po) X
Perfect correlation o .

No correlation

Regression Equations and regression coefficients

Regression lines expressed in terms
equations. Since there areptw <o orms of algebraic refatio g"ession
. 0 regression lines, so there are tw ns are known as the €
’ € two regressio i
n equations.

i)  The regression equation of y on
X expresses th .
€ vanation o

quc
X. fy for a change in the valoe
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2\ i
" 4 % : .
ine()ts of v . The regression equation of x on y expresses th iabti
’ then I:}\e\’ € variabtion of x for a change in the value of
T\
-
)T_e - egression equation of y on x and x on y
he‘nes of Wy | Letthe regression equation of y on x be
Sﬁ:;"er th, \ y=a+bx 0
tog "\ ? 1 Siieeh;
the " Va},l\; where a and bare constants to be determined. b is the slope of the line (i)
Oty , -1 The constants a and b can be obtaj : : .
. Ll ained by sol i
, hnes , Al obtained by the method of east sqnares, y solving the following two normal equations
e:‘;s U god Txy =aZx+bEx? . ()
a ; . o e
€ two v}.'f‘* After getting the values of a and b, we substitute in equation (i) which will give the
libl - regression equation of y on x.
In, :
8 the COmedgy lnst'ead of so'lvmg”the above two equations, we can use the direct method as well. For this,
multiplying equation (ii) by Zx and (iii) by n then subtracting, we get
_n TXy — 2X.2Y
A (Zx)? — nxx? ;
- This is known as the regression coefficient of y on x; so it is also denoted by byx.
3 _any—Zx.gy_ oy )
b=y (Zx)? — nZx? 7L 6y
Again from (ii),
g =_a+b —ITX
elation
= y=at+tbx T (iv)
Subtracting (iv) from (1), W€ have
/ y-y =b(x— %)
= y__y—zbyx(x___;() ...... (V)
o, Which is the required regression equation of y o0 X-
N7 i . . S ofxonyis
Similarly the regression equation 0 xony
_— X —
Xx—X =by(y—Y)
o Where b,, = regression coefficient of X 00 -
) _nEIxy-—ZX.ZYy _ Ox
5 - 2 ¥ -
ne o Eyr-xzy o (Xx,7),xandy
¢ : . it passes through the point (X , y),xandy
1 E 5 F g s 2bove regression equation (v) ShO¥® ;h:::tlivpezlly.
at o ing the arithmetic means of x and ¥ series 1esP
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n easily be solved if we can make 2x =0 i Whicp

Note: Equations (i) and (iii) ca
- " 212( deviati fth
— | i 1ations of the i

n X ¢ obtained when the dev ¢ items o, "

. s b
The regression equations can easily

from the assumed mean. .
Ifu=x-aandv=y-bie if the deviations of

i en
from the assumed means a and b respectlvely, th

the items of x-series and y-serieg y, "
|

B
35=a+§r;q, y=b+7
nZuV—-ZU.ZV
n Zuv - ZuXv by = 1 3w — (2V)?

L by = Sz - (Zu)? ’

Now the equation can be obtained from using equation (iil) and (iv).

Properties of regression coefficients

Regression coefficients follow the following properties:

The regression coefficients are independent of change of origin but not of scale.

The correlation coefficient between the two variables 1s the geometric mean between the
two regression coefficients.

The product of the two regression coefficient is less than or equal to 1.

The two regression coefficients have the same sign. The sign of the correlation coefficiens
depends upon the sign of the regression coefficients. That is, if both regression coefficients
are positive, the correlation coefficient is positive and if both regression coefficients art

negative, then the correlation coefficient is negative.

correlation coefficient.

Worked Out Examples
Example 1

Find the correlation coefficient between

. on
coefficients of y on x and x on y are 0.84 ang | the two variables x and y when the regressi?

15 respectivel
Solution: y:

By given, by, = 0.84 and'b,, = 1.15

¢ = ,byx,bxy =\/0.84 x1.15=0.98
Example 2

From the following results, find the te

essi .
0,=20, 0,=15 and r=(4g Heselion Coefficients:

The arithmetic average of the two regression coefficients is greater than or equal to it
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X
0. §
I
W
h“i% o | |
P th sl b., = regression coefficient of y on x
: yx
i 15
M‘N =1 2= 048 x 55 =036
g x
y‘se”esw nd by = regression coefficient of x on y
20
o r =048 x T = 0.64
o, 5
F»W"'ple : 1 2 =12. Calculate X , ¥ , byx
Two lines of regression are x + 2y = 5 and 2x + 3y = 8 and 5,2 = 12.
: bx)n r and 6y2'
Joion: : v ). X .y being the average of
Since the two lines of regression pass through the point (x , y ), X , y being
| xand y series, SO |
ofscale. | X+2y=5 .. (1)
mean betweeni and 2x+3y=8 (1)
Solving (i) and (ii),
x=1, y=2
' ; = ¢ have
elation coefﬁqm From the regression equation X + 2y 15’ hid |
ression cofi® 1 5 s bgSes
iens® =-a>x+t5 I i ,
on coefficies y=-3x%3 |
. equation 2x + 3y =5, we have
T Again from the regression €q ;
an of eq“a 3 §_ bxy = _2-
X=-2Y73 |
NOW. T = byx-bxy
1 i) iy Ry
= — 5 X|— 2 2
& . 1
hen the redf Again, byx = 5
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Example 4 : ¢xonyandyon « are 1.5 and 0.65 respectivl X n»
iy find the two regression equations oo
0!

The regression d52 respectively

arithmetic means X and y are 36 an <
find the value of y when X = 60.
Solution: y
Here, by =1.5andbx= 0.65
Also, x=36andy =52 4
The regression equation of y on X is
y -y =by(x-X)
= y-52=0.65(x~36)
= y-52=065x-234 | ﬂlc"egrej
= y=065x+286 o 1) -
Again the regression equation of x on'y is . 3
X-X=byly-Yy) i
= x-36=1.5(y-352) ‘ .
= x-36=15y-78 .
= x=15y-42 .. (i1)
(i) and (ii) are the equations of two regression lines.
When x = 60, y=0.65 x 60 +28.6 =67.6

So, when x = 60, the value of y = 67.6

Example S

The following table gives the normal weight of a baby during the first six months of life:
Age in month: 0 2 3 5 6

Weight: 5 7 8 10 12
Estimate the weight of a baby at the age of 4 months

Solution:

Let x and y represent the age and the weight respectively

Computation of Regression Equation

X y U=x-3 | y=
y-8 2
0 5 3 3 “9 uv
2 7| 4 y 1 4
1
3 | 8 0 .
5110 2 5 ) 0
4
e —
—
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€
Sigy Vi | 6 | 12| 3
l%; u=1 zv=2 Sul=23 | Tuv=126
Here,n": 5’ u= l’ Lv= 29 Zu? = 23, Juy = 26
X a+3 3+ 5= 3.2
v 2
y =b+T=8+7=84
b _n Zuv — Xu.Xv
> nZu? — (Zu)?
=5><26—1><2_128
sx23_(1p 114~ 112
The regression equation of y on x is
y-y =bu(x-X)
= y-84=112(x-32)
= y-84=112x-3.584
= y=112x+4.382
Whenx =4, y=1.12 x4 +4.82=93
-, at the age of 4 months, the weight of the baby is 9.3
Example 6
Given the following data, calculate the mark in mathematics obtained by a student who has
secured 80 marks in English
Math English
" ' ' : 80 64
. months of Mean mark:

s.d. of mark: 3 4

Correlation coefficient between the marks of Mathematics and English = —0.40

Solution:

| Let x and y represent the marks in Math and English respectively.

Then, X = 80, y = 64, 0= 3 o =4 and r=-0.40

=r9‘x'=—0.4><%=—0.3

G)’
The regression equation of X on y is

b,

Y

x-i':bxy(y_?)
= x-80=-03(y-64
= x-80=-03y+192
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= x=-03y+ 99.2
=752
When y = 80, x=-0.3 % 80 +99.2=7

. the mark in mathematics is 75.2

i@f

n? Distinguish between correlation
n? Why are there in general two lines of regression?

and regression.
1. What is regressio

2. What are the lines of regressio

3. Find the correlation coefficients between the two variables under the following conditiopg

(if possible)

i) b, =18andb,=035

ii) b, =-0.24 and b, =-3.25

iii) the two regression coefficients are 1.36 and 0.8

iv) the regression coefficient of x on'y is 0.56 and that of y on x is 1.24.

4. Find the two regression coefficients from the following results
a) o0,=6,0,=12,r=08 b) Gx=8,6y=10,1’:—0.6

5. From the following pair of regression equations, find the regression coefficients,
correlation coefficients and the means of x and y series
a) 4x-5y+33=0 b) 3x+2y-26=0
20X—9y—107=0 6X+y—31=0

6. a) The regression coefficient of x on y is 0.32 and that of y on x is 0.73. If the arithmetic

means x and y are 40 and 35 respectively, find out the
i)  correlation coefficient between the variable x and
if) regression equations of y on x and X ony v

b) The regression coefficients of x on
arithmetic means of x and y series yand y on X are 0.84 and 0.32 respectively. i e

. p ‘ are 42 . .
lines of regression. Estimate the value of a\r:v(li1 26 re_Spectlvely, find two equations o;
30. Y When X = 20 and the value of x when¥

7. a) Find the regression equation of y on x when

) X =287 =36andb, =
") rx = 15, Zy=25, Zx2=55 Zyzz

b) Find the regression equation of x ony 140, =xy = 78,n=35

. —— _ when
l) X = 30, y = 45 and bxy - 0.32

ll) Y=6,y=ll zxy=306 2
’ ’ X2=164 T2
&Y =574, n=4

o
fin
fr

) Findth




r

C
orrelation and Regression Analysis

255

, o nacorrelation study, the following values were obtained |
: e HE
X 8
Mean : 64 b

Standard Deviation: 24" Z 22 i

Coefficient of correlation = 0,72 |

Find the two regression equations that are associated with the above values. :‘

‘ p) From the following data of rainfall and i : .
\\ production corresponding to the rainfall of 4%(£;Ctlon of rice, find the most likely

ess Rainfall Production ;.’ |
'0n? . (mm) (quintals) |
Wing oy . Mean : 35 50

ndm(l s.d.: 5 8

Coefficient of correlation = 0.8
¢) Given the following data relating the price and supply, estimate the supply when the

price is 50
Mean price = 100, Mean supply = 103
Variance of price = 64, Variance of supply = 16

§ Correlation coefficient between the price and the supply = —0.65.

9. Find the regression equation of x on'y from the following data
ff.m? x: | 5|9 |13B|17]2
jeiens,

n oot | y: | 3 g | 13|18 | 23

f Estimate the value of x wheny = 18.

10. Find the regression equation of y on x from the following data:

¢ the ait®®

| .
Estimate the value of y when x =12 -
¥ A. Make a group of 8 students in each group- Ask them to visit in different colleges, office to

ctivell: o coll ' ective blood pressure.
© Uaﬁons Z eCt.the1r ages and the resp . he ages and blood pressures of the people.
0 €4°° 9 a)  Find th lation coefficient between the ag
whe? 0. The gorrslakion ' d the blood pressures of the people.
of ¥ %)  Find th ion equation relating the ages an !
| e regression €4 f the person be given.

¢) Estimate the blood pressure when particular age 0

§ Answers
L 3o ssible v)0.83 4.2)04, 1.0 b) -0.48,-0.75
? : ii) —0.88 iii) not pol
S. 3 1 05,47
a_)4’5’ 9/20,0.6, 13,17 b)-2>76’ 0.3




6.a)i)0.48 ii)y=0.

b)y=032x+ 12.56, x = V.
7.a)i)y=0.5x+22 il
8.a) Y=096X+ 10.56, X =0.5

9. x =0.8y+26,17 10.y=-1

ll) X = 047 N
c) 119.25

Y+




Xx
1
lg\2

0
.47
574,
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Chapter 13
l’robability

N

Introduction

We have already discussed about the basic things of probability in grade X1. We hav also
solved some of the problems of probability without using combination. Now in grade XII, we
deal and sholve the prob}em of probability using combination and we also deal the dependent
cvents and then the conditional probability. For easiness we review some of the related terms of
the probability which are given below. '

Mutually exclusive cases (events)

Two or more events are said to be mutually exclusive if their simultaneous occurrence is
not possible. If a coin is tossed either head or tail will occur, so head and tail are two mutually

exclusive events.

Favourable cases

The cases or the outcome
are known as the cases favourable to that event.

In throwing a die, the cases favourable to "getting an

s of a random experiment which entail the happening of an event

dd numbers" are 3.

Independent cases (Events)

Two events are said to be indeper
occurrence of the other. If a coin and a
effect the getting 1 on the die.

dent if the occurrence of one event does not effect the
die are thrown, the turning head up in a coin will not

Permutation and Combination

Permutati
Utation .
means the arrangement of objects in some order. Below, we

Permutation of a set of objects
‘ sithout their proofs.

list some of the important formula Wi

(@) The total number of permutation
P (n, r) or 7P, is given bY

of asetof 7 different objects taken r at a time denoted by

!
= PP =g 57

o (

Where n ! = factorial n = 1.2.3. .o

i e, ey g = i - T e
e —— ] 7T 1 B 1 1 7
e
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S
¢
mltoS 3
icular, 5! =the continued product fro
In particular, 5:
p =12345
=5x4!=5x4x3! ereE‘
i 1=1) 4
E =P(n, n)=n! (0! | 0
Also P, n objects taken all of them at a time Wherep Qf W

ations of a set of

t . hem of the third kind is
(b) The number of permu ond kind, r of t ‘
them are of one kind, ¢ of them v epeﬂden
| B e
_,".'_—' w0 ¢
par .Mffects1
et
Combination . .

Combination of a set of objects means the selection of objects without regard to any orgy Ab"gt
its ro

of arrangement. . ; dis?
(a) The total number of selections of a set of n different objects taken 7 at a time denoted by gstdr
C (n, r) or "C, is given by 1210
n! “mE n

) C=CnN=G a1 =)

ii) C,="C,.,
iii) "Cy=C(n,0)=1
iv) "C,=C(n,n)=1

While solving the problems of probability, combination must be used of objects are taken
more than 1 at a time. We can use combinaion in case of the problem in which the object is
taken one at at time also.

Definition of Probability

If there are n exhaustive, mutually exclusive and equally likely cases and m of them 4r

favourable to an event E, then th ili . :
dofined by n the probability of the happening of an event E denoted by P (E)¥

P(E)="

The probability P (E) of happening of an event E satisfies t

0<PE)<l. he following property

This definition is also known as Mathematical definitiop of probabili
obability.

Cor.1 (i) IfEisanimpossible event then p (E)y=0
(if) IfEisasure event then P (R = |

Cor. 2 The sum of the probabiliti
p ilities of the OCcurrence ang non-occ f nt is unity-
urrence of an eve ’




mew

rd to aﬂy "

|
|
|

jects are
h the objee® |

»ert)’

r -
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are kno
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If the probability of occurrence of an event is de
sc is denoted by P (E) noted by P (E), the probability of its non-

S~ P(E)+PE)=1

Here E and E , the two mutually exclusive eve
wn as complementary events. nts, the sum of whose probabilities is unity,

pependent Events

Two events are said to be dependent if the probability of the occurrence of one event in a

irial affects the probability of the occurrence of the event in the other trial

Let us see the following example.
A bag contains 4 red balls and 6 white balls. A ball is drawn and found to be red. Now, we
find its probability. | , We
1st draw:
n = total no. of balls =4 + 6 =10
. m=no. of red balls = 4

P (red ball) =?

m_ 4
P(redbal) =" =793
If the ball drawn is not replaced, then the balls left in the bag are 3 red balls and 6 white

balls. Again we draw a ball, and found to be red.
2nd draw:
n = total no. of balls =3 +6="9
m = no. of red balls =3

P (second red ball) = ?
1
P (second red bal) =" =9~ 3

B
w

ball in 2™ draw ie. P(2™ red ball) is different from the

ie. P(1% red ball).
ability of getting second red ball depends upon the

¢ case of dependent events.

Here the probability of getting red
probability of getting red ball in first draw

This experiment shows that the p.rob
Occurrence of the first red ball. So, this 18 th

Conditional Probability he probabili
Then the proba

ccurrence of event A whe
Let A and B be two dependent events. : ty of 0 1
urred 18 known as

the conditional probability of the
e event B given that the event A

tis given that the dy ocC
event B has already -
event A. It is denoted by P(A/B). Similarly: (¢ probability of th
3 already occurred, is denoted by

P(B/A) P(A/B) and P(B/A) are calculated by the following




I
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PANB p@B)#0
P(A/B)=’Lﬁ('§)'l’

P(B/A) = 2 A P(A) ’

and P(A) ’ f the events A

P(A N B)is th probability of the simultaneous occurrence o and B,
when P(A 1s the

ndent events

h their respective probabilities P(A) ang P@
denoted by P(A and B) or P(A  p, "

Multiplicative law of probability of depe

Let A and B be two dependent even
Then the probability of their simultaneous
P(AB) is given by

ts wit
occurrence

P(A N B) = P(A).P(B/A)

where P(B/A) is the conditional probability of B given that the event A has already occurreq

Also, P(A N B) =P(B).P(A/B) '
when P(A/B) is the conditional probability of A given that the event B has already
occurred.

Note: If A and B are independent events then P(B/A) = P(B) and P(A/B) = P(A) so that
P(A N B)=P(A).P(B)
Let us have the following example:

From a well shuffled pack of 52 cards, two cards are drawn one after another (i
succession). Find the probability of getting first red card and second black card. It is given that
the first card is not replaced before the second card is drawn.

Let us define the following terms.

R : Event of getting red card

B : Event of getting black card

There are 52 cards, 26 of them are red and 26 are black.
1st draw:

n = total no. of cards = 52

m = no. of red cards = 26

P(R) = P(red card) = ?

2nd draw:

n = total no. of cards = 51
m = no. of black cards = 26
P(black card) = P(B/R) = ?

e




t B hasalm;

P(A) 50 thy

\fter another i

4. It is givent
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m_26
pBR) =7 ~ 51

Now, PR B) = Prob. of getting first red caid and second black card

~PR) . PBR)=3.55-13

Tree Diagram

Here, WE deal .Wlth the simultaneous occurrence of two or more events. TWwe consider
heir different P05§1ble outcomes and their respective probabilities. These different possible
outcomes and thpu respective probabilities can be presented in a diagram known as the
probability tree dlagram or simply tree diagram. This diagram consists of a set of line segments,
cach line segment 1n each branch shows one of the possible outcomes with its probability. Also
with the help of the tree-diagram, the probability of the simultaneous occurrence of the events of

the random experiment can be obtained as the product of the probability of the individual events
using the path of the line segment representing the event.

Worked Out Examples

Example 1

A bag contains 4 white and 8 red marbles. If a marble is drawn, what is the probability that
(i)itis a white marble (ii) it is a red marble.
Solution:

No. of white marbles = 4, No. of red marbles =8

Total no. of marbles = 4 + 8 =12 :
n = total no. of possible cases = 2C1 = c(12,H=12

) m=no. of favourable cases = c@, n=4
m 4 1
P(a white marble) =7 =12 =3
) m=no. of favourable cases = c@s,1)=8
m e
P(ared marble) = =727 3

Example 2

From 24 tickets numbered from 1 to 24, on® ticket is drawn at random. Find the probability
ets nu. ?

that it g a) an odd number b) 2 multiple of 4 0F 6.
Solution;

Total no. of tickets = 24
No. of ticket taken at a time = 1
N = total no. of possible cases = C(2

4,1)=24
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a) For odd number

No. of odd numbers = 12 o
m = no. of favourable cases =C(24,1) .

m 12 1

— —
—— S

P(an odd number) == 24 2

b) Multiple of 4 or 6
The multiple of 4 are 4,8, 12, 16,
The multiple of 6 are 6, 12, 18,24
The multiples of 4 or 6 are 4, 6,8, 12,
m = no. of favourable cases = C(8, 1) =8

20, 24

16, 18, 20, 24 i.e. 8 numbers

P(a multiple of 4 or 6) = 1 =243

Example 3

A bag contains 4 red and 6 white b :
probability that a) both are red b) both are white c) they are different colours.

alls. Two balls are drawn at random. Find the ¥

Solution:
No. of red balls = 4, No. of white balls = 6
Total no. of balls=4 +6=10 No. of balls taken at a time = 2

. 10x9
n = total no. of possible cases = C(10, 2) = X1 45

a) For both red balls

m = no. of favourable cases = C(4, 2) = g : i’ =6
m_6_ 2
P(both red balls) = n=45-15
b) For both white balls
m = no. of favourable cases = C(6, 2) = 6 ; 3 15
i e B
P(both white balls) = n=45-3

c) For different colours i.e. one red and one white
m = no. of favourable cases = C(4, 1) x C(6, 1)=4 x ¢

P(two different colour balls) =— =12 _ 8

Example 4

Suppose 3 cards are drawn from a we]] sh

of getting a) all black cards b) all are spades 9 uffled deck of 52 cards. What is the probabi]“y

tWo are aces,
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solution: -

; Total no. of cards = 52, No. of black cards = 26

| No. of spades = 13, No. of aces = 4

No. of cards drawn at a time = 3

_ _52x51x50
i o = total no. of cards = C(52, 3) = g =26 17 %50

5 For all black cards
- _ 26 x 25 x 24
m = no. of favourable cases = C(26, 3) = T TR L 4

m 26x2
P(all black cards) ==~ = W;:;O _ %

) For all spades

‘ " B 13 x12x11
at randop il m = no. of favourable cases = C(13, 3) = raxl - 13x2x% 11
s m 13x2x1 11

P(all three spades) =" =75¢"17 x 50~ 850

¢) For two aces: i.e. two aces and one other than ace

m = no. of favourable cases

=2
= two aces from 4 aces and rest 1 from 48 other cards
=C(4,2) x C(48,1)
4x3
=2x1><48=6><48
P m 6x48 T2
(two aces) =77 =26 x 17 x 50 5525
Example §
A comimittee of 5 is to -be formed out of a goup of 8 men and 6 women. Find the
Probability that in the committee there will be a) 3 men and 2 women b) 2 men and 3 women ¢)
3 men and 2 women or 2 men and 3 woment
SOIuti()n:
No. of men = 8, No. of women =6
Total no. of persons = 8 + 6 = 14
No. of pe ken at a time =5
persons taken a 14X13x12><11x10=14><13x11
= total no. of possible cases = c(14,5) = 5x4x3%x2 .
a
| ) For 3 men and 2 women ;
Obﬂbih' 3 men from 8 and 2 women from 6 are to be selected.
e f’ m =g, of favourable cases
15 _
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gx7x6 6%2_56x15
=C(g.3)xC(6.2)‘3x2xl 2 %

Csexl15__
=14x13><11

60
"% 143
P(3 men and 2 women) =

b) For2 men and 3 women o
2 men from 8 and 3 women from 6 are t0 be selec

m =no.of favourable cases
8x7, 6x5%2_ 9820
=C(8,2)XC(6,3)=2X1 3)(2)(1

m
P(2 men and 3 women) =

Example 6

A and B are two events such that P(A) =
P(A/B) and P(B/A).
Solution:

Here, P(A) = 0.45, P(B) = 0.60 and P(A U B) = 0.90

P(AUB)  =P(A)+P(B)-P(ANB)
— 090 =0.45+0.60-P(A N B)
= P(ANnB) =0.45+0.60-0.90=0.15

_P(AnB) 015 1
Now, P(A/B) =""pgy"~ =060 4

0.45, P(B) = 0.60 and P(A U B) = 0.90, fi

_P(AnB) 0.15
PB/A)="p(a) 045

1
3
Example 7

If P(A) = 0.40, P(B) = 0.32 and P(B/A) = 0.5; find P(A/B).
Solution:

Here, P(A) = 0.4, P(B) = 0.32 and P(B/A)=0.5

_PANB)
P(B/A) s
= 6.5 =I%)

= P(AmB)=0'5X0.4=0-2
Now, P(A/B) =2A0B) _ 0.2

= —

5
P(B) ~03273%
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Wﬂk 8

The probability that a student passes in E i 3
conomics 1s 7 and the probability that he/she

. ko woi Y .
. in Economics and Marketin —. Fi .
pabses in g 18 o Find the probability that he/she will pass in
| Marketing given that he/she has passed in Economics. ’

|

Solution:

P(E) = Prob. of passing a student in Economics = 2

BN

p(E N M) = Prob. of passing in Economics and Marketing = %

P(M/E) = Prob. of passing in Marketing given that he/she passed in Economics

PMNE) 712 7 4 1
P(E)  3/4 9

AUB)~y,  Now PWE)- X3

Example 9
In a certain college, 80% of the students passed in English, 75% passed in Mathematics
and 60% passed in both English and Mathematics. A student is selected at random
a) What is the probability that he/she passed in Mathematics given that he/she passed in
English. > r :
b) Find the probability that he/she will pass in English if he/she pass in Mathematics

Solution:

E : Event that the student passed in English

M : Event that the student passed in Mathmatics o
By given, P(E) = 80% = 0.80, P(M) = 75% = 0.75 and P(E N M) = 60% = 0.60

MAE)_060_3
a) P(ME)=""pE) 080 4

 P(MNE)_060_2
b) PEM)="panr 075 3

E"ample 10

A coin has tossed twice and possible outcomes are assumed to be equally likely. If E

fepresents the event that both coins show the same face and F, the event that at least one head is
observed, Find P(E), P(F), P(E/F) and P(F/E)-
Solution;

and tail (T)- So, when two coins are tossed, the possible

. A coin has two faces head (H)
Utcomes are HH, TH, HT, TT

*. sample space (S) = {HH, HT,
E={(HH,TT} = nE)=2

TH, TT} = (9 =4
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(
F= (HT, TH,HH} = “(F)zg 1 - oW
Enf-q = MENDTT _nENF) _1
n(E)_2_| P(F)=Egl)=2’ PENF)TTns) T4 s
P(E)=15) =4~ 2" : | 01
EnF_l4_1 gnd
Now, P(E/F) = P(F) “3/4 3 A o
EnF) 1/4_1 ﬂ/l
and P(F/E)="pE) 12 2 '
, p(W
Example 11

nal probability that the number in each fy,,

- imes. Find the conditio _ .
A die is rolled two times m of the numbers appeared in the faces of die is obsery

to be 8. NoW
Solution:
The die has six faces and marked 1, 2, 3, 4, 5, 6 in the faces.
E={1,2,3,4,5,6} = n(E)=6
n(S) = total number of elements when die is rolled two times = 6 x 6 = 36 Wi
A = event that the number in each face shows odd number Ryt
= {(1, 1), (1, 3), (1, 5), (3, 1), (3,3), 3, 5), (5, 1), (5, 3), (5, 5)} Ist
= n(A)=9 |
B = event that the sum of the number in the faces béing 8 u
={(2,6),(6,2),3,5),(5,3) (4,4)} Ind
= nB)=5 n=i
AnB={3,5),(5,3)} =>nAnB)=2 m=
P(ANB ' '
Now, P(A/B) = ( P() )_ ggg =% AR,
Example 12

There are 6 red balls and 3 white balls i
the other without replacing the first drawn tsnal L P Two balls ptaaa L aﬁer

b) first is white and second is red. Il Find the probability that a) both balls ar¢ il

Solution:
a) W, :event of getting white ball in first draw
W, : event of getting white bal] jn second draw
1st draw:

n=total no. of balls=6+3 =9

m = no. of white balls = 3
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p(W1) = P(first white ball) = ?

gince the ball drawn is not replaced, so no. of balls left=9 — | = 8
and no. of white balls=3 -1=2

2nd draw:

n = total no. of balls = 8

m = no. of white balls =2

.umber l[l | P(Wz/w l) =1
S of . . Wy '
d'elsoh;f_ P(Wo/W)) =%=%=%

t Now, P(W, "' W,) = Prob. of getting both white balls
=P(W,).P(W,/Wy)
| | 111
' T34 12

36

b) . W, : Event of getting white ball in first draw

R, : Event of getting red ball in second draw

1st draw:

‘31
PW) =5 T078
2nd draw:

n=total no. of balls=9-1= 8
m = no. of red balls =6
P(Ry/W,)="?

P(W, " R,) = Prob. of getting first white and second white balls

¥
ndom 5 _ P(W,) PRSWY)
i b 131
a =324 |
Alternatively: After understanding the question, we can solve the above problem in the
2)  P(W,) = Prob. of getting white ball in first draw

3.1
93

Again P(W,/W ) =7
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2_1
P(Wzlwl) § 4

! LL
P(W, " W) —P(W)P(Wo/W)’ 12

S

——c

)

——

i P(W, N R,) = Prob. of getting first white and second red ball = P(W,).P(R,/W,)

1 2)

e 1 3 ;
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Example 13

Two cards are drawn from a well-shuffled deck of 52 cards. The cards drawn are one g,

aces b) first is red card and second black card.

Solution:
Let A,;: Event of getting an ace in first draw A,: Event of getting an ace in second draw

a) Total number of cards = 52

— No. of aces =4

n = total no. of cards = 52

' 1st draw:
l m = no. of aces =4

P(A,) = Prob. of getting first ace =

The card drawn is not replaced. So, no. of cards left = 52
2nd draw:

n = total no. of cards = 5]

—~1 =35]

time and before the second draw, the first is not replaced. F ind the probability that a) both s :

Nov

m=no. of aces=4 -1 =3

P(Az/Al) = ?
P(AJA,) ———%zl%
P(A; N Ay)

= Prob. of getting both aces

\

177207
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ty that a) by,

4
§

|

 1n second dw

g Lt R

Probability

- Red card in first
st draw, R,: Black card in second draw

{st draw:
n = total no. of cards = 52

m = no. of red cards = 26
PR) = Prob. of getting first red card = ?

m 26 1
PR)=5 = 5272
The first card drawn is not replaced.
, 2nd draw:
n = total no. of cards =52 —1 =751 ‘
m = no. of black cards = 26
P(ByR) =7

m 26
P(By/R,) = a5l

Now, P(R, " B,) =Prob.of getting first red and second black card
12 |
= P(Rl)P(Bszl) = E . -5_1_ == 51

Alternatively: The solution can be made short in the following way.
4

2) P(A,)=Prob. of drawing an ace in first draw = 55

P(A,/A) =7
3
P(A,/A) K _S_T
P(A,NAy) = P(A,).P(AY/A) =57 51221

Similarly (b) can be solved.

Example 14
Fro :
TR, Male Female Total
54
Smokers 48 64 >
Non-smokers 112 3
| 160 40 200
Compute the probabilty of selecting

smokers
¢ non-smoKkers-

a) male given that they ar¢
b) female given that they af

269
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oy : -smoker
s""‘"""'M 1 F : Female g : Smoker; N : Non-§
M : Male, o ,
Total no. of people = n(U) = 200 .
No. of male smokers = n(MNS)= y
No. of female non-smokers = n(FN)=

No. of smokers = n(S) = 54

No. of non-smokers = n(N) = 146
nMS) 48 o

Now,
P(MNS) 48/200 8

a) P(M/S)=""p(g)™ ~547200 9

P(FAN) 34200 17
P(N)  146/200 73

b) P(F/N)=

Example 15

What is the probability that a couple’s second child is a boy given that their first child isa
girl?
Solution:

A couple has two children. The child may be a boy or a girl. Let B and G represent Boy
and Girl respectively.

. sample space = S = {BB, BG, GB, GG} = n(S)=4
E : Event of first child is a girl
E = {GB, GG} = nE)=2
F : Event of second child is a boy
={BB,GB} = n(F)=2
EnF={GB} = nEnNnF)=1

n(E) 2 2 .
P(E)=ni(§)2=z, P(F)=Z and PENF)=

FNy-

PENF) 1/4

P(E) " 24

Now, P(F/E) = o %

Example 16

A box contains 8 red and 6 white 1,
that the balls are not replaced before (. alls. Two Successive drawing of 2 balls are mad¢ o

will give 2 red balls and second 2 whid szjl(;ond trial. Find the probability that the first draw!

Solution:

No. of red balls = 8, No. of White bajg = 6

Now,
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Total no- ofballs=8+6=14
No. of balls drawn at a time = 2
st graw: For red balls

14x13'

- total no. of possible cases = C _14x13
= no. of favourable cases = _8x7

m=n ases C(8,2).2)<1=4><7
first 2 red balls) = P(R _m_4x7 4

P(h )=P(R)) n"Ix13°13

The two red bvalls drawn are not replaced.
2™ draw: For white balls
Total no. of balls =14 -2 =12

12 x 11

n = total no. of possible cases = C(12,2) ==~ =6x 11

6 %

m = no. of favourable cases = C(6, 2) = X1 3x5

m 3x5 5
P(W>/R,) THTExAL 2

Now, P(R, "W, =P(R,).P(W/R)
4 5 10

___—X._-____—

137227143

(Use combination for problem no. 1 also)

—

huffled deck of 52 cards. What is the probability that it

d card?
d 4 black balls. A ball is drawn at random. What is

a) A card is drawn from a well s
is (i) a spade (ii) an ace (iii) 2 1€
b) A bag contains 9 red, 7 white an c . "
the probability of drawing (i) a red ball (ii) a red or a white ball?
¢) From 20 tickets marked from 1 to 20, one ticket is drawn at random. Find the
probabillity that it is (i) an even number (i) 2 multiple of 4 or 5.
N drawn at random, find the
a) An i te and 4 red balls. If two balls are draw f
pro;:tr)lil(i::)yn':)a;ngsegi :;hzif): both white balls (ii) both red balls (iii) they are of different

col i
ours. £ two students are chosen at random, what is

40 girls. I

b .
) f;l: l;lrs;bi(l):illsilt;tst}?:té(?) :(;)t/}i :?ed .\ both are girls (iii) one boy and one girl?
¢) Two cards are drawn from
getting (i) both red cards

k of 52 cards. What is the probability of

11 shuffled pac
(ig ‘l))V:th kings (iii) on€ red and one black card?
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b)

c)

b)
c)
d)

b)
a)

b)

b)

. GRADE XI!
BASIC MAT!

ed from 7 men and 6 women. Wy, »

form ..
s are to be ii) 2 women and | S the
A committee Of';' m:l;ti)ﬁrbe (i) 2 men and 1 woman (i1) man (i
bability that ther 704 | man.
g::n and 1 woman or 2 women aﬂdom from a well shuffled deck of 52 cards. _
an

drawn at T (i) all 4 are black (iii) three of the cardsata ;2

Suppose 4 cards ar¢ ) all 4 are spades

the probability that (i
o mar
:\n urn contains 4 th:te, (6 )red and 5 green
the probability of getting 1
red marbles (iv) all are of the sam
If P(B) = 0.60, P(A N B) =0.48, find P(A/B).
If P(A) = 0.56, (AN B) = 0.21, find PI(B/A). ) e
1 — - find P(A/B) an ;
IfP(A) =, P(B) =3 and PA N B) =5 find P(
48, find P(A/B), P(B/A).

bles. If three marbles are dawn

2 white and 1 red marble (ii) one of each coloyr (

e colour.

If P(A) = 0.42, P(B) = 030, P(A U B) = 0.
If P(A) = 0.5, P(B) = 0.8 and P(B/A) = 0.4, find P(A/B).
If P(A) = 0.36, P(B) = 0.5 and P(A/B) = 0.60, find P(B/A).

. . 5 oy
The probability that a person uses NTC mobile is g and the probability that a person

uses both Ncell and NTC mobile is %. What is the probability that a person uses

Ncell given that he/she has used NTC mobile?

Ina ce‘rtain college, 75% of the students passed in Marketing, 60% of the students
passed in Account and 45% of the students passed in both Marketing and Account.
A student is selected at random. Find the probability that

i)  he/she passes in Marketing given that he/she passes in Account.

ii) he/she passes in Account if he/she passes in Marketing.

The probability that a man likes badminton is 0.60, the probability that a man lkes
table tennis is 0.5 and he likes both badminton and table tennis is 0.25. Find ¢

probability that
1) he likes badminton given that he liked table tennis
ii)  he likes table tennis if he liked badminton,

A coin is tossed two times and the
likely. If E represents the events t
represents the events that at leagt o
P(F/E).

possible outcomes are assumed to be equil
hat both head and tail have occurred anand
ne tail is observed, find P(E), P(F), P(E/F

b)

i)y A 'die is rolled once. What is

if) Two dice are thrown once
each face show the same
faces of the dice is observe

. 0
Find the conditional probability that the num?®,
number if the sum of the numbers appearc

- dto be greater than 9
A lot containing 9 items of whjc}, 3 3

at random one after another without are defective, Two items are chosen fro™




).

|
f

bility that s pcm}
that a person

)% of the sud
ting and AW

nt.

y that

is 025 i

b)

¢)

d)

b)

A.  An incomplete tree-diagram is given

Probability
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i)  both of them are defective
ii) both of them are non-defective
iii) first is defective and second not
A box contain 4 red anc ite
16 white balls, Two balls arc drawn one after another. If first

all is not replaced e ;
l;rc white i) gm; ar: ‘r’(‘;grc "ht .bccond ball is drawn, find the probability that i) both
1) first red and second white iv) one red and one white

box contains .
?u pein e, ?)nr:% 40:‘\;th§11d S blue ball‘s. From this box 3 balls are drawn in
hite and blue if y o ind the probability that they are drawn in order red,
whi ue if each ball is not replaced before other ball is drawn.
g"g a(r:g;difi;\e (}rawn s.uccesswe.ly one afier the other from a well-shuffled pack of
- It the first card drawn is not replaced, find the probability that i) both cards
are black i1) first is black and second red iii) both cards are kings.

The following table gives the information about the skilled and unskilled workers of
a factory

Workers Male Female Total
Skilled 75 50 125
Unskilled 50 25 75

Total 125 75 200

A worker is selected at random. Find the probability that the selected worker is a i)
male given that he is skilled ii) female given that she is unskilled.
A factory has some automatic and some mechanical machines. Some of these

machines are new and some old.

Machine | Automatic Mechanical Total
New 40 30 70
Moiksoiiul
old 20 10 30
60 40 100
Total _
A machine is selected. Find the probability that

it is automatic.
t it is mechanical.
balls are drawn in succession)

i)  the machine is new given that

ii) the machine is old given tha
below (two

a) Complete the above tree diagram.

b) Show that the tot

al probability is one.




Sambint
T A

¢)
d)

B. A bag contains 4 ¢
drawing of each of t

La)i)g
2.a)i);—;i
i)t
3.a)i)%
c)i)43765
4.a)§

6. a)%

8.a) i)%

BASIC MATHEMATICS: GRADE XIl

: . )
1

ils. An i
d 2 pencils.
uccession is presented below

Find the probabilit

opies, 3 books ?n
he three items 111 §

Complete the tree-diagram.

Find the sample space.

Show that the total probability is one. ‘

Find the probability P(C, N B,) (C; — copy drawn in 1* draw)
Find the probability P(B, N B,)

Find the probability P(P, N C,)

1 Answers
§oig T 4
i) T3 iif) 5 D)3 if) 5 3 i)%
l cea 59
VI B33 Bbig 025 16
1: 33 ) 1) 165 11) 165 111)§
ii)ﬁ m)ﬁ
... 105
Vs 3 b
24 12
11)9] 111)5 iv) 43%
é 2 2 4
V% 93,5 d)§,§
.3 3
b) )z if) 5 & i)%

b) i)%

ST i) ﬁ

ncomplete tree-diagram g,

1) %

()Wing lhe
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Binomi3| Distribution

e
aln . . .
0 when a coin is tossed either head or tail wi
0\%{ will turn up. The probability of getting each of

Probabili
N 275

" ail when it is tossed is 5 . So, i o '
$  pead OF 2 , If a coin is tossed 100 times, the expected no. of heads

1
ill be 5 % 100 = 50 ti is is sai
um P will be 5 imes. This is said to be the theoretical frequency of head. The

dislriputionh for;](])i)dtige such 'an' assumption is known as the theoretical distribution. But in
practical when § a coin 1s tossed, only 10 times head or 80 times head may occur.

\ An experlﬁﬁnt with only two types of.outcomes is known as Bernnoully process. The two
outcomes are 0W1} as success and failure. For example: tossing a coin, result of an
examination, production of bulls etc.

Binomial Distribution

The discrete distribution derived from Bernoully process is known as Bin
distribution. The distribution is also known as Bernoully distribution. The basic assumption
under which Binomial distribution is based is given below:

a) Random experiment should be performed for the fixed number of times.

b) The experiment should have only two mutually exclusive outcomeds ‘success’
“failure’.

¢) All the experiment perfo

d) The probability of success should be constant for every experiment.

omial

and

rmed should be independent of one another.

Probability function of the Binomial distribution
If the probability of a success in one trial is known, the
two, three, ...... n trials can be known.

Let n=no. of trails performed
p = probability of a success in a trial

q = probability of 2 failure in a trial

probabilities of success of one,

AR RN

such thatp +q =1

r = no. of successes in n trials |

then P(r)=Px=1) = Prob. of r successes 1
= ncr pr n-r

=C(n, D) P9 .
y mass function for the random variable X; n and p (or q)

n n trials

~ This is known as the probabilit
bemg the two parameters.

1 successes obtained by putting r = 0,1,2,3,...... ,nin

_ The probabilities of 0, 1,2, 3 -
(@) are listed below.

|
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esses
Prob. of r succ
r (No. of o
successes) :
P(0)=49

"1 pw=rCip'a"”
| p@)="CPq""’

S 20 — o
P(n) ="C,p"q° =P

1 successes in n trials listed above are the successiye
b

Thepmbabilne 60, Ly o0 oo ‘Hence the distribution is known as the Binomig)

terms of the binomial expansion of (q + p).“- :
distribution or Binomial probability distribution.

Mean and Standard deviation of Binomial distribution
If n=no. of trials, _
p = probability of a success in one trial

q = 1 — p = probability of a failure, then

{ !l mean of the binomial distribution = np
1 and the variance of the binomial distribution = 62 = npq
: ‘ so that the standard deviation (c) = \/n_pq
‘ ' where the two constants n and p (or q) are known as the parameters.

Characteristics of Binomial distribution
Binomial distribution has the following characteristics

| a)  Since in a binomial distribution, the random variable X as
1 . 1,2,3,...... so the distribution is the discrete probability
g b) Knowing the two parameters n and p,

sumes only the integral values 0,
distribution.

| binomial distribution can completely be determined.
¢) The variance of the binomial distribution is les

q<l.

AN | i O I NNU]
{1

s than the mean i.e. npq < np as p < | 04

1 T
d) Ifp=q=7, the binomial distribution is Symmetrical

1
< — 3 s . . " .
e) Ifp , the binomial distribution jg Positively skewed and if p> | ot i gatively

skewed. -
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Worked Out Examples

mmP’e 1

A Symmetncal die is rolled 144 times. Getting an even number is assumed to be a success

) Find the mean and standard deviation for the binomial distribution

p) Also verify that variance is less than the mean.

Solution: '
There are six faces marked with 1, 2, 3, 4, 5 6 in a die. 3 faces of them have even

pumbers.

| W
B | —

p = prob. of getting an even number =

1
2

n = no. of experiments = 144

1
q=1—p—l—2

) e e 1
Mean of the binomial distribution = np = 5% 144 =172

o fraax Ll
sd.=o=1npq="\[144 x5 x5 =

b) Variance = o2 = (t)2 = 36
and mean = X = 72
Thus, variance < mean.
Example 2
The mean of the binomial distribution is 42 and th
2) Is the above statement consistent?
b) if consistent, find p, qand -

e variance is 28.

% Here, mean =X =42, variance= o? =128

Also,mean=np = 42=0Pp - @)

Again, variance = npq = 28=npq ----* (11)

From (i) and (ii)

< 1. so the given statement 18 consistent.
q = ’

J/
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Wi
il

From (i), 42=nX*73
n=126

e3 ~ _ >
Ew"g:r a binomial distribution, n = 3,p=04, find P(X =0), P (X=2)and P(X> 1),
Solution:

Heren=3,p=04,q=1-p=1-

PX=r=Pr)  =C(n,npq"

PX=0)=P(0) =C(3,0)(0.4)°(0.60°
=1.1.(0.6)*=0.216

P(X=2)=P2) =C(3,2)(0.4)?(0.6)*2

_3x2

2x1

PX=r21)=P(rz1)=1-P(0)

=1-0.216=0.784

04=0.6

=(0.16) x (0.6) = 0.288

Example 4

If 20% of the bulbs produced by a machine are defective, determine the probability that out
of 4 bulbs chosen at random i) no bulb is defective ii) one is defective.

Solution:
n = no. of bulbs =4
p = prob. of a defective bulb = 20% = 0.2
q = prob. of a non-defective bulb=1-02=( g
P(r) = C(n, r) prq-r
1) r=no. of defective bulb = (
P(r=0)=C(4, 0) (0.2)° (0.8)¢-0
=1.1.(0.8)* = 0.4096
i) r=no. of defective bulb = |
P(r=1)=C(4, 1) (0.2)2 (0.8)+-!
=4.(0.2) (0.8)* = 0.4096
Example 5

A die is rolled 4 times. If getting 2 or 4 ig 5

one success ii) at least one success iii) no more ths;‘:f"evSS, find the probability of getting (1
0 successes.

) ol‘lly
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Probability
,,m‘on:
2 o =10 of trials = 4
221
p= prob. of success = 6=3
. _ _ l 2
q=prob. of failure=1-p=1 -3=3

=) = P(r) = Prob. of r successes in n trials
— C(n, I') prqn—r

e 8 6

i) P(r=0)=P(0)=Prob. of no success

cwoldf ()"

16 16
‘81 81
P(at least one success) = P(r = 1)

16 65
=1-PO)=1-%1731

i) P(r=2)=P(2)=C(4,2) @2 @42

4x3 1 4_38
“2x1°9%9727
Now, P(not more than two SuCCesses)
—P(r<2)=P(0)+P() + P(2)
16 32,8 8

=818l *2779

=1.137

Example 6
ah Four coins are tossed simultaneously: What is the
heads ¢) no head d) at least two heads.

Solution;
N=no, of coins = 4

' 1
P =prob. of getting a head =7

1
9= prob. of getting a tail =3

P(r) = Prob. of r successes = C(M, npq’

279

probability of getting a) two heads b) all
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= = 2
a) No.of heads =T | 2(1)4 L
p(r=2)=P@2)=C42) (2) 2

4x3 1 13
=—_2"X4X4 8

b) No.ofheads=r=4

re-o-na-cu o ()
1

“16° 16
c¢) No.ofhead=r=0

P(r = 0) = P(0) = C(4, 0) (—12-)0

oa

i 1 1
_1'1'16_16
d) No.ofhead=r=1

1\ /1)4-1 p=pﬂ
P(r=1)=P(1)=C(4, 1)(5) (5) ;
B 3
=438 4 2 |
P(r>2)=1-P(0)-P(1) 3
1 1 11 1,
171674716 Agair

Example 7. >

The average percentage of a failure in a certain examination is 25%. What is

probability that out of 5 students a) 1 will pass the i 1t |
B 1n ents Wi
pass the examination. ation ii) two or more stud

Solution:
n = no. of students = 5

p = prob. of a success = 75% =

Al

q = prob. of a failure = 25% =
P(r) = C(n, r) pq"-r

a) No. of students passed = |

remyero-as G

1
4
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256~ 1024
1\s-o
- pe=0)=PO) = C6, 0)() (4)
A1
=1.1.7024 = 1024

Now, P(r=2) =1-P(0)-P(1)
1L 15 63

=1-T02a T~ 6a

Example 8 |
A bionomial distribution has 5 independent trials. If the probabilities of 1 and 2 successes

1 ) .
m_‘l; and 3 respectively, find p and q. Also find P(r = 3).

Solution:
1
Here, P(r = 1)=P(1)=Z’ Pr=2)=PQ2)=73,n=95

p=prob. of asuccess ,  q=prob. of failure

P(r)=C(n, r) p'q"~ "
= P1)=C(, )p'q’!

1 .
> 3= S5pq* ...... (1)
Again P(2) = C(5, 2)p*q° 2

1 5x4 .
= FTTE R
1

=5 3= 10p2@®@ - (i1)

From (i) and (ii)
14 _ Spqt
13 10pg?

-
-
B
AT i
£ -
t i85 -
N
i
i I
i -
= |
£ o I
= N
g ‘g -
i) l
=
|
=
i
-
@
| E
-
|
|
! £
s B
-
i I
=
-
i
E
i
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2. 3
and q=1-p=1-5%5%

Now, P(3) = C(5. 3) @‘ @5 3

144
5x4x3 ._8_. 2—:”
=Tx2x17125" 25 625

Example 9 . . g
"I"’i,nd the probability that a family with 3 children hlas a) 2 boys and 1 girl b) 2 girls anq | ¢
boy ¢) no girls. Assume that boy and girl are equally likely.

Solution:
n = no. of children=3

s v R

p = prob. of a boy =

—_ N

q = prob. of a girl = )

& P(r) = Prob. of r successes = C(n, r) p'q" "

i a) r=no.of boys=2
N2 (1\3-2
P(r=2)=P(2)=C(3,2) (5) (5)
? 1 13
=3x3%27%

b) r=no. of boys =1

- [P

=3x%x

3-1

N il RN IR

T

3
8

Bl—

¢) No girl means all 3 boys, so
r =no. of boys =3

P(r =3)=P(3) = C(3, 3) @3

O

Il
e
oo |—
—

]
o0 | —

of them are BBS holders. Probability that a) 3 of them are BBA holders ?




') 2 giﬂs and"

B

g
efsb

c
i
; inconsistency in the statem

Probability

Jution: .
s 0= 0. of candidates = 20

1= 10. of BBA holders = 16

= prob. of a success (i.e. BBA holders) = 2—6 =

v

p=
4 1

¢=1-p=1-5753

n=no. of selected candidates = §

4 _1
p = 5° q= 5
r=no. of BBA holder candidates = 3
P(r)= C(n, 1) p'q" "

oo (€

_5><4><3 64 L 128
=3Tx2x1 7125725 625

b n=no. of selected candidates =5

4
p= prob. of a success (i.e. BBS holder) =754

Y s

9=1-p=1-573
r=no0. of BBS holder candidate =3

SRNOT

5x4x3 1 16 U323
125 *25 =625

TIx2x1

e ————

283

The mean and the var
Find p, g and n.

b) In a binomial distrib
=4/4.8 . Comment on the result

¢) The mean of the binomial distribution 1
ent?

obtained.

i)  If no inconsistency, find p, q and -

i) Also find the binomial distribution.

iance of the binomial distr

tion, a student obtained the results that mean = 3.2 and s.d. (c)
uti

and standard dev1atxon is 4. Is there any

is 20

ibution are 6 and 4 respectively.

SR NTEE B ; :
¢t (I N 1l BET BREN (170! Ei1f 7 J1ie O F®R TFT!T T'T VKT VI r 18 rqfr i1y 1 R 1
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0

e 9
: . o ial distribution if " 150
d the mean and standard deviation for b,l'l;omt:a— 600, p = 0.4 i foffa‘Sa“

a) Findthem : ii = . : )
. l“ 'fot::sc: 16 times. Getting @ !1cad is a success. Find the mean and ¢, § ) Zoa
» ﬁaﬁg::d%evialion for binomial distribution. ke quscies, Fin A i ‘
) die is thrown 36 times Getting an odd numoe ' mean and g, ) 4
h At it |
¥ :mn:a:csi deviation of pinomial distribution. i 13 head i 0) (o

. ili f getting 1) one head ii

a) A coin is tossed 6 times. Find the probability of gething ) 3 heag; i y

heads, an odd number of times. . N i
b) Five coins are tossed simultaneously. Find the probability of getting i) no hey i f)

only one head iii) exactly two heads iv) at le?s.t oS h'ead. . | e
¢) A die is thrown 4 times. Getting a “.5’ or ‘6’ 1s coP§1dere tlto3 € a success. Find 3 ol
probability of getting i) no SUCCEsS ii) one SUCCCS§ iii) exactly ?,uccess. | f
d) A die is rolled 4 times. Getting an even number is a success. Find the probability of
getting i) two successes ii) four successes. j) ©
e) If 3 dice are thrown simultaneously, what is the probability of getting i) no six ij
two sixes iii) 3 sixes.
a) A certain manufacturing process produces electric fuses of which 10% are defective.

Find the probability that in a sample of 4 fuses selected at random, there will be i) no
defective fuse ii) at least one defective fuse iii) at most one defective fuse.

b) Suppose that in a certain city 60% of all recorded births are male. Suppose we select
5 births record from population, what is the probability that i) three of them are
males ii) less or equal to 2 are males.

c) The incident of occupation disease in an industry is such that the workmen have a

20% chance of suffering from it. What is the probability that out of six workmen
four or more will contract the disease?

a) Out of 32 students in a class 8 are girls. If 3 students are selected, find the

probability that i) one student is a boy ij) 2 o -
student is a boy. y i) 2 are boys and 1 girl iii) at leas

b) Six men in a group of 8 are skilled. If 3 me ility thati)2
men are skilled ii) 1 skilled and 2 are unskilllleaée selected find the probabilly e

In a binomial distribution with n = 4, if P(r = 2) = p(; — 1ities Of
a success and a failure in a trial. Also, mel P(r)=' lf(r =3), find p and q, the probabilii¢

- £ - i
The prcfbabnhty of hitting a target is 4 - If 5 hittings are made. find the probability that !
none will strike the target ii) exactly one w ,

two hittings are enough to destroy the targe

)

till strike the target iii) the target is destroyed i

R TR NS S T NPT o R R e e
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iective true-false test, the following « i
an Ob]ectlve ) (0) lOWlng SiX . . .

M [f’;r false. questions are given. Write T for true and F !
2) gaturday comes after Friday. I
p) Zero is a real number. Goven. ) :
¢) Increase in demand = Increase in price (corend) i
g C.V.isthe absolute measure of dispersion, E """ ; i

elation coeffici i o e
¢) Correlation coetficient gives the degree of relationship between two variables. =
When demand and supply bala h e - (onee) j
H y nce, the equilibriuvim condition will be satisfied. -
: {ss0u) -
Three questions are to be answered. !
From the answers given by the student himself, find the probability i
i) noanswer is correct -
i) one answer is correct i
iii) two answers are correct -
iv) at least one answer is correct !
v) at most two answers are correct. =
!
Answers -
2 41 . (i+l)l()0 -
La 3,18 .b) Inconsistent 0)i)35,3, 100 Y &
L
22)i)20,3.16 i) 240, 12 b) 8,2 . c) 185, 3 N "
1 .5 o5 a2
3.9) i)i ii)i iii) 3 b3y 3 i) 7g V)32 -
a1 o= i —= )57z W7y 1 -
©) l)—6 ii)ig iii) g7 di)g D76 316 W72 216 -
81 81 A
- 216 992 3 .
9)1)0.6561 i) 0.3439 iii) 0.9477 b)) 625 i)3125 /3125 "
i) = & 2 g 03503 C
. — .. a-129 see g 1
)ea i) £7 iif) & V1) 64 64 -
: i
=
%
-
i
P
=
-
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Chapter 14
[ ]
perivatives
.
( HNieh
//ﬁ il??isxﬂo
Limit and Continuity | N o
The concepts of limit and continuity are inherent in the QCﬁnltlo(;l of the derivative ofa W !
function. So it will be proper to introduce briefly the ideas of limit and continuity of functiop, k.
before we actually deal with the subject matter of this chapter. éFlﬂd ihe

a) Limit

A function £ (x) is said to have the limit A at a point x = a, if given a small positive number
€, there exists another positive number & such that whenever 0<|x- a | < 8, we have
| f (x) — A | < &. This means to say that when x approaches a within a distance of 3, f (x)
approaches A within a distance of &. Symbolically, we express this idea by writing

lim
rra /@ =A
We know that |[x—a|=x-a,ifx—a>0and |x—a|=—(x—a)=a—x, if x —a <0. So,in

the definition of the limit of a function f (x), if we replace 0 < |x —a | < 8 by 0 < x—a <&, we
say the lim f'(x) = A as x approaches a from above (or the right side of a) and write

lim lim
weard =8 or 4 sof@th)=A

Similarly, if we replace 0 < |x-a |[<8byO0<a—x<§ w - = AasX
approaches a from below (or the left side of a) and write 6 Say High i /)
lim B lim

The limi lim lim
A e lmits ,_, /() and x—q—t (%) are respectively called right hand limit and left h" ;
limit of f (x) at x = a.

Thus we can also say that a function f(x) has a limit at x = a, if and only if the right hand

e i lim
limit . flx) is equal to the left hand limit )
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Derivatives

Worked Out Examples

f,amﬁl" 1 1
Find the limit of f(x) = sin % at the point x = 0, if jt ekists.

Solution:

-y =0 - . 1 :
Asx—0 -3 and as x — 0+, ¥ > . In such a case sin +, can take any value lying

_.1 li
poNl — and 1. As sin - cannot have an definite \% in— i
bﬂ\\een | X y alue, 0 sin — does not exist.

Example 2
1
Find the limit of £ (x) = x sin - at the point x = 0.

Solution
We have seen in the Example 3 that for a sufficiently small value of x or a sufficiently

large value of ')l; , sin % can take any value lying between —1 and 1. So, x.sin _, being a product

.
ofa sufficiently small x and a finite sin , tends to zero, as x tends to zero.

i
x-f(l)_f =0 and N 0+ f(x)=0
lim lim
Now as 0 f(x)= 3l £,
linO £ (x) exists and is equal to zero.
Example 3
lim e¥ -1
- e,
ol x—0 x
Solution,
We have,
el
x
HenCe

.
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Example 4 b
lim log (1 +X) _
Show that .‘__4)0 X l
s
Solution: &
We have pccl o
2 3 f
log(1+x) 1~ x X j
-_gix__l::x('x_2+ 3 . ) Thed‘f
x X §
=1-F+F =
lim log(1+x)_,
x—0- X
p lim log(1+%) _, | plton be
ok x>0+  x Now |
| ’ lim log(1+x)_ lim log(1+x) i
| enee,as - x0-  x 2 e S We ca
lim log (1 +x) :
we get xflo = . o1 lim
h-
b) Continuity
A function f'(x) is said to be continuous at x = a, if ;ﬁla f(x)=f(a)
: . ... lim
This definition shows that the limit g/ ¥) must exist for £ (x) to be continuous. But it
Clim ) s or,
may happen that though sl S (x) exists, the value of xlll;l f (x) may not be equal to f(a) In ’
a ‘
that case, f (x) is not contin tx= . . ! "
s hfe (n)ecessa ot ri;)tutsha x ffa: So we can say that the existence of the limit of /() #
o ry € sutficient condition for the continuity of the function f(¥) & i Thy
: “finy
il The function of Example 1 is continuous a
& _ tx =0, because f 0)=1 BUR
| lim 109 =1(0 f(0)=1andso geﬂera“
x—0 f(0). Qranexz
The functions of Examples 2 and 3 i
are not continu, = lim s 0ol
exist in both cases. o8k 2= 0, because x> fe Co
The limits of the functions of Ex
ampl
defined at x = 0. So the functions are | Ples 4 and 5 exist, But both of the functions &
. 0ot continuoys B : =, Sln
we can make the functu_ms continuous at x = 0.5 - By defining the functions suitably at X "
how we define the functions at x = (, [ us con‘sid(;rt:lhe continuity of such functions depe?
¢ following examples.

A
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it off (%) Thus we have seen that the differentiability

Derivatives
) 289

adve . "
pe \ function = f(x)is said to be differentiable with e
lim f(x+h)=f(x)
h—0 h

pect to x, if the limit

iS5 This limit, if it exists, is called the derivative or the differential coefficient of f (x) with

et 0% The derivative or the differential coefficient of S (x) is denoted by f1(x) %X or gf
\ b x x M

The differential coefficient or the derivative of S (x) for the value x = a is denoted by f1a).

So
lim +h) -
fla)= hl ,Of(a ;2 L)

Relation between continuity and differentiability
Now let us see what we can expect of a function f (x), if /'(x) for x = @ exists, Le. if /(@) is

finite.
We can write

. .
I fath)-f@ =y f@rn-I@)
lim {f(a+h)—f@_h}

~ h—0 h
lim f(a+h)-f(@ lm
~ b0 h "h—0
=f%a).0=0
o, ™ rGrn) =@

h—->0
f(x) is continuous atx = a.

g
f (v the function at that point. el s ponodon of 5 polit doss ot
But the converse is ot necessarily true: 1 . contltn u:)ti}rllt This we can see with the help
1eally imply the differentiability of the function at (2t PO

Otan €xample .
{xsinslc' for x#0
o Consider the function f (x) defined a3 fo= o for x=0
. +1,80
u Since for all x #0, sin',l? lies between ~1 and
. & 1
f lim _ lim in—= 0
o rs0s ] ®) = xmp0r X S x

of a function ata point implies the continuity of
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[ 1

i lim - 1_o
and " = 0% 5%

x—0- X
i im . 1_ 0
m _
" xsiny

.\'—->0f ()= x>0
Also, by givenf(0)=0

0=/ O

1. . -0
: in~— ous atx = 0.
which shows that f(x) = x sin /18 continu

lim £(0+h)~A0)

SO=p50 &
lim £(h) o 0)=0) ,

“h—>0 h
1
Clim P tim 1
“h0 h h—0%"h
which is not defined. So f7(0) does not exist. ‘ Bumple 4
~. f (%) is continuous but not differentiable at x = 0. Find,

Now what we have seen can be stated as —“The continuity of a function at a point is the | glufion:
necessary but not the sufficient condition for the existence of the derivative of the function af

that point.” 4Let '
Now let us find the derivatives of some functions. Now
Use of logarithm in differentiating a function d
Sometimes, in the process of differentiation, we come across a function of the types a™ or d

{Ax)}&™ etc. where 'a' is a constant. In differentati
and then only differentiate.

ng such a function we first take the logarithm

Worked Out Examples

Example 1

Find, from definition, the derivative of sin-! x
Solution:

Let S(x) =sinly,

= M Gt b))
Then fx) == h—0 G X
d (sin"'x) _ lim sin-1(5 4 P
o = hao\%m




at a pointisk

f the functind §

Derivatives

lim ehloga 1}1 .

— grloga, log a =a*log &
Example 3

Find, from first principles, the differentl
Soluu'o”:

Let f (x) = gcos x

291 :
o S gy |
fhen SNV =X and Sin (y + k) = x + such that as h — 0, k — 0. i
" h=(x+h)-x=sin(y+k)_siny -
Then (i) becomes |
dsin'x)  _ lim k l
dx k—0 sin (y + k) —sin y | -
_ lim k. i |
k—0 v+ L.
2 cos -'2Lk sin % ' v i
_lim 1 ( k2 ) i

k—0 i [
cos2z+k sin k/ | -
2 N
‘ cosy A[1-sin?y 1-x2 i i
o
Example 2 |
Find, from first principles, the differential coefficient of a*. | I
Solution: @ m
Let f(x)=ar=ele? = exloee v I
: il [
o lim fa+h)=f®) i
Now f x) = h—0 h “_;‘: -
lim bt h)loga_ gxloga o
& Case E
1 lim exloga igh_lgg_(i:_ll i ; !
~ h—0 h B
.
:

al coefficient of ecos*.

lim fG+m) -
h

/&) =~ h—0 |
0 d(ecosx) _ lim M e ()
r —
’ i ho0 h

§
3
i i R T R
e
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= u
Let cos x =y and cos (x * hy=y+ks

d (€°%) lim (ey+"— ey)
dx = h-0 h

: k1 k)
lim [4 s
i Y .
'h-»o(e k “h
lim ek—1 lim &

———

=¢', 50 k ~ho0h

lim cos (x +A)—COSX
=€ 0 - h

h
e 2 sin (2x2+ h) . sin (— ‘2')
=€ 0 h
lim _ 2x+h sin h/2)
-or i (s ® 5

=—_egysinx

R eCOSX Sin X

Example 4

Find, from definition, the derivative of x log x.

Solution:
Let f(x) =x log x , then
, lim f(x+h)—f(x)
f® = h—0. h
- dSXIOgXE _ lim Lx+h)10g(x+h)—xlogx
2 dx h—0 h
_ limx {log (x+ k) ~ log x} + & log x
h—0 h
h
lim [log (1 +;)
“h0\  hix Tlogx
=1+logx. ( lim log (1 + x)
‘ " x—0 X =
Example 5
Find, from definition, the differentia] :
’ coefficient
Solution: of log (sec %)

Let f(x) = log (sec 9,

ch that as h—0, k—0. Then (i) becomes

)




‘ Derivatives
.()lnes
, _ lim f(x+ h) - f(x
then, S 0 . ®
d‘lo secx)  _ lim l_ogsec(x+h)‘l.
o, J’%{x—l h—0 h R (@
» y =secxandy+k=sec(x+h)

quch that 8 h—0, k0. Then (i) becomes

d - i) (1_og(y+k)_1ogy K
:i;(lOg sec x) h—0 . . Z)

1
S (1 + —)
h—0 k 5

y

=l lim (cosx—cos (x + h))
- yh—>0\Ahcos(x+h)cosx

. 2x+h h
1 lim ST Sy

y h—>0| cos (x + h) cosx

h
2

1 sin x
T secx’ COSXCOSX

= tan x.

Example 6
Find from defintion, the derivative of tan \/;c .

Solution:
Letf(x) = tan \/;c then f(x + h) = tan\x* +h
lim ng+h)—15x!
Now, f) =p50 &
i h- X :
d lim tany/x +hctanNx )
@ GV =0 h

—xrh-x
Puty=+[x  and y+k=1 [x+h so that k =X

When h—50, k0. |
Now (i) becomes : L
lim tan(y +H 10X o

4 (tan\/x = 1—0 | .
) + k) — tan lim X+]I: X
lim tan 7 - 10 ‘

= k—0

293
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in (¥ k) sin Y
i S:;;Q{:Icg'cos_}f lim __x+th-x
lim ¢ : Py x+h+\/})

* ¢
" k-0 )
i N+ h+x)
(Rationalizing numerator and denominator by

+k)siny lim
in(y+k)cosy— cos (¥
kliTO = k cos y cos(y + k) hﬁo\/ijh\/;

lim
lim sin(@+k=Y)
= k—0kcosycos (T ) h—>0w/x+h+\/;

lim (sink 1 ) lim f(x)
=k—)0 k cosyycos(y+k) h—>0\1x+h+\/1—c g
. ¢
11 o
= Costy 2 find
_secly sec? ij
“24x 24fx glton:
Example 7
Show that the function f{x) = | x — 1 | is continuous but not differentiable at x = 1. i
¢l
Solution: . i
Here filx)=|x-1] . gx
| _{(x—l)ifol !
[B=1=1 Zx-_1ifx<1
lim lim
x— 1+/®) =y 5 elx-1]
lim

=x-—) 1+(x—1)=0
lim
x—)l—f() x—-)l %=1
_ lim
“x—o1-(1=-0)=0
Alsof[1)=0
lim lim
x— 1/ “x = 1+ =A1)
Hence f{x) is continuous at x = 1.
Again  Rf(1) _hl Owt.ﬁ_)
- h

lim (144

-0
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Derivatives

3 lim ﬁ_
“hoon 1
lim gl_h)_ﬂ)
o W Thso0
_ lim il—h—l)—o
h—0 —h
3 lim h
" ho>0-h

Lf(1) #Rf(1)
-, fix) is not differentiable at x = 1.

Example 8 |
Find %ify=@+%zlog (x+x2+a?)
Solution:
Y=o 2

:{ 2 4+ g2 2 .
TN T +a7log(x+\[x7+_az)

Differentiating both sides w.r.t. ‘x’, we have

dy _i{@+sﬂilog(x+m)}

dx  dx 2
A2+ ad) d(x+x2+a?)

1 [xd\[@+a dx2+@ } a2dlog (x tyx ' \
=5{xd(x2x+a2) : FNREE [T e+ @) dx

i+ a : (4— 1 .2x)
=%{ 5—}1—_@ 2x + x2+a2} 2 x+\fx2+a2 2\]_x7+a2

2

x2+x2+a2 a2 x+tx2ta
2\/x2+a2 2 (x +x2+ %) a2t
_2(x2+d) \

2+ a?

dy . 1+ %2+
A if  y= tan'lm_\[f—?

sOlutiOn:

Putx2 = ¢o5 29
1 +cos20+F ] —cos 28
Then, \ﬁm

y = tan™ \/m,

S——
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(cos O sin 0
= tan" cos 0- sin 7

n
s (lit;aﬂ—é = tan™' [tan (Z + 9)]

] —tan

x .z, 1 g1 x2

Differentiation both sides w.r.t. ‘X

%’ - d G—”%cos*‘ x2)

&l

Example 10 _
Find the derivatives of ~ a) x®s* b) (tan x)'°g*
Solution:
a) Lety=xcosx
Taking log on both sides,
logy =cosx log x

Differentiating both sides w.r.t. x
d d
= (logy) = I (cos x log x)
d (logy) dy d(log x)

_ d
dy dx COS¥T g Tlogx7-(cosx)

ldy
ydx

Se——— S — I | !
i Sl o 2 S

l .
=cos x + log x (—sin x)

S8

_ |eosx .
=y x‘—smxlogx]

_ cosx .
_xcosxl: = —smxlogx]

b) Lety=(tan x)wex
Taking log on both sides,
log y = log (tan x)logx
= logy = log x log (tan x)

§«
£
1
i
i




Derivatives

Shod el
=log x & (log tan x) + log (tan x) ‘;; (log x)

D
=R

i@wdtanx

= log x
EX 4 (tanx) *~ g  +log(tan x)%(log x)

S | —

= E_E ST

= log x o sec™ + log (tan x) % | !

sec? 8
-5 | g+ an) ;
x N

tan x

tan

2
= (tan x)loex [sec ;C log x + lﬂg%i_xli\

gxample 11
Find the derivative of y = x¥
Solution:
- y=x . | |
Taking logarithm both sides, |

Differentiating both sides w.r.t. x
d d
Z(logy) =7 (vlogx)

d
=y%(logx) +ZZ,‘)XC10gx

1 dy
,,=y-;+1°gxdx

i

|

:

!

-

i

C

I

i

N

=

E

i

B

[

i

4

E

=

logy  =ylogx i } i

=

-

[~

=

B

=

Y C

; "

= _‘.11.2 _ _’12_.—— !

: :

Example 12 . »

Find the derivative of (sin x)°* + (€08 x)
SolutiOn: 3

Let

sin X ; =

y  =(sinx)ees* + (cosx)
= u + v inx ! =
SIn

Where u = (sin x)eos* and v= (cos x)

logu =cosxlogsinx

4 d in x)
ax(ogu) =7 (cosx1og BT
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1 du  _ osx. -s-;rl‘—; cos x + log sin x (510 %) ) mﬂt-['
u ' dx . 5110‘" ! y
du =y (cos x cotx — sin x log sin x) lff(ﬁ)
dx » , ;
= (sin x)co* (COS ¥ cot x — sin x log sin x) | M d}'f
!
logv = sinx log cos X | e
- B log cos X) ‘ ,x 2
dx(logv) dx(smx g ‘ mY ’
Lav L tlogcosx.cosx e
N AT @Y‘ 2
% = v (cSs x log cos x — sin x . tan x) 3

Now from (i),

EXERCISE

Find, from first principles, the derivatives of: (Ex 1 — 5)

1. () e*

2. (i) log (sin'z)
3. (1) coslx
4. () »

5. (i) sinx?

6.

7. (@)

Find, from first principles, the derivatives of
(1) fx)=ecos~
(i) f(x)=logcosx

If f{x) ={

dy _du_dv

1
X2 cos . forx#0

= (cos x)sin* (cos x log cos x — sin x tan x)

dx =E+dx

= (sin x )°°s* (cos x cot x — sin x log sin x)

+ (cos x)sin* (cos x log cos x — sin x tan x)

(i) esinx (i) ewnx (iv) X

(i) log (tan x) (iii) log (sec x2)

.o _1 F
(ii) tan-'x (iii) log cos'x  (iv) e "
(i1) 2 (iii) log x*

(ii) sin (log X) (iif) \/tan x

(iv) sin €*

atx=0
atx=0

. Fi
0 forx= nd 10)



Derivatives

3+2x for ~%5x50

dy .
Find ﬁ if

hi

s\ -a

. X

@ y=" 7 tasin'y
1+x2—1

iy 2 Y2

an x) 10. Find the derivatives of ‘
a) xsinx b)
d e e)
g) xsec x h)
1L, Find%when
/
) wyr=1 | b)
d) 5 =] yX e)
2 2 Find the derivatives of
(i) xanx + (tan x)
iy
) esm L e\/x
IV) ' (1)2‘\,; (ll) £Sin¥ cos X
2ol x .
DE ¢ Voot (if) 2 cosec 2X
) (7

I
(i1) 1+ x2

4 .
(i) (1+1og x)

5. &

_é;

(ii) i— cos (log X)

(i) Ifsiny=x sin (a +y), prove that

2
(ii) 2x log 2 - 2

3-2x for 0<x<é

2

e gt
W) 7= 2 2 lgkxt\x-a)

’ d
9. (i) Ifx=e,prove that :é = (log x) (log ex)2

dy sin’(a+ty)
dx  sina
(sin x)* ‘ c) (sinx)es
X X f) (IOg x)tan X
(sin x)cos X
xmyn = (x +y)m " c) emxteny=1
xsinX'= ysin y

(if) (tan x)=x + (cot x)*

Answer

2
3 X
(iii) e®"* sec? x (tv) 2xe

(iii) 2x tan g

| . esin'lx
s v e IR WV
(m)ﬂcos" . \/—1———;2 \/1 x

(iif) 1 +10g ¥
secx

X
. SECX (i) €* cos®
(m)2 tanx

299
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7. (i) 0.
1

. ()0 (i) 0
8. () -a (i) \Ja? - ¥ (i) T x2
' 0 ¥)* (x cot x + log sin x)
10. a) x*n* (ﬂ“—x + cos x log x) b) (sin x)* (x €
' X

x* xx (1 + log x)
¢) (sin x)\B X G log sin x + cot x log x) d) e* . x*(

2 Tog 1 )+ tan x
1 paan (sec x log (log.x los
e) x°.e* (Iog x+ ;) f) (log x) x logx

1
g)x“""secx(tanxlogx+;) .
eS"X cos X

y (y + x log ) et

' a)—x()’k’;xo*’x) b)§ ©) = sin¥ cos
y(xlogy-y) y(xcosxlogx+s%nﬁ
d)x(ylogx—x) ©) x (ycosylogy+siny) .

X

+sec? x log x) + (tan x)* (2x cosec 2x + log tan x)

12 (i) xtanx (“":

(i) (tan x)°°'* {cosec?x (1 — log tan x)} + (cot x)™"* {sec’x (log cot x — 1)}

Derivatives of Hyperbolic Functions

a) Hyperbolic functions
The hyperbolic functions are defined for a real number x as follows:

= e—X

' 1 3 1 o
sl Lt a1 Cot i tanhx ="

cosech x, sech x and coth x are respectively the reciprocals. of sinh x, cosh x, and tanh x and are

defined accordingly. In the cases of cosech x and coth x, x cannot be zero.
From these relations, we can easily derive the following relati
sinh (—x) = —sinh x .

cosh (—x) = cosh x

ons

cosh?x —sinh? x = |

cosh? x + sinh? x = cosh 2x

sinh 2x = 2 sinh x cosh x.

cosh (x + y) = cosh x cosh y + sinh sinh y
sinh (x + y) = sinh x cosh Y+ cosh x sinh y

b) Derivatives of hyperbolic functions

' 1
© (a) Lety=sinhx='2'(ex_e—x)

h) (sin x)°** (cos x cot x — sin x log (sin x))

@
x



Derivatives
de@-e®) _1
‘%:% 2@ +eX) =coghx
" ﬂ%’;h—ﬁ = cosh x
l_ .
Gimilarly, we can derive
;) : L(%M = sinh x
(b
N x sinh x
) © Lety= tanh X =Coch x
d(si
P
dx cosh? x
_ cosh x cosh x — sinh x sinh x
B cosh? x
_ cosh? x —sinh? x
3 cosh? x
1 2
= oosl x sech? x
ie. ¢ tadx;h % = sech? x
Similarly, we can derive
(@ J%Q = cosech? x
h
nh x 2005 © %J—Q:— sech x tanh x _
U Mﬂ = — cosech x coth x
) Derivatiyes of inverse hyperbolic functlons
a) Let — Sl.nh_
d x= sinh y
12 y=4/1"1 x*
% =coshy= \]Tm—}’
or dy _ -
dx \/1 + x2
or dsinh'x) 1
dx  Af1+x2
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Similarly, we can derive

d (cosh™ ) .
(b) dx -1
d(anh'y) _1
e (©) ax  1-x

@ dx xfx2+1

E d(sech'x) 1

= ’ (¢) dx T x \/_1_—;2

o d (coth™! 1

o
Example 1

S |
o ‘ ‘
.Z:v: — : — R— — - S sy - - ;

BASIC MATHEMATIC

Differentiate : 2 tan™! (tanh

x>1

(x<1)

(x<1)

(x>1)

Worked Out Examples

) w.r.t. ‘x’

) ) o2

g

N | —

N
— jon:
= L | Solution:
f Lety =2 tan’! (tanh %)
— Differentiating both sides w.r.t. ‘x’, we have
— d
i % = |:2tan—‘ (tanh
= | 2d |:tan—‘ tanh (
— = =
= i | d(tanh'z‘) |
= 1
B =2, - sech?
1 +tanh? 3
2
1 — tanh? %
= g sech x
1 + tanh? 5

Example 2

Solution:

Find the derivative of Arc sinh (cosh x)

Let y = Arc sinh (cosh x) = sinh-'¢ogh x

i
=X
fiking 0

‘ '§Differenti
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Di fferentlatlﬂg both sides w.r.t. x
% -4 2y (sinh™'(cosh x))
_d(sinh"'(cosh X)) *d(cosh x) |
d(cosh x) e .
1 .
B /1 + coshx sinh x
___sinhx
~[1+ coshx
Example 3 v
Find the derivative of xsinhva )
Solution: |

Lety= ysinx/a
Taking logarithm on both sides

log y = sinh? % .logx
Differentiating both sides w.r.t. x
d
& (log y) = (smh2 —log x)

d(sinh®) dsinh dC)

I IR BRI TEE Y IR Il Y S i S B a5 e o e s & o

d(logy) dy L ,X d
> ) = sinh? = . - (log x) + log x .
dy dx i a dx( (smh") d(‘) X
£ x 1
= 1da _1 Sinhz£+1ogx2sinhzcosh;.a
y dx x°
= % ( Sth— -—smh 2x log x)
x 1. )
— ysinh? x/a G; sinh221+zsmh2xlogx
E’“‘"’Ple4

Differentiate (sinh x)cosh_1 xw.rt X

Slugig,
Let y = (smh x)cosh—l x
o logy  =coshxlog sinh x

i . 6y? ve
leferentlating both sides w.r.t. ‘X', W€ ha
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!

- -gx- (cosh™! x 108 sinh X)

i d
(logy) dv h ,xﬁﬂ%ii}?%ﬁ.ﬂ%h-ﬁJr log sinhxzx‘(cosh-l x)
== =cosh™ X g (sinh X

| dy ‘dx |
; : - sinhx 77—
| i : 5‘;’ = cosh™ X 5o x cosh x +1og \/;5—:—1-
1
% =y [cosh—l x coth x + log sinh x . = J

A ,
= (sinh x) cosh”x [cosh—l xcothx + ’\/;‘—-2‘—:'—-'1‘ log sinh x]

EXERCISE :

Find the derivatives of

X
1. log(tanhx) A 2. logsinh -
3 esinh x 4. ec:osh'1 x/a
5. sech (tan ~'x) 6. sech 'x —cosh'x
1 7. Arctansinhx 8. 2 tanh—‘(tan % x)
. Q. x coshx/a 10, xsinh x2/a
| 11, xcos®a 12. (sinh 5) a2
a
x\ logx
: 13. (cosh Z) 14. (cosh x)sinh™" x
I . “\ nx
£ 15. (sinh Ly cosh 5‘)
a a

Answer
1
1. 2 cosech 2x 2.5 coth% 3. esimhx goch o » ecosh™! xa
gt e
sech (tan~! x) tanh (tan~! x) 1 x-a
B ] +x? 6. ——— 1

xm“?: 7. sech x

: 1 x 1
8.secx  9.xcoshxu (; cosh” +—log x sinh %)

o sinh
10. xsinhx“/a a +2xl‘(1)gxcos b




1 iy X
2 2 coshx/a + i log x sinh - ]
- g x 1 X
1 ) 15 hf) |ogx[_1a_ log x tanh;+;log cosh ;]
1 :
| . t)sinh" x (sinh™! x tanh x + \\/sz log cosh x)
cosh’
. 2" 2y log  sinh = + cosh i)]
inh X+ cosh 2 a - p
5.0 (5 a .
[ )
\
£
1

Derivatives

12@m§3[

2
X
o coth

X

a

X
+ 2x log sinh ;:l




Chapter 15

Applications of Derivatives

Differentials

Let y = f(x) be a function of x. Then .

the differential, dx, of the independent variable x, 1S an vy
arbitrary increment of x; that is, dx = Ax;

the differential, dy of the dependent variable y 1.
dy = f*(x) dx, where " () is the derivative of f(x). Whlle the -
differential dx of the independent variable is an 1ncremept
Ax, the differential dy of the dependent variable is not, in P
general, equal to the corresponding increment Ay. Because
Ay=f(x+Ax)—f(x) and dy =f"(x) dx

Let P(x, y) and Q(x + Ax, y + Ay) be two neighbouring points
on the graph of y = f{x), o

we have

tan 6 = f*(x)
TR
PR-/S®
TR = f*(x) dx
dy =f"(x) dx

TR=dy

QR =4y

Difference between Ay and dy is TQ. TQ can be made as small as we please by taking Ax

sufficiently small, so that dy will approximate Ay.

This is also known as the tange

nt line approximati . o
and Ay is the curve increment for an j pproximation as dy is the tangent line increment

ncrement Ax or dx in x.
As an application consider the area, y of a square of

si _
Here Ay =(x+Ax2—x 1de x so that y=x2

=2x. Ax + (Ax)? =M(2X+M)
dy =f"(x)dx=2xdx
dx =Ax
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” side x change from 2 to 2.01,
: /
px=dx= 01
9 o= 0.01 (2x2+0.01)=0.0401, the actual change in ares

fen dy=2% 2 x 0.01 = 0.04, the approximate change in area

ﬂ‘j  heeror = 00401 = 0.04 = 0.0001
o

Worked Out Examples

mmple 1

The edge of a cube increases from 10 cm to 10.025 cm. Find the approximate increments
in the volume and the surface area of the cube. Also find the actual increments and the

percentage error in the approximation.

Solution : |
vV =x . . &
Approximate increase in volume

&V =3x2dx=3x102x0.025=17.5 |

Actual increase in volume : 4 l 4
AV =(x+ Ax)} —x3 |

=(10.025)3 — 103 |

. =1007.5187 — 1000 = 7.5187 ,? |

error = .0187 b5

% error = 0'(1)(1)_?7 x 100 = 0.00187% : | ! |

S = 6x2
Approximate increase in surface area b
dS= 12xdx = 12 x 10 x 0.025 =3
Actual increase in surface area

48 =6[@+axy -]
e =6 [(10.025)>— 107] ,
= 6[0.50062] - o =
=3.00372 : =

error = 0.00372 4

% emor = 20037 _ 1 00 = 0.00062%

600 N
$

b ¥ i Tl
R b
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= 2+ X =2 nddx—O.S.
l. Compule Ay. dy and Ay dy when y 2 3x,
Jume ofa cube of side x m, caused by increasing the

- i in the vo
2. Find an approximate change in th S ment in the volume?

sides by 1%. What is the percentage in

: 510 5.01.
Use differentials to approximate the change in x* as X changes from 5 to

4.  Find an approximate change in 1/x as x changes from 1to 0.98.
adius increases from 5 cm to 5.06 cm. Find the

A circular copper plate is heated so that its r . :
ual increase 1n area.

approximate increase in area and also the act
6. Find the approximate increase in the surface area of a cube if the ed'ge increases fr.om 10 to
10.01 cm. Also calculate the percentage error in the use of differential approximation,

7. Find the approximate increase in the volume of a sphere when its radius increases from 2
to 2.1. Find also the actual increase and compare the two values.

Answers
1.2.625,2.5,0.125 2.0.03x3 m3, 3% 3.0.75 4.0.02 5.0.6mcm? 0.6036m cm?
6. 1.2 cm?, 0.0001% 7. 1.6m, 5'(;44 7, 0.9516
Tangents and Normals il i
Geometrical Interpretation ' ‘ T norp

Let AB be a continuous curve given by y = f (x) and P, Q be
any two points in it. Let the coordinates of P and Q be (x, y) and Y
(*', »"). When a point moves along the curve from the point P to

the point Q, it moves horizontally through the distance
vertically through the distance RQ. Y g

PR=LM=OM-OL=x"-x
RQ=QM-RM=y'~PL=y _, P
These quantities x' — x and ' — yare th

Padicylgy tQ

' ein : ;
respectively and are denoted by Ax and Ay, ie. crements in x and y A
Ax=x"-x and Ay=y|_y ; WAL X
Also Ay = fix') — fix) = fix + Ax) %) 0 N L

If we join the points P and Q, we get secant PQ which
ic

i makes b the x-axiS
i.e. ZQNM =6. S0 ZQPR = ZQNM = § ang (a g - QR _ A an angle 6 with
PR ~

» Which is the slope of the secal!



4
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¢ he secant , when Q ultimately coinc; :
on 01 . not situati oincides with p;
! ihe X-BXIS: In that situation, Ax, Ay tend t /18 the tangent at i
b . i 0 zero. So, at P, making the angle
A—0Ax T Axp@nO=tang
lim Ay im  fix+ Ax
= ) —
o, Ax—0 Ax Ax—0 Ax 1) =tan g
lim Ay
Ths  Ax—0 Ax
lim  f{x+ Ax) — fix)
or Ax—0 Ax

gies the slope of a tangent to the curve represented by the function f

; Equations of Tangent and Normal
Let a function y = f (x) have a finite derivative " (x,) at x = x;.

[f (x)) is the value of dy/dx when x = x,], the curve y = f (x) has a tangent at P 1, 1)

whose slope or gradient is m =tanf = f"(x)) = (%)x i

The equation of the tangentis y—y,=m (x— X1)

If m = 0, the curve has a tangent parallel to the x-ax‘is (horizontal tangent) at that point; its

tquation is y = y,. If £ (x) is continuous at x = x, but xlilzlf (x) =

prallel to y-axis (vertical tangent) at that point and its equation is x = X;. :
The normal to a curve at any point P (X1, y,) on it is the line through the pojht and

Perpendicular to the tangent at that point. So the equation to the normal at P (x, y 1) is

o, the curve has a'tangeﬁt

1
y=n =—'n;(x—x1)

or o= if the tangent is horizontal,

nd Y=>»u if the tangent is vertical.

b)
The angle of intersection of two Curves ' o
e curve at their point of

h
N t.wo curves intersect, the angle between the tangents to t
*ction is the angle between the curves at the point.
Hence to determine the angle of intersection of tW0 curves

. intersection.

Solve the equations simultaneously t0 get the poIn® Ofmt:ves at each po
find the slopes m, and m, of the tangents © tl'lett;vo cu
@fhese are the values of the derivatives at the Pfom s‘_.
i i =R

m, = m,, the ang]e of intersectlon g = 0, 1rm
90°. . IR

> otherwise, tan 8 =7 + mm;

inter

int of intersection

1/m,, the angle of intersection is @ =

=
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Worked Out Examples

Example 1
For the curve y = 6x — X?
point on the curve is the tangent

find the slopes at the points (x1, Y1), (0, 0) and (1, 5), 4, e
parallel to the x-axis ?

Solution :
Here y =6x—x?
& _e_
dx 6—-2x

slope at (x;, y;) =6 —2x,
slope at (0,0)=6
slopeat(1,5)=6-2=4
For the tangent to be parallel to the x — axis, slope is zero.
ie,6-2x=0or x=3
and whenx=3,y=6x3-32=18-9=9
Hence the point is (3, 9).

Example 2 _
Find the equations of the tangent and normal to y = x3 — 2x2 + 4 at (2, 4).

Wil

Solution :
Here% or f’(x)=3x2-4x

The slope of the tangent at (2,4)=3x22-4x2=4
The slope of the normal at (2, 4) =-1/4
The equation of the tangent is
y-4=4(x-2)
or y=4x-4

| ! |
¢ e A

The equation of the normal is

1
y—4=-7(x-2)
or x+4y=18
Example 3

~ Find the equations of the tap

gents to _
curve meets the x-axis. the curve y = (x —

1) (x — 2) at the points where the

Solution:

y=a-1)(x-2).



 Curve meets the x-axis at the pointg where y = |
Os(x—-l) (x-2)
> §), A , &° 1,2 . | |
My . he curve meets the x-axis at the points (1, 0) ang (2 0)
Agalﬂ» y=(x-1)(x-2)

Applications of Derivatives

- y=x1-3x+2
d

= jﬁ=2x—3
Bo(1,00=2%x1-3=-1
dx |
The equation of the tangent at (1, 0) is

y-—0=-l(x—1) ==y x+y=1
Again,%at@, 0)=2x2-3=1

The equation of the tangent at (2, 0) is
y-0=1.(x-2) = x-y=2

Example 4

Show that the tangents to the curve x2 = 3y + 1 at the points (1, 0) and (-9/4, 65/48) are
Kmendicular to each other.

Solution;
¥2=3y+1
> 2x=3%
dy_2x
S &"3 .
d 2 2
Zat(1,0)=m =3x1=3
d 2 _—_9_=___3_
Aain, ot o4, 65/48)=m =34 "2

Slnceml X m2 =%X (_%) =-—l

o ther.
i e twg tangents are perpendicular to €ach ©

i llel to the line
Ex“’"ple 4 5 where the tangent 1S para

24 4x —
16x+F < o the point on the curve Y = 3x
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Solution: '
Let (a, B) be a point on the given

p=3+ax-5 e (l)
B=3a2+4a—5 ...... (i1)

curve

From (i)

%=6x+4

d =6a+4
2t (@, B) = 6o
Again, 16x +2y=3

= 16x1+2%=0

If the tangent is parallel to the line, then
6o +4=-8
= 6a=-12
a=-2
Substituting the value of a in (ii),
B=12+4x(-2)-5=-1 -
.. the required point is (o, B) i.e. (-2, 1)

e - e

Example 6
Find the angle of intersection of the curves y=x?andx =2,

Solution :

M il

Solving simultaneously the two e
0(0, 0) and P(1, 1).

Also differentiating the equations we have

2 dy_1
dx~2x and dx 2y Tespectively

At 0(0,0), slope of the first curve = ()

quations, we see that the curves intersect at the points

e —

|

slope of the second curve = oo
Hence, the angle of intersection is 90°

At P(1,1), slope of the first curve =

slope of the second curve = 1/2,



a

Y
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e, the angle between them is
He 1
==
3
| = | ()
1+235

2

Find the slope and the inclination with the x-axis of the tangent of

=7 _x2 =
a) 2)"'22_x atx=1 b) y=3x-xtatx=-]
) x2+y =25 at(—3,4) d) 2x2+3y2+8x+3=0at(—1,l)

At what angle does the curve y (1 + x) = x cut the x-axis ?

Find the equations of the tangents and normals to the curve

2 y=2*-5x*+8at(2,4) b) x2—)2=7at(4,-3)

) y'=2xat(8,4) d) x2+y2=20at(4,-2)
Find the points on the curve where the tangents are parallel to the x-axis
Q) y=2x-—x? b) y=x-3x+1

¢) 4y=x*—8x2 d) x+)y*-2x-8=0

Find the points on the circle x2 + 2= 16 at which the tangents are parallel to the

a) x - axis b) y — axis

2 Find the point on the curve 4y — x2 where the tangent drawn makes angle 45° with the

X-axis. Lo ;
b) Find the point on the curve x> = 3y + 1 at which the tangent s parallel to the line
4+3y+5=0.

9) Find the point on the curve }* = 4x + 1 at which the tangent is perpendicular to the
line Tx+2y=10. v

X2 l’-2-= 1 at the point (a, b) is

: 2,
* Show that the equation of the tangent to the curve p2
x ¥Y_
p + b 2
Fing the angle of intersection of the curves
y=6-x2 and x2=2y
) 4y=x2+12 and y>=8xat 4
¢) y=yx2 and 27y =1 o+ 4 at (1, 2) and (2, 1) are

Perpendicular to each other- - . 5)and (-
Prove the tangents to the curve -

1, 5) are parallel.

x3 -

|
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Answers
3 3 d) = tan"(—%) 2%
4 -] |- — 1
l.a)—l‘}z’t— b) lv% C)4’tan (4) 4 =243 C)x_4y+8=0,4x+y=36 "",
3.a)4x—y=4.x+4)’=18 b)4x+3y=7,3X" Y Mﬂ l‘mg
_,=10.x+2y=0 _2,_4 d (1,3)31’1@1(1,—3 /70
a a)d()l,blr) " by 9006 E ) 9 ) &
5 8)(0,4),(0,4) b)(4,0), (40 27
6.2)(2, 1) b) (-2, 1) c) (12, |
8. a) tan“(g) at (2, 2), tan“(—g) at (-2,2) o 1
b) They have a common tangent. c) They are orthogonal. L p
The fOl’m‘
i

L Hospital’s Rule

lim lim .. f® 0
If fix) = x> — 4 and g(x) = x — 2 so that x_)zf(x) =0 and 2 g(x) = 0 giving 200 =7

when x—2, then the form is known as indeterminante form. Besides this, we have other

0 . . .

indeterminate forms __ , o — oo etc. as well. But here we consider only the indeterminate forma
© R : .

and 7. Now, in this section, we find the limiting values of these functions which take the form

0 00
0 and when x—a (say).

The form % (L Hospital’s rule)

If d i <t : _ ' )
S (J)"()gl :rlll g(x) and also their derivatives f(x) and g (x) are continuous at x = a, and if fla) =

1 | i
- { ‘ |
—mee r—— - "

e e R S

lim
lim fix) x—g) ® la)
__) - 1- —
x—>a g(x) x—lfl:a g(x) g'(a)

provided that g (@) # 0.

If f{(a) and g {a) are both zero then the above theorem can further be used. Thus
€ used. )

lim [(x) lim f:’m _ f’ﬂa)

x>ag(x) x-agix) g "a)

provided that /"(x) and g "(x) both are continuous at x = 4
The above theorem can further be ygeq if f(a) =0 a
=0an

nd g"(a) # 0.
dg1a)=0.
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determinate fom;

shich take the
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E,;amf’le
lim x"—a"
Find x—a x—a

Solution:
lln“ xl\ al\ f
x—a Xx—a (form 0)
_ lim 5 xn-1
Tx—>a | o hXxal=pgn-1
lim x"=a"
© x—a x-a B
o
The form
lim lim
If x) = o0 and X)=ows [x)
—)af( ) () 0 thatx_>

x—a 4 ag(x) will be in the form of f then in such a

fx) 1/g(x)

form, we express o(x) into 1/fx) © that each of the numerator and denominator will tend to

0 :
zero as x—>a. Thus we have changed the form Einto the form  after which L Hospital’s rule

can be applied to evaluate the limit.

Example
lim x3
E e
valuate JUIPY. e
Solution:
lim x
X—00 eX
_ lim 3w
" x—00 e*
_ lim 6x
T x—o eX
_lim 6 _
"~ X—»00 eX
E’“‘"’Ple 1
Evaluate lim sinx
x
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Solution:
lim sin x (form ‘g')
x-0 x

lim cos x

"x=0 1 =cos 0 =1

Example 2
lim x2- a?

Evaluate ey m

Solution:
lim x2-a? 0
x—>a xh — g (form )
_lim _2x
= X3

= a5 =3 203

Example 3

Evaluate : 0

Solution:
P o L I 2
_lim 1-cosx
Txo0  3x?

0

(form %)

—

- lim sin x 0
_x—>0 6x (fOrm 6)

=

= lim cos x
x>0 6

Evaluate : th xer-log (x+1)

—0 32
Solutidn e

lim x ¢t - log (x + 1)

x—0 x2 (fom %)




=

Applications of Derivatives
) 1
o o SEE A R o
_ lim xt+1 0
30 7x | (form 6)
. r + O+ 1%
_ lim AT 1
“x-0 2
1+1+1 3
pample 5
lim 3x2+4x-7
Evalvate : . s ,2x2 + 5x + 8
Solution:
lim 3x2+4x—7 =
x—00 2x2 + 5x + 8 S
_lim 6x+4 -
- m gt (form )
_lim6 3
T x4 2
Example 6
Ealuage: 1 sec 3x
valuate : x—1/2 sec x
Solution:
lim  sec 3x (form )
x-T/2 secx N
_ - lim cosx (form %)
~ x—m/2 cos 3x
_ lim _—sinx __ 3
Cx—on/2-3 sin 3x
EXample 7- |
N lim logtanXx
ind the value of __ " jog x
Solution: | .
- o0
lim log tan x (form o)
-0 logx
. zx
_ lim tanx
T x>0
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= | 2 0

= lim x sec’x (form 6)

\‘ “x—0 tanx
= | :

I lim X (form 6)
e = v—0 sin x oS X

| lim 2x
l; v = x—0sin 2x
— Clim 2
.‘ | ~x—02cos 2x
i
= | Example 8
'i- Find the value of Y -
—1 Solution:
- .
- lim 4/1+3x—4/1-3x (formg)
— x—0 < !
- L
¥ _lim Zw+3x 2\/1—3x
! - x—0 1
1 e
— e

EXERCISE

1. Using L Hospital’s rule, evaluate the following

—

2 lim x3—-8 b lim x4-3x3+2
Y o ) X120 5e1ax
lim ex—x— 1] li =

¢) E—x—-1 m e*+e*x—2cosx
x>0 x2 d) x—0 sin2x

lim 1-2x+x2

A ax T Xt lim t
€) x—>11+logx—-x f) x——)OtZE‘Z)t
) lim , x2 — sin2x lim t
g x>0 xsinx h) Anx_x

) _ x—0 x —sin x
i lim x —sin x cos x

x—0 x3 ) lim M

2. Find thel . y
. ind the limiting values of the following (U ital’
) lim 224 3, g (Use L Ho?)ltal s rule)
=300 15522 b \—2;’124‘5 5
lim sec 7x . ” X
) X—>7/2 sec S5x d) o E’m

x—0 cotyx
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lim _logx .
¢) x—0logcotx th x
lim tan 5x el
g yon/2 tanx
L s it possible to adjust the values of a and b s that
' lim asinx—sin2x :
3 is finite b lim 6 (1+4cos 0)—bsin 0
8) x>0 tan’x ) 6—0 93 =1
If possible, what are the values of a and 5?
Answers
3 b)S c) 1 d)2 | - pa 2
) 2 -2 Dy 20 h) 2 03 1
2 S \
L 92 B0 9-F D0 91 Ho g3
Rolle’s Theorem

If the function f{x) is
2) continuous in the closed interval [a, b]
b) differentiable in the open interval (a, b)
0 fla)=£b)

then there exists at least one point ¢ € (a, b) such that fc)=0

Geometrical Interpretation of Rolle’s theorem | |

The first condition of Rolle’s theorem says that the function f{x) has a continuous giaph<nb1
the interval < x < b. By second condition, the 'graph has tangentz at Ev;ry point 1111 ‘;f aicl <6
ad the last condition is fla) = Ab) i€ the ordinates at x = a an _xt— tﬁ? egug &a fa . e
tonditions of Rolle’s theorem are satisfied, then there is at least a point on the grap

Where the tangent is parallel to x-axis.

Y
Y

f(c)=0
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Failure of Rolle’s theorem , |
If any one of the conditions of Rolle’s theorem be not satisfied,then the conclusion of

Rolle’s theorem will not be true.

Example _
Verify Rolle’s theorem for f{x) =x2—4 in -3 <x <3.

Solution:
Since f{x) is a polynomial function, so it is continuous in —3 <x < 3.
Again, f(x) = 2x which exists for all x € (-3, 3)

i

Also, A3)=(32-4=5
1 AD=(r-4=5
A-3)=13)

.". all conditions of Rolle’s theorem are satisfied.
Hence, there exists atleast a point ¢ e (-3, 3) such that f {c)=0.
ie. 2¢c=0 = c=0¢€(-3,3)

1NN il iy =i

Mean Value Theorem (MVT)

If a function fx) is
a) continuous in the closed interval [a, b]
b) differential in the open interval (a, b)

then there exists atleast one value ¢ < (a, b) such that

F1e)=L8)=fa)

b-a

This is known as Lagrange’s mean valye theorem
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eometrica Interpretation of Mean Valye Theorem

Geomctrically. Lagrange’s mear ,
) rawn at every point, there , J

at can be dra _ » there 1s atleast one point wher '

':Can‘ joini“g the end point as shown in the figure given below ? he tangentis parallel to the

4 Y

dathen th
€ 00%

)

Note: Putting b = a + h so that b —a = h is the length of the interval, the form of
Lagrange’s mean value theorem can be put in the form.

$ ’ f(a+h)=f(a)+hf’(a+9h)

where 0 is a positive number less than 1 i.e. 0.< <l
Example -

Verify mean value theorem for fIx) = 3x2~1in[l,2].
Solution;

inuous in [1, 2]. Again f{x) = 6x which exists for

fx) is a polynomial function, s it is cont
dlly ¢ (1,2).
*. fix) is differentiable in (1, 2)-
. the conditions of mean value theorem A
- s
Hence there exists at least a point ¢ € (1,2)
b) —fla)
f (C) = b —a
Here a= 1, b = 2

fa)=f1)=3x1-1=2

are satisfies.

fib) =f2

|
|
|
' |
l

r
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and f(c)=6c
i b)-Na
Now, f((‘)": b-a
11-2
| = 6c =751
3

Hence mean value theorem is verified.

Worked Out Examples

Example 1

Verify Rolle’s theorem for the function fix)=x(x—3)*forx € [0, 3]
Solution:

fx) =x(x—3)?

=x(x2—6x+9)=x3—6x2+9x
Since f{x) is a ploynomial function, so it is continuous in [0, 3].
Again, f{x) = 3x2 — 12x + 9 which exists for all x € (0, 3)
.. flx) is differentiable in (0, 3)
Also fla)=f0)=0-0+0=0
fB)=f3)=B)P-6x32+9x3=0
A0)=1£3)

.. all conditions of Rolle’s theorem are satisfied.

Hence there exists at least a point ¢ € (0, 3) such that
£&=0

3¢2-12¢+9=0 () =3x2-12x+9)
c2-4c+3=0

(c-1D(-3)=0

c=1,3

But c=3¢(0,3) and c=1¢ (0, 3)

Hence Rolle’s theorem is verified.

Example 2

N VST I SRS Y ) . i it

Uy

U

Verify Rolle’s theorem for the funct; ) =+/
ction flx) =+[1 — x2
Solution:

f(x)“i*‘\/l—x2

x*in the interval -1 <x< 1.
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: B o X
Agail f(x)—\“_xz(lx) 1 —x2

|

|

|

|

|

I

e exists for all x such that -1 <x <1, |
) is differentiable in (-1, 1). i
—(-1R = I

Also f=-n= _1 (-1)*=0 !
f(l)=\[1—(l)2=0 |

: [

. all conditions of Rolle’s theorem are satisfied. !
I

Hence there exists at least a point ¢ e (-1, 1) such that

fle)=0
¢ . X
> Jie Cr0=-i=)
= c¢=0which belongs to (-1, 1) _ o
Hence Rolle’s theorem is satisfied. : :
Example 3 7
Verify Rolle’s theorem for f{x) = sin 2x in [-n/2, m/2]
Solution:
flx) =sin 2x

Forall x € [-n/2, n/2], fix) has a definite value, so f{x) is continuous in [-n/2, /2]

Again, x) = 2 cos 2x which exists for all x € (-/2, W/2) i
* fix) is differentiable in (—/2, /2). : : |
Also, fla) = f(—n/2) = sin (-m)=0 | 4
wd  fb)=fn/2)=sinnt=0
' fl=n/2) = fn/2)
~ all conditions of Rolle’s theorem are satisfied. =0
Hence there exists at least a point ¢ € (-n/2, T/2) such that f
Me)y=0 '
= 2c0s2¢=9
> €08 2¢ = cos (+1/2)
S 2=xqp
CC=_m4, w4 e (-n/2, 1/2)
*fee Rolle’s theorem is verified-

I T N B B I B N RS N B R B B i e am
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Example 4 1
= -2,2
Discuss the applicability of Rolle’s theorem for f(x) S qin[- ]
Solution:

1
) =327

The function f{x) is not continuous
[-2, 2]. Since the function does not satis

cannot be applied.

at the points x =1 and 1, both being interior poing of
fy the condition of continuity, so Rolle’s theorep,

Example S
Verify Lagrange’s mean value theorem for the function

f)=(x-1)(x-2)(x-3) in[l,4].
Solution:
M) =G-DE-2)x-3)
=x’—-6x2+11x-6
S(x) is a polynomial function, so it is continuous in [1, 4].
Again, f{x) =3x2 - 12x + 11 which exists for all x e (1, 4) so, it is differentiable in (1, 4).

Hence the condition of mean value theorem are satisfied. So, there exists at least one value
cin (1, 4) such that

flo)= ZLLIL)

But fb) =f(4) = (4)3 —-6(42+114)-6=6
and fa)=A)=1)P-6(12+11(1)-6=0

flo)= ZI_LLU
= 3c2-12c +11—2—‘1)
= 3c2-12¢+11=2
= 3¢2-12¢+9=0
=5 —4c+3=0
= (c-1)(c-3)=0 ' .
c=13

Butc=1¢(1,4) and c=3¢ (1,4)
Hence mean value theorem is satisfied.
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le in (1, 4)
a5t one valle

Je 6
W . mean Val_“? t_heorem, ﬁnd a point on th
U:‘:,gﬂle chord joining the points (3, 0) ang (4,31§’arabola y=(x - 3)

o

ﬂ:’; he value of x ranges from 3 to 4. :
y=fx)=(x-3), x € [3,4]

](I) is continuous in [3, 4] as it is a polynomial function,

Ay flx)=2x-6 which exists for all x e (3, 4).

g, itis differentiable in (3, 4) |

Both conditions of mean value theorem are satisfied.

where the tangent is

Hence mean value theorem can be applied
fa)=f3)=(3-3)*=0
fb)=AH=@4-32=1

Now, by mean value theorem,

M ce(3,4)

o =551
1-0
> 2-6 = 43
> 2c-6 =1
7
¢c =5 € (3,4) |
! t which tangent drawn is parallel to the chord

¢=7 is the x-coordinate of the point a

Pining the points (3, 0) and (4, 1)

7
Plltx='2' iny = (x — 3)2’ we have

(1 p_1
y‘(2‘3) =%

: 1
the required point is @‘ , Z)

Example 7 i in [0, x] (0<x< ‘n/2) prove that
; Using m cunction D) = Sin < in [0,
iy, © ean value theorem for the
Sol,%n.
Ags: Ax) = sin x is continuous in [0, x]
s S1x) = cos x exists for all x in (0> x)

A
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one value ¢ € (0, x) such that

.

1.

e

w

=

EXERCISE
Verify Rolle’s theorem for the following functions
a) fix)=3x2-4in[-1,1] b) f(x)=2xz—3x+lin[%,l]
¢) f)=(x+1)x-2)in[-1,2] d) fix)=x(x—1)?in[O0, 1]

BASIC MATHEMATICS: GRADE XII

hence f(x) is differentiable in (0, x)

Since, fix) = sin x satisfies both conditions of mean value theorem, s0 there exists g leag
ince, fix) =

o) = rx_o

_sinx—O
= C0sCc+ x-0

sin x
= cosc="_—
sin x
= —<I
x

= sinx<x

e) M)=kx-1)E-2)(x-3)in[1,3] ) Ax)=sinx,xe[0,n]
g) flx)=cos2x,x e [-n, nt] h) flx) =\/25 -x2,xe[-5,5]
Using Rolle’s theorem, ﬁnd‘a point on each of the curves represented by the following
functions, where the tangent is parallel to x-axis.
a) fix)=x?-1in[-2,2] b) Ax)=6x-x2in [0, 6]
c) flx)=sinx,x € [0, n]
Verify Lagrange’s mean value theorem for the following functions
a) flx)=3x>-2xin [, 3] b) Ax)=x2-2x+4in[l,>5]
¢) flx)=22-10x+29in[2,7] d A)=x3+x2—6xin [_’1 4]
e) flx)=x(x-1)*in [0, 2] ) fx) =+ ,x2—4 ) 4’
5 fN)=exel0,1] xe
a) Using Lagrange’s mean value theorem

tangent at which is paralle] t ioini

para ‘el to the chord joining the points (1, —1) and (4, 8)

b)  Exam ;
) Examine whether the function Sx) =x2 — 6x + 1 satisfies Lagrange’s mean value

theorem. If it satisfies find the coordj
ord . ; :
o the chord oining the points A(L, 4)ang s, gy ** *ich the tangent parel

Show that Rolle’s theorem can not be applied for the funct
c
S&)=1-xin[-1,1], o

find the point on the curve fx) = x(x-2), the




\

n[%,l]

]
J

[-5, ]
.d by the 0

4

y 90,1

" ﬂ\) = tan x,

2 wnsﬂn .

0 (¢

b (3,9)
2,54 Q-7

Applications of Derivatives ra

show that £(0) = f'(r). Is Rolle's theorem applicable tof(x) in (0, m)? Give

Answers
¢) (n/2, 1)
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Chapter 16
Antiderivative

D

Antiderivative

The subject of integration can b
developed in course of evaluation of th

e treated in two different points of view. Actually it hy
e area under a plane curve and has been interpreted ag
he sum tends to infinity and each term tends ¢

limit of a sum when the number of terms int ! - - :
zero. The other interpretation of integration as the inverse of dz]ferentzatzgn came some time
ivalence of these two view-points has beep

later. Both points of view are identical. The equi
established in what is known as the Fundamental Theorem of Integral Calculus.

At the elementary stage, it is better to introduce the subject of integration as the inverse of
differentiation, keeping in reserve the other one to use in some application. For a given function
x), if there exists a function F(x) such that ’

dF
ﬁﬁﬂ‘(x),

then F(x) is said to be an integral of f{x) with respect to x. Symbolically, we write

[fo)dx=F

Example 1.
d (sin x)

=Co
e S X
jcosx dx=sinx

Example 2.

d(log(ax+b)) _a
dx Tax+b

a
Imdx=log (ax + b)

The process of finding the integral of a funct; i »
function f{(x) which has been integrated is called th:a1 (;:t(:en b s called the ieerate! "

. grand.
The integral of a function Sx) is not uni

- 5 . \
P+ e 6l stagoal fo g ol st gll\i;ebgs:vse if F(x) is an integral of f(x) the

d{F(x) +c} dF(x)
- dxx =/




ally, we writ
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which implies J.f(x) dx =F (x) + ¢

For this reason, the integral is called the indefinite integral
These ideas are there-in Wwhat we have done in the first vol

integration We now start with following fundamental results kno
The standard integrals have been divided i

rechniques to be used during the process of integ

ume. For further knowledge of
wn us Standard Integrals.

nto different groups according to the different
ration.

standard Integrals (1)

In this section, we discuss some integrals which are directly related to standard
differentiation formulae and so may be considered as some of fundamental integrals.

1 1 X
() j——dx=;tan"‘;+c

a2+x2
Put X =atan 0
dx = a sec?0 dO
a? + x2 =a? + a? tan?0 = a2 (1 + tan20)
= g2 sec?0
1 1
Im dx - I a?sec?0’ Ll
1 i
=a)ao |
=le+c
=’1‘tan“"+ ¢
a
1 1 atx
(b) J.‘az_xzdxz—z-c—zloga_x'l"c
1 _ _______1_-——dx
J.az—xzdx —I(a+x)(a—X)

] 1 —l—)dx
=_2_5-[(a +xa-x

=5123 {log (a+x) ~log(a—x)} ¥ ¢

1 a+x+

1 1 x—a
(c) I\xz-a2dx=zlogx+a+c

1 1
jx2—a2dx=.[mdx




BASIC MATHEMATICS: GRADE XIl

330

'l'.[(—l—‘ __‘__)dx
=23d\x-a x*a

=-2%{log(x~a)—108(x+a)}+c
i =§l_c;l°g£_;—§+
| () J‘\/-a—;i%—xz=sin~'§+c

Put x=asin® - dx=acos 0do |
\a? - x2 =\[2_——m=acos0
dx acos 0 {
I\/m —Iacose ‘
=[d8 =06+c

=sin—1£+c

a

dx X
©) I,f_‘xz+az=log(x+\]x2+a2)+c—s1nh1a+c

Putx=atan 0 .. dx = a sec?0 do

\Jx2+azz\/m=asece
dx Iaseczede
r

asec O

=Iseced9

= log (sec 0 + tan 0) + ¢'

’ 2

+4/a? + x2 :
.

=log(x+m) logazt ¢
—log(x+\/m)+c
Again, if we putx asinhy so that dx=a cosh y gy
acosh y dy

Thenj r—— _Im

J.Z(c:%shi y=_“dy

% 1L SNARE) VYA 1] 1 T A N N

. X
=y+C=Slnh‘l;+c
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dx__ _ N
(0 Jﬁmlog(x“L x2‘02)+C=COSh"£+c
a
put x=asecO S dx=asec § tan § 4o
\[\,7_02=\/a2$e029-a2=atan0
j, dx =J~asec€)tan9d9
N atan @
=Isec9d9

= log (sec 6 + tan 6) + ¢'

X 2
=10g(;+ \/;)4_

x+ xz—az
= lOg & +c'

=log (x +yx*—a?)—loga+c
=log (x+\/m)+c

Again if we put x =a cosh y

so that dx = a sinh y dy

1 _(__asinhydy
Thed, I \x?2 —a? d = -[ \Ja? cosh? y — a?

=I——lzzinnﬁydy=fdy

X
— == —1'—+
=y+c =cosh' +c¢

Some Integrals Reducible to Standard Forms

1
b il
The integrals of the forms j —Tibxtc dx and _[ _\/m can now be easily

evaluated by converting them into above standard integrals as illustrated in the worked out

€xamples below.

The other forms of integrals which can be reduced to the
_mxte +e

Jomre g wa  [Jarrmrc®

mxte _, L. (1)
_mxTe
Iax2+bx+c

standard integrals are

The integral

®an be written as
-‘- 2ax+ b ____,_,1.———- dc ...... (i1)
p ax?+bx+c

dx +4,[ax2+bx+c
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i }
|
« i =

differential coefficient of the denominato, , ;
|

o first integral is the e |
ake the sum (ii) equal to the given integry) :

in which the numerator of th
adjusted so as tom

the constants p and ¢ are to be
We can casily see that
2ap=m and bpt4q

N

P

=e

which can be solved for p and ¢.
The integrals in (ii) can be casily integrated.

Xt e
= dx can be expressed as the sum

Similarl j —_—_—
& '\/ ax?+ bx+c

—
. I 2ax + b Do+ I 1 dx
=; P \]ax2+bx+cx 9 \/ax2+bx+c
=' . and the values of p and ¢ can be obtained from
=A 2ap=m and bpt+qg=e
—
i Worked Out Examples
i Example 1
dx

= Integrate I——————4x2 T 24x 1 45
i Solution:
T; dx d
= | I4x2+24x+45 J(2x+6)2+32

' Put y =2x+6

dy = 2dx

—I3

le_dy 11
= | Now, I =3 y2+3z='2'-§tan"‘§+c
| | _1. 2x+6

| - 6 tan— + C

Example 2

dx
Imegrate [ 0,7

Solution :

J‘ dx =J. dx
x2+ 10x—-11 (x+5)7-62
- x+5-6
2.6log(x+5)+6+c
| x-1

=T§logx+ l]+C




€y, 0
qha, lgf |he Antiderivative
b\
@lpk{
\ grample 3
3x+5
Evaluate I x24+4x +20 dx
e solu{iOIl:
Sumy _3x+5
Let | 54 4x + 20
2x+4 dx
ij2+4x+20 x +q-[x2+4x+20
2p=3 and 4p+g=5
3
or p=5 and q=-1
| Ix+35
Now | 7% ax s 20 %
3¢ (2x+4)dx dx
2.[x2+4x+20_ x2+4x +20
3 ) __dx
=§log(x -T-4x+20)— ,[(x+2)2+42
3 - Y Lt +
=510g(_x +4x+20)—4tan 4 c
Example 4
- ___dax
valuate J' 2+ 6x + 34
Solution:

dx ___’d)ﬁ————
Ierm Iy
—log { (x+3)* (x+3P2+52}+c
~log { (x+3) T BrF 34} e

Example 5
Evaluate | \lg—_xz
Solution;

d
=I@"ﬁ
—sm“( ; )+c

333
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Example 6
dx
Evaluate : I \/—————m
Solution:

de  _r_edx
Lctl=I\/|—TE_—2x—IW

Put ex = y so that e* dx = dy

- __dX__ - +\/ 24+ 1)+c
.; I I\[;i+—l log (y+\y )
— = log (e +e¥F1)+e
=‘ Example 7
. Evaluate:I
— -8x+15
- |
) Solution :
i Letl= [ —2—_| =
— x2—8x+15 4/(x-3)(x-5)

Putx-3=y)?sothatdx=2ydyandx=y)*+3

2y d
Now, 1 = —2yay
E J-]r\,y2+3—5
= | =zj_dy__
— =2log(y+\2-2)+c
= =2log(\Vx-3+x-5)+¢
= Example 8
- 3x+2
s Integrate | ——
; e j\/sz+5x+4dx
' Solution:
+2
Lot =222 4o [=2tS
2x2+5x+4 P 252 + dx + ¢
\V2x2 + 55+ 4 qu
4p=3 and S5p+g=2
3 7
or P=y and §a=ns
j' 3x+2 4x+5

————-d — —
\}2x2+5x x Im 4IV2XZ\
+5x+4

———
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5 ,
sl e
5
3 7
=5¢m_mj 1 U
ST
3 T siTa_L
=§ 2x2+5x+4—m log(x+%+ x2+§x+2
Example 9
te | 2 —
Integrate (A1 +0)N2
Solution:

I_I dx ‘
Lt =) 1 +)v2 =

put z22=2+x 2zdz = dx

2z dz 2.[ dz

Then, 1 =[G o =2] 77

EXERCISE _
=

Integrate
dx
Lo [ (i) [7+25
x2 + 49 | il N
(iii) j Xax ' - (iv) J. 432+ 1
x*+3 j N
6x + 1 (Vl) —————+ —
v) I dx e+e
i ‘ dx
(vii) [ -2 wiil) [ 5524
s ‘ J- dx
i) [——& ® JTrx+2
(IX) I 24+ 6x + 8 ) cos x dx
(xi) J' —dx (xii) .[ sinZx + 4 sinx +5
1 +x—x2
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L.

BASIC
__xdx
(X'“)I x4+ 4y - 12
(XV) Im‘t‘.

i [0
(xvii) ,‘ 4+ 12x+5

@ [

(iii) |

dx

x2— 6
2+4x 5
O |
Lo dx
i | e
) J ot 2er10

N2 t+3
(XI) -" x2+4x+20

e x i 2
i e &
dx
) | T

N dx
(xvii) I (4x + 3) [x+3
(xix)I idx

1
(i) 7tan‘l ')7£+ c

. 1 3
(iv) 7 log 4x2+1) +3 tan”! 2x + ¢
1

i) Llo 2)(—3»+ N -2
) 127982437 ¢ ("“‘)M"’g% ¥z e (ix) ‘logx+2
2 2x + 1 1 xra
" _1( )+ . -1 +2x
'(X) T IR - (x1) s log ;]5 +1_2t¢ (xii) tan™! (sinx +2) +¢

x—2

(xiii) 5 log (x> +4x-12)—~ log 167

(xv) log (x> +4x+5)—tan! (x +2) + ¢

1
(XVll) 5 log (4x2 + 12x + 5) log 2+ l

MATHEMATICS: GRADE Xl

Answer

.. 1 2x
—_— -1 =
(i1) lotan 5 tc

) 3 log (x2 + 9)‘+l tan~! §+ c

2&x+s5Tte

(xiv) J.,‘-z +4x + 40

(xvi) ,[ 3+ 2x — x2
6x +2

(xvii) [ 57+ 6 + 26 %X

dx
(ii) I"ZT—
d
’+6,\+ 10

o) [ e
cee X dr
(viii) IW

x dx

© | Feraes

(iv) I

o) [ ==
(xvi) | o (B>
V@x-o) (x—B)
dx
(xviit) I (2x+ l)\/4x—+3

(i) 5o tan- 3=+ ¢
2\3 1 3t e

(vi) tan’'(e)*€

(xnv) log (x2+4x + 40) - o tan‘l ( ; 2)
1 +x
(xvi) log 3, log(3+2x-x)+c

.
(xviii) T log (9x2 + 6 + 26) + ¢
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72*6'2 0 log (x +\"=16) + ¢ |
Xy ; . (i) =1
: Xt | (iil) log(x+2+\x¥ +dx-5) 4 “ 3 l0g (2x + 32+ 9) + ¢
; iv
% v) 108(.\+a+\[2_¢m)+c v log(x-;3+ x2+6x+10)+c
| | 3 .\ sin—l(;")+
vil) Iog(x+—+\/2§\ a )t¢
#r\ j ( Yi 4 X +7_x+2 +c (viii)%IOg(xz_,_\/xm
6~x+10 (IX) 5‘0g(x2+l+ x4+2x2+]0)+ ’ a)+c
. ) c ‘ \
\ : (x) ‘\Ix2+4x+5——210g(x+2+\1m
~x () 2+ 4x+20-1 x+5)+c
X og (x+2 +\[@T4x720)+
[ - c
i) VEFx+1+3 ( 1
S T e 3o 1
, (xiii) 322 -8+ 5 +c Yy ;
X +3 (xv) sin T) +ec _
: 1. 24x+3-3 (xvi) 2log (V= = ) +e
. xvii) <1 - _
—dr () 6108y w343 ¢ (i) L 1og YEEE3=1
+1 )7 log +e
(xix) sin!x—1-x2+c \ax+3+1
42
" 50 Standard Integrals (11)
In this sectio i .
| (x _ ﬁ) sechni n we consider the second set of standard integrals which can be
. . . . evaluated
—l{/ belowflue known as integration by parts. "l"hls is a formulq which can be deduced aa: g})\?;z
d du dv
vemor Gwegeds
or any two differentiable functions u and v, of x. Integrating both sides, we get
d dv i
uv, =.[(?1x£vl) dx + I(u';,;l)dx
'y |
gttt ( dv) d i
k) or — _ au ) .
RS C I
(v ‘ dv o :
& - j Letal =vsothatv, = I v dx. Then the relation (i) becomes
+240 5 : ~
24 ! ; ¢ (du
ST S IM)dx:"jv“"”I(Zx'I””‘)d"
’ ] Whiek : ’
(517 g | (Z ] ; Chis the required formula. o
] ﬂ/ / i
18 f
40) 73 il With the application of this formula, we can evaluate the following standard integrals.
A
2w
; 4

o
ot =
e Sem—
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. ¢a* (a cos bx + b sin bx)
(a) Ie'"cosbxdx= al+ b?

Integrating by parts, we get

Ie‘"cosbxdx eﬂjcosbxdx I(___ICObedx)dx

=£‘“_S;ﬂ_1i’£_ -J’eaxsinbxdx

=eax‘°’;“bx b[eaxjsmbxdx I( Ismbde)dx]

e*sinbx a @ pax dx
24+ p2 i + bx
o L2 J- o (b sin bx + a cos bx)

_e‘”‘(acosbx+bsinbx)
Ie‘"cosbxdx—— JERT)

Similarly, we can deduce

€% (q sin bx — b cos bx)
a*+b?

|
|

() [ ew sinbxdx=

e

2 2
© [NFrRa-2E e, & . e

Integrating by parts, we get
J'\/mdx—\/m_[ldx j(—@j &) d
T [

X2+ g2) — o2
N e 3 js_au

2 + a2
=x\[2+a - J\/x2+a2dx+a2‘[
\/x2+a2
or 2‘[\’x2+a2dx x’\/x2+02+0210g(x+1{x2+a2)
3 > x:!x2+a2 a2
or f\/x tatdx= 1°g(x+m

Similarly, we can deduce

@ [N @de=eP=a T L
(e I\fmdxfz'x\/az—x” %azsin-'i.
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|ntegrals Reducible to Standard Forms
The integrals of the form _[ Vo ¥ bx 1 ¢ dx

The other form of the integral which can be reduceq to th

I(m+e)'\)ax2+bx+cdx |
The integral I(mx +e)\ax2 + bx + ¢ dy ()

......

€ sum of two integrable forms is

can be written as the sum of two integrals
p[@ar+b) ‘]“"”bﬁcdﬁqfxlmdx

in which the constants p and g are to be adjusted so as to make the sum equal to the given
integral (i). It should be noted that the integrand of the first integral is the product of 2ax + b and

Jad+bx + cand 2ax + b is the differential coefficient of ax? + bx + c. The values of p and ¢
can be obtained from 2ap =mand bp +g=e

Worked Out Examples

Example 1
Integrate j\/@ﬂ +24x +25dx

Solution:
Let 1=j\/9x2 T 24x + 25 dx

=J' (3x +4)2 +3%2dx

Put y=3x+4 - dy=3dx

1=%j\/ 2+ 32dy
2 +3+ 5 3210g(y+‘\)y2+32]+c

=§ 2y o
2
=l(3x+4) 02 + 24x+25+ —1og (3x+4+\/9x ¥ 24x + 25
6
:‘ample 2 ‘
Integrate [ (2 + 5)\[4x? +12xF 45 dx
So’"tlon

I =[(@x+5) R | 42+ 12x +45 dx
45dx+ 4
4x2+12x +
—p[(8x+12)\/—/

Fus.
o
oy
(0
& -
v
r‘?""
“d
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‘a 340 BAS
;'
;l sothat 8p=2 and 12p+q=35
; or p=3 and q
‘ + 45 dx
‘l -] @+12) BT 12T 45 de 2 AR+ 120
l‘t =%.‘§’(4x2+12x+45)3’2+2_[1,(2X+3)2+62dx
—
| 1 Loy
! ='é‘(4x2+12x+45)3’2+2.§_|.‘\/)’2+62dy where y=2x+3
- 2
| 1 & Nwpws
| =é(4x2+12x+45)3’2+'2‘y\/y2+62+2 log(y +\)*+6%)tc
=» =%(4x2'+12x+45)3/2+%(2x+3)\/1x2+12.x+45
1 _ ‘
i + 1810g(2.x+3+\/4x2+12x+45)+c
e
=
EXERCISE
5 Integrate : _
o L [\25- 92 ax 2 [NE—@) Box
—_ 3 I\/5—2x+x2dx 4. I\/;L—%dx
— 2
! 5. [\Be+5dx 6. | [\B TR
| ~7. I 4x2—4x +5dx 8. dex
! 9 I___dx_ _
GG 0. [e-D\Zar—viar
1. [ (@x+ 1)\ax2 4205 + 21 d R [ )N
a I(Z—x) Rz | 14. I(x+3)\/9x2+12x+13dx
15. [e¥sin Sxdx 16, [ e cos 2edy
Answer

. 'é’ 3x\/25—9x2+25 sin™! 3;__x)+c ‘
1 |
32— @+ pN-0)B -0 +5B-a)? sin (%:.B_) s

-
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%(X,I)W’5—2"+12+2108(x‘1+m)+c

lx x2~36—18l°g(x+ x2“36)+c

; %x\[3.8+5 +N§log (\/3x+\'3x2 +5 ) te

-
-+
o

: +
6. %(_‘-+l)\/3—2x—x2+2sm“ (xz 1)+c

. %(Zx— 1)\J4x2 —4x +5+log (2x - 1 +\/4x2—4x+5)+c
1 . =
" %(x_a)\/2ax—x2+'2‘a2 sm“ (xTa) o+ s

) %—%x\/;_—_l’+llog(x+\[xrl)+c :

3(5 4x — 2)3/2 2("+2)\/-5_Tx2 2Sin"(x;2)+c
.g(4x2+20x+21)3/2_(2x+5)m+4log(2x+5.+m)+c
12,%(2+10x—11)3/2-%(x+5)m+s4log(x+s+\/}?+—m;—_n)+c
%(x+3)m+gsin‘l(x;3>+c

14, '—(9x2+12x+13)3/2+—(3x+2)\/m+"10g(3x+2+\/m)+c

uE e4" (4 cos 2x + 2 sin 2x)

13.

34e3" (3 sin 5x — 5 cos 5x) 16.5

Standard Integrals of Some Specnal Trigonometrical Functions
Various techniques that may be applied for integrating some specxal trigonometric

functions are briefly sketched in this section-

x
(a) Icosec x dx =log (tan '2') tc
dx

jcosecxdx ==y = 1 1
.[smx J.zsinixcoszx
1
sec? 5 X i y
L1 —a=p] T
=2j' 1 17 i tan X
sin 5 x €083 2

1
= log (tani'x) *c
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1 1
(b) Isecxdx= log(tan (Zu+'2'x))+c

Isecxdx Icosx

w—

] R
i R 11 1 1

i‘ sin (Zn +5x) cos (Z T+ Ex)
| 1 sec? (gt X

- =2 1 o

= tan(41t+5x)

: = log (tan (l n+ ’l‘xD +c

s

__dx
(© Ia+bcosx

dx

| Gl e 1w 1
alcos 2x+s1n 5% +b cos2'2‘x—sm2§x)

;I 1 seczax
N L <y
(a +b) cos 5xt(a-b) sm2§x \ seczix
. secZ%x
g Ae
(a+b)+(a-b)tan27 x

2

Casel. a>b

-1
P i) = .
ut fa b.tanzx "4 A 2\/ bsecz—x I =d

Then the given integral transforms into
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casell.a< b.

1
2.
The given integral can be written ag I - sec?y x

dx
(“+b)“(b—a)tan2%x

1
Put \[b~atan§x=z

1
-;'\[b—a sec25x dx =dz
Then the integral (i) becomes

b+a+z

e [ 2 1
Nb-a fet0) 2 \[b a 2\/b+alg bz -

i \Vb+a+ b—atan%x
4[ 5. 2
b2-a \/b_+a— b—atan%x

-

The integral _[ can also be similarly evaluated.

a+bsinx

(d) Hyperbolic Functions
(i) jsinhxdx=j%(e"—e‘x) dx

—%(ex+e—x)+c—coshx+c

(i) Icoshxdx J (e*+e*¥)dx

| =%(ex_é—x)+c=sinhx+C'
|
v ln) Itanh . ISLI’;];.;CC
= & * where z = cosh x /
z

=logz+c=log (coshx) +¢

(iv) Icoth = ICOthdx=log (sinhx) +¢

2
= -——':‘dx
sinhxdx et—e?
————-dy where y =€

_Iezixl dx ——2_"),2.,

W) [ cosech x gy =
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-1

Lokt 3
|08-L——l-+(—-108e\+] ¢

3
= log (tanh ‘2‘) +c

: = J' a dx =I dx X
(vi) I sechxdx =] ohx coshzg' + sinh?3

i H
o

— sechz';‘

1 = xdx

.; I +tanh?5

— f dz o X

= =2J.1+zz’ where z = tanh 5
| X 1 z'taﬂ
, =2tan"! z+ ¢ =2tan’! (tanh'z‘)+c W
. | w(hemt

(vii) _[ sech? x dx = tanh x
(viii)_[ cosech? x dx = — coth x
(ix) I sech x tanh x dx = —sech x

(x) j cosech x coth x dx = - cosech x

Standard Integral of the Form (llI)

: dx
An integral of the form I 2 sinx + b cos x °an be obtained in the following way.

{
|

Put a=rcosa and b=rsinq

sothat r= \/az +b% and o=tan’! b
a

“. dx IJ‘ dx
asinx+bcosx cosocs1nr+smacosx

__IL
sifl (x + o)

—;Icosec (x + o) dx

=4 1
_rlog(tani(x+q))+c

— 1
Ve e (v )
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Worked Out Exampies
W,,.ple 1
dx
Integrat¢ I 1 -3sinx
Solution:
J. | (Xi:in x I X @
T (Sin2 5+ cos? %) -6 sin % cos%
2 X
B j sect dx ;
= Xt x ! ek 1)
tan?§—6 tan%+ 1
X ] ‘
Put z=tany Sodz= B sec? % dx
Then the integral (1) becomes
dz dz
2]23—624-1 _21‘(2—3)2—(2\72)2
1 z=3-2\2 .
=23 2V 108, T3F T e
, | tan % x—3-2\2
= log te
;‘ 212 tan %x ~3+2\2
Example 2
llowins Evaluate : Im
Solution;
dx
e 1 E I 3 —cos X
dx
G D)
- j 3(cos? x/2 + sin’ %12) — (cos? x/2 = S10°% )
o oax
= I 3 cos? x/2 + 4 sin’ x/2
| _secx/2dx ‘
=5 T5 2 e 22 .
x1=d |
Put\ﬁtan§=ysothat\/—2-Se°22'2dx g !
|
dx =+[2 dy i

A
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d g
Now, 1 =42 -l_+l)§=\ﬁta“ pe

=4/2 tan-'(\ﬁ tan %) tc

Example 3
. dx
Evaluate : j 2sinx+3cosx
Solution: :
dx ¢
Let I = I v p x X : =
2.2 sin5c0s5+ 3 00525— sin’> ;
sec? ')2£ dx ‘ X
- I x x ‘.“anh 2
4 tan 5 + 3 — 3 tan? 5 )
2 E :
Y i
3 1+ i t £ 2 { ‘ "
3 tan> — tan 5 b

X 1
Puttan7 =y so that Eseczgdx=dy _

1 3[13+2_13

=W§log'\/ﬁ—2+y+c
1 \/1—3+2—tan§
=—=log .
Vi3 VB-2+unk




Antiderivative

W,,;ple 4 ix

[ntegrate I 3+ 4 cosh x

sdllﬂ."""
dx

[35acoshx
dx

XL s X
3 (cosh2 » — sinh? 5) +4 (coshz % + sinh2 22‘.)

347

dx sech%dx
T x il R o (R (1)
$2 e @i X
7 cosh 2~|-smh ) 7+tanh22
X _ 2 X
Puttanh 5=y = sech’ 5 dx =2 dy
Now, from (1)
__dx
I3+4coshx
1 _dy _ 1 —1(—L)
—2I7+y2—2.\ﬁtan \ﬁ +c
tanhE
2 el
\/—7-tan V"
EXERCISE
Integrate
dx
Lo dx 2. | (sin x +cos x)?
a’sin2 x + b2 cos? x sin x
COS X —
dx
3, I\dx\ 4. I sin 2x
4 -5 sinx .
sin 2x
S, J‘ 6. I(sinx+005x)2
3smx 4cosx d
X
1 I\ 8. Il_ZCosx
2+ cosx dx
9, 10 _[2+3cosx

—dx
1+ sin x + cos x
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dx
__dx 12. )2+ sinx .
“J1+2sinx , I(
dx wgr”tc
13 f—————" dx 14. J3sinx +4cosx y
sin x + cos x
tanh x dx 6 Sl i ¢
208 16. — f .
5. !cosl1.r+64sechx 4 tanh x — cosech x sech x !ﬁ
d - dx W A
17. fm * J4+3sinhx v
= (
waﬂngth
Answer
1 atan x 1 1, 2+tanx
1 2tan§—1 1 A
4. log(cosx +sinx+4fsin2x ) +c 5. glog_‘—x__4+c 6 Xt T e Te -
2tan2+
2 tan’y V3 tan 5 — 1
7 tan~! + I — =
- B 3 /) te 8. Vglog +¢ 9. log(l+tanz |+¢
\/3tan£+1 2
2
X
1 \/5+tan5 1 tan§+2—\/3
10. J5log———+c¢ Il Flg————+c 12,
\/S—tanz tan5+2+\/3
1 X T 1
13. 5 log tan (5+§)+c 14. 5 log tan (§+%tan" g')Jrc
1 cosh x 1 i
15. —tan—l( )+c 16. 7 sinhx +—= Jog 230 x = |
8 g ' 4smhx+16log2sinhx+1+c
X
‘17 4 \ﬁftanhz o 1+2tanh%
.\/-7-og\/_‘7_—“nh£+c 18. Slog St
~tohg 4-2tanh

Integration of Rational Fractions




“

Antiderivative

Worked Out Examples

inp
DN g
CtheC lntegrate J‘(b + 3) (3X + 5) dx

~
g Solution:

£ __A B
CLlet x+3)(Bx+5) " 2 +3t 355

2x=A(3x+5)+B(2x+3)

Zlog% Equating the coefficient of x and constant terms we get
Tl | 3A+2B=2
il 5A+3B=0
[romet A=—6and B=10
2x 6 10
2x+3)(Bx+5) " 2x+3 1 3x+5
log ( 1+ %) y So we have by integration

dx 10
I(2x+3)(3x+5)=_3 log (2x + 3) + 3 log(Bx+35)+c¢

Dyl
Vgtan" ("\@’ ' Example 2
2t +3

Integrate j m

Solution:

The denominator is

B+32+2 =x(2+3x+2)
=x(x+l)(x+2)
252+ 3 A B  _C

it x+1+ x+2
)+Bx(x+2)+Cx(x+1)
e we get

X+t (x+2) x

224+3=A@x+1)(x+2 [y
Putx=0,-1,-2 in succession in the above identity.

m,y 3 B _1_1 ‘
it"s';od"s A=3, B=-5C=7% 1
e ® OV , ‘
957125[{0’35{@0 tﬂ;[nf " The given integral becomes ‘
I a0y 351 1. 1 .
d d quaomlﬂ ﬂﬂlw 2J‘§dx _ 5 _1_ dx + ——-J‘x"'+ 2 dx ’ I
(& 4 il? Pbﬂ“ s x+1 2 " Bys |
e on e Mgt |
f a(;tlorﬂe 5gebf3 _3 log x - 5 108 @+ ¥ 73 i
‘.1 l:;rl’g szlﬂeﬂ 2 I
v tg &
(s
ef
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Example 3
X
Integrate I (;m dx

Solution:
x? A B o
Lt GTD G xt2 x+3 x+I)
Multiplying both sides by (x + 2) (x + 3)?, we get
VAR ABE+2)(x+3)+C(x+2)
Put x = -2, -3 in succession, Then we get A=4and C

-9

Equating the constant terms, we get
9A + 6B +2C =0
or B =-3

2
. j———(x ‘.2.)3___“ TRl = j 5 dx - 3] S -9 o3 G +3)2

9
=4log(x+2)-3log(x+3)+ 1 3+¢

Example 4

1 ) Sx2
ntegrate [T AT g

Solution:

L sz _ A +BX+C
AR x+1T 2013

or Sx2=A(2x2+3)+Bx+C)(x+1)
Equating the coefficient of like powers of x and constant terms, we get

2A+B=5, B+C=0, 3A+C=0
SLA=], B=3, C=23
Sx?

.'~I(x+1)(2x2+3)dx —Ix+1dx + Iz 2+3dx

Ix+1dx 4IZx2+3 x—zj
x2+-

los(x+1)+1 22
Og(x+3) tan- 3x+c
log(x+l)+—|og(2xz+3) \/‘tanl\/.
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) Here

A Jenominator consist of only even powers of will be illy e e Pumerator and the

Strated.

guample .

S5x2

ntegrate I I+ 22

Solution:
put X2=).
Then we get
_ __ S Sy
wWta-2 3P +y-2 (By-2)(p+1)
A B
- 3y-2 + y+1

5y =A@x+1)+B@By-2)
Equating the coefficient of y and constant terms, we get
A+3B=5 and A-2B=0

or B=1 and A=2
Sx? L E2 N 1
It+x2-3  3y-2 ytl
2 1
=3x2_2 x2+1
Now,
5x2 2 1 _
I3x4+x2_3dx ‘EI 2dx+Ix2+1dx
X2 -7
3
2
x.——
V3 + tanxtc

wWIN

,Ni.log )
x+\[3

: \3x -2 "
=7161°8m+ tan'x + ¢

ch the numerator consists of

ion in whi
I fraction 13 © ¢ x will be illustrated.

. :
®) Here the integration of the case€ of a ranonil even powers ©
only odd powers of x and the denominator oy

F"“”"l’le 1.

3
e [ O3S
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Solution:

Put x?=2 5 o2vdy =dz then
2x (x4 4) dx J- z 4+ 4 dz

Nt 5x 43 272 -5z+3

z+4)dz

=I(22—3) z-1)

z+4 A B

—z+4 = __A L =

= (2z-3)(z-1) 2:-3 z-1

:+4 =A(E-1)+B(2z-3)
Equating the coefficients of z and constant terms, W€ get
A+2B=1 and -A-3B=4
=-5 and A=11

] 1
22_3dz —SIZ_ldz
11

="2—log(22—3)—510g(z— ) +c

Now,

(2x* + 8x) dx
o3 =]

1
=710g(2x2-3)—5]og(x2—1)+c

—

(C) For any real numbers a and b (a # b) and positive integers m and n,

J' dx
(x—ay" (x- by

is the other case which can be integrated as illustrated below.

Example 1.
dx
Integrate I (=20 (x_3)
Solution:
Put x-2 =z(x-3)
X _3z-2
- g~
_3(Ez-1)-3z-2
or dx = C-1) )dz
_ 1
- (Z _ 1)2 dz
Also, ] ]

(-2 (x-3P 2(x_3)p




d n,

23-322+3z-1
=_I 2 =

1 1
—-fe-3+3-7)e

2 (x=3p " x_3

EXERCISE

| Integrate

9
B ey

j(x+2) G

J' x+1
¥

x2

i (a2+x2) T
Ix4+x2+1

x4~ 2x2—15

i

e a2) e

'
3
|

(

(r~ 1)2 (x 2)3

13
j.(3x+4) (4x + 1)

.[(x a)(x b)

5
6. [GrHaern®

1-x
8. Ix2+x3 @

10. jrtl_l %

_ xdr
12 sz4 3x2-5

___xdx
14. I o2 +a) (@t
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Answer

2. log (4x + 1)-log (3x *+ 4 +c

|

1. log(2x+ 1)-log(x+5)+¢
i &
c

1
||

bW"’S(J’—a)—blog(x—b)}+c
11 8(-‘+5)—210g(2x2+5)+\j10tan—| \/:x)+c 7 -——1—(1 X 1

5 2 p btan‘z ~ tan™! )+

1 x2-x+1- ¢

1+
% 2'°g( xx)—}l”fc 9 LlogZ=Eiito
N T | . glB 1T e
4 gx+l‘2tan‘lx+c 11 \/5 X — ‘\/5 '\/3
’ 1610gx+ tan V.'x_‘f‘c

" piff

e

1
12. _lo 2 5
g(x +l)+ lOg(ZX2—5)+c 13 a ¢ lx
an Dl 2an‘ - — X
a b a az_bztan13+c

14. '_l T {ac lo + - + + f]lll
2 (02 bz) { 2] g (x2 az) b? lOg (X2 b2)} c
- lfmiS .‘

36203 (59)- ()1

Ifit1s dif

In particy

erecisa




Chapter 17 |
Differential Equations

Ordinary Differential Equations

A real-valued function of a real variable, i.c., f: R — R, is usually expres'sed in the form

y=fx». Q)
If this function is differentiable at a point x = ¢ € R, we often write

d .

g A S PR )

X -

If it is differentiable for all values of x € R, we usually write

dy .
TofW=g®, sy, e 3)

In particular, if we have simple function defined by
y=clx or xp=c¢, e 4)
where cisa constant, simple differentiation yields

the first derivative of the function defined by y = c/x, the

This is an equation involving _ . . '
independent varia?)le and the constant —c. We may put the equation (5) in the following forms :

8 dy=(c/x?) dx, | i 6)
in which the variables x and y are separated
b) 4X=_(ﬂ)=_x ...... %
=5 ) =5
in which x and y appear in the form ylx only,
... (8
¢) %Jr%_y:o’ Forsne kO)
in which the coefficient of y is 8 function of X alone, e
Oy + xdy =0, - Sin;;; (exact) differential d(xy).

in which the left-hand side could be Writter

different forms of the same equation (5), we may
ove dil

g standard forms -

T Looking superficially at the al?
oughly classify them into the followin
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I Variables separated form :
An equation of the form
where Y is a function of y alone and Xt

I1. Homogencous form :

o dy (Y
This is an equation of the lm'm;f = f (X) )

Y dy = X dx
hat of x alone.

. . : o L
where /'(y/x) is a function of pe

1L Lincar form :

dy

- . ,‘, - d
dx Py=Q,

where P and Q are functions of x only.
IV. Exact form :
M (x) dx + N (xy) dy = 0,

where M and N are functions of x and y, such that the left hand side of this equation can be
expressed as a single (or perfect or exact) differential of the form d f(x, y), where f(x, ) is
a function of x and y.

We thus observe that an equation may contain the differential coefficient (dy/dx), or
differentials dx and dy, with or without the dependent variable y or independent variable x or
both. In each of the examples considered, the highest derivative of » is ‘one’. An equation like
this is called an ordinary differential equation of the first order. We further notice that the
highest power of the highest (here first) derivative is also
ordinary (having only one independent variable x) differe
first degree.

‘one’. We call such an equation, an
ntial equation of the first order and

The power of the first derivative ma

. , . y be greater than one. For example, the power of the
differential equations

dy\2 _ (d ,
@@ w0 @@
dx dx

are ‘two’. There are examples of differential equati i
' \ quation of the fis 0 degree.
Obviously, there exist first order higher degre oot order and:gecond {5

e differential cquations.
We may likewise consider diff,

~Wen erential equations
derivative is more than one. The diffe

; _ in which the order of the highest
rential equations

&y 4 4
B3t =0 and  L¥

dx2 Ty = sin2x
are of the second order but of the first degree.

A general second order differential €quation is genera]|

d? {
L Ligyon

P, Q and R are functions of x,

Y written in the form
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[f an equation could be written in the form
d
?ﬁ =./(v) or, ) y' =_/(y),

is a function of 403
where fiy)isa y alone, it is called an autonomous differential equation. The equation
ﬂ =y is autonomous.
ﬁ -

We now give some formal definitions which we often need
) A differ e'm;:l unatlon IS an equation which involves the derivatives or differentials with
_or without the dependent variable or independent variable or both. For example,
dy_ ¥
dx x or xdy+ydx=0,

d? )
-jx‘% +y=smx.
b) A differential equation is said to be ordinary if there is no pariial derivative.

¢) A differential equation is said to be of order one if the order of the highest derivative is
one. It is said to be of order n if the order of the highest derivative appearing in it is n.

. d d? . .
The differential equations ;,‘)ZC =— % and E)‘c% +y = sin x are respectively of order one and

two.

d) The degree of a differential equation is the power to which the highest derivative in it is
raised. The degree of the differential equations
2 2 b
@)-Q) s Foow
are two and one respectively. | R
€) A solution of a differential equation is any relation betwe.en t.he Varlables, which is free
from derivatives or differentials and which satisfy the equation identically.

— L . sessen A
The equation _l! = (A)
1 = g — l‘ ------ (B)
18 satisfied by y=

So, it is a solution of (A).
One can easily verify that it is also satisfied by
< ' S ©
Y= x

Where ¢ is an arbitrary constant.

The solution (B) of (A) is called 2

® Solution (B) is obtained by substituti :
+ution, The so)lution (C) of (A) containing one arbitr
ferential equation of order one. e,

on or particular integral (P.1.) of (A).

hen x = 1, hence it is known as the particular
ngy= o cor,lstant is called the general solution
aii};ﬁne a general solution of a differential

particular soluti
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i i tants. A ge .
tion of order n is that solution which contains 7 arbitrary cons general solytig, i
CAiE imitive.
' -omplete pr
also known as a complete solution or €O . ' . '
P L etic approach in introducing the basic termmol.ogy relateq
We have adopted a simp roach could be to start with mathepy

. : : i t interesting app ; aticy]
differential equation. An SEsOPEY® t]zll;tions such as growth and decay problems in bi010gica1

th

in real life si : . . o
2?:::23025;&[:::1 :n:inerconomics, physical sciences, engeneering, etc. We do deal with some [ ! -
such problems as applications only at the end. CWI
. mtegf”“ng
Equations of the First Order and First Degree .
An ordinary differential equation of the first order and first degree may be written in ¢, '
form
a 50,
Z% =f(x,y) = e (1) -puﬂingAs
where f(x, y) is a function of x and y. If ‘ Thus
M (xy) _
f(xa y) == N (x,y) ’ ‘?r
where M and N are functions of x and y, we may write (1) in the form @ ‘
M(x, y) dx + N(x,y) dy=0, ... (2) !

For a general equation like this, there is no good theorem which guarantees a solution
which can be expressed as a ‘nice formula’ in terms of known functions. We shall, therefore,
restrict ourselves to cases in which we need not have to face such difficulties.

a) Standard Form |

Variables Separated form

: d
If the equation ;;)% =/f(x,y) could be written in the form

@y _X
&Y e (3)
where X is a function of x alone and Y is a function of Y alone, it can be written as
Ydy=Xdx, 4)

in which the variables are separated.

Then, by direct integration, we arrive at the general solution
j Ydy= J Xdx+c

where c is an arbitrary constant of integration
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Worked Out Examples

'P\ _ mmp[e 1
Solve, by separation of variables, the equation @y
: dx " x
Solution: o
Clearly, 5=~"x

Integrating both sides, we get
dy _ rdx
j y j X tA,

o,  logy=—logx+logc

where A is an arbitrary constant.

by putting A =log ¢ so as to make the simplification easy and nice
Thus log y =log c/x

&
or - ar Ty
or xy =c Iistherequired solution.

Example 2.
Solve, by separation of variables, the equationx dy +y dx=0

- Solution:

Dividing both sides of the equation by x y, we have

dy + L 0 in which the variables are separated.
y X ’

Integrating, we have

Ig)‘)z + j‘% =logc wherec is an arbitrary constant.

So, logy +logx =log¢

or, log xy =log¢ :
or, xy=c isthe required solution.
Example 3

Solve (1 +x2)dy=(1+)y)dx
Solution,
We rewrite the given equation in the form
(1+x2)dy—(1+y)dx=0

or _ﬂ-— _Q——:O,
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we have
tan..] y —tan | X= tan ~l(‘
p — X
1 +xy

=~ _, =~ asthe required solution.
or, -L-—-] g

= tap 2k ¢
or, tan! =tan "~ €

Example 4

dy_xyty
Solve dx - xy+x

Solution:

_‘!sz | or
dx xy+x
dy yx+1) i€
= dx x(y+1)
y+1d x+1

:>yy=xdx

1 1
= (1 +y)dy=(1 +x)dx

Integrating,

ytlogy=x+logx+ec
= logy-logx+y—-x=c

b4

= logx+y—x=c

Example 5
Solve : sec’x tan y dx + sec?y tan x dy = ()

Solution:
Dividing both sides by tan x tan y,

sec’x sec? y
X
tan x tan y

Integrate both sides to find

sec? x d sec?
tan x %+ tan y dy = log c.

We get dy =

or, logtanx+logtany=logc sec2 0 d:
: L -‘.tane 9 jz logz]

So, tanxtany=rc, where
4 cisan arbitrary constant, is the required solution




Differentia Equations

e
| puamp¥
. Solve: evdxt+e-xdy=
Solution: |
Multlplymg both sides by ety
We get

exdx+e¥dy =0
Integrating, we have

‘ § C
I e dx + I ¥ dy =7 (c = constants)

Integrating, we have

EXERCISE

Solve, by separation of variables, the following differential equations.

e e _c
or 2 2 2
ie. e+ e¥=c

is the required solution.

361

d_x ‘ X
L pa | 2. xdx+ydy=0
& 2+1 4. x*dy-y*dx=0
Sl el R
o - dy_etl
S+ =1 & &y
] %+4x=2.62x : . NT-2dy+y1-yidr=0
+(yx2+y)dy=0
) (I+x)ydc+(1+yxdy=0 10. (o +x)dx+ b ry) 4
d ' 2’2: x-y + x3.e7Y
11, xﬁ+y-l=0 13, p=@TiTEie
dy__1+cosdy
13, tanxdy+tanydx=0 14 dx 1 —cos 2x
, .
Answer
Ly_ 3'%+x=§+y+c
e 2.2+ =C 6.7 =20+ 2+
x\y=CW 5.y=tan_lx+c
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— 2= 9.logxytx+ty=c
= 2% 22 8_p,]_y2+y\’l x 1
10. (k24 1) 2+ 1)=c 1n.x(y-1 5 2)me
13.sinxsiny=c 14. cotx—tany =¢ .
¢ cisan
b) Standard Form Il p

Homogenous Equations it st o
. o be ogeneous if i
A differential equation of the first order and first degree 18 sal geneous if it ey "

be written in the form
dy _ (x)
dx =f X

A simple test for this is to put

Lo yor y =vx, and see whether all x's cancel out or not, [f
x
so, it is homogeneous, otherwise not.
To solve such an equation, we put y = vx and
dy_ dv
dx VT

in the given equation then we have a differential equation with variables v and x, i.e. we get

d
v+xav=f(v)
dv dx

or, f-v x

in which the variable are separated. Now by integration we get the required solution.

Worked Out Examples

Example 1
Solve: % = yrx
X
Solution:

The given equation is obviously homogeneous since dy_y

dx Tl
Put y = vx, so that
d_ . v
de V¥

o
and VX =V



Yo { Differential Equations
M ,
*(‘
: v _
Z of, X~
’ d _dx . |
or, V=" (Variables separated)

Integrating, we get
v=logx+logc

] is an arbitrary constant. Rewritine v — 2 L ‘
oy | where € nting v ¥ and simplifying, we get

e‘% y=xlogcux
. gsthe required solution
g Example 2
w | . dy _y -x*
n Solv§ : a2y
,: Solution:

The given equation is homogeneous, since
éx_l(z) l(z)*
de 2\x) 2\x

- d dv
Iy, ie.wg Puty=vx and Z_yix 2
! .dx dx

3
t

to find
ﬂ_l[ l]
VIXm T2V Ty
a_1f,1]
o or, T2V v
2v ax _
5 o

Since d (2 + '1_) —2 v_dv , we have

dgv2+1!+g’_§___0

v+ 1 X
Integrating, we get Lo
glog (\f +1)+logx= log ¢, where c is an arbitrary constant.
So, | (v+1)x=c

ReWriting v=2 we get

x’
v
(2+l)x=c
X

363
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Example 3
dy_y o)
Solvc:;ﬂ:'-x'-sm’x
Solution;

Pm‘f = v 80 that y = vx

dv
then, %-v+x:‘&

Now, the given equation is

v+x"2-v—-sin2v
dx

dv 1
= X e = - sin?v
- dv_ dx

sin?v  x

Integrating, we have
cotv=logx+c

= cote)=logx+c

Example 4
dy__y+1
Solve dc y+1+x
)&olution:

This equation is not homogeneous. Puttingy + 1 =z,

¢
dz p dz z

we have %=a an

E=z+~x=€): which is homogeneous.
Put §=vorz=vx,
so that %=v+x%
and v+x% =v+
or, v‘;ldv=—“i‘x

of’

Of)

0fs

iate fo



JS-

Differentia) Equations

dv dv__dx
of, v v T x

[ntegrating term by term, we get
logv-Vv'=-logx+logc

Jog v+ log x - log c‘=%

as the required solution.

365

EXERCISE

Solve the following equations

_ . d
L 2o 2 g Ry
4 dy_y, . ¥
3 x2£+y2=xy 4. dx—x+tanx
, Y
Y ox(x-y)dy=y(x+y)dx 6 g
. _dz_x2+!:2
1 '(x2+y2)dy=xydx 8. dx  2x?
- . £1.Z=X
9, Xdy_ydx.: x2+y2dx 10. de x+x2
% x- . 12. x3+y3)’dy—‘x2ydx=°’f(°)='1
: dx:xji,y=0whenx=2 ( | |
Answer '
=y (logx+©)
l'x+h10gx=cx 2-y2=2x2(logx+6) 3.x2 .Y(OTxic .
» . + x2+ =CX
7.x2=2y2 log ¢ 8 2x=(x‘y) log cx ?éyx3=3y3 logy
10'(v‘x)2=cx§»2 1.02-2p -y =4 |

{((F T . T F® 11 KT T TRE  fF B |
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c) Standard form lll

Exact Equations
A differential equation written i
M(x,y)dx+N(xy)dy=0 .
where M and N are functions of x or y or both, is said to b
of x and y such that
Mdx + N dy = d fix,), |
i.e. when Mdx+Ndy isanexactora perfect differential.
The differential equation y dx +x dy = 0

n the form

e exact if there exists a function f(xy)

is exact, since ydx+xdy=d(xy)=0 which gives
Xy=c
where c is an arbitrary constant. But, the differential equation
xdy-ydx=0

1S not exact as it stands.

It, however, becomes exact if we multiply both sides of it by 2’ since

Xdy-y s =0 becomes d (X) =0

x2 x)

On integration, we have
Y

- € or y=cx,

where c is an arbitrary constant as its solution.

. 1. _
An expression or factor such as 32 1s called an integrating factor (I.F.). Integrating factors

may be found in sevefal ways. But we shall focus our interest mainly on those cases in which I
F. can be found l?y simple obse:rvatlons or inspection. One should not forget that an equation
may be exact by simply regrouping various terms of the equation. For example the equation

(5x+2y-4)dy+(12x + 59-9)dx=0
may be regrouped as
Skrdy+tydat(2y-4)dy+(12x-9) dx =
which is equivalent to
d(5xy) +d (") —d (4y) +d (6x2) - g (9) =0
or, d[5xy+y* -4y +6x2-9x] =
On integration, we get the required solution
Sxy+y?—4y+6x2-9x=c,

which is exact.

where c is an arbitrary constant.




Differential Equations.

Worked Out Examples

sove  yadx-xdy=0

pividing both sides of the given equation by 2, we have
ydx—x dy 0 X

This gives, on integration,

:x-_c
y or X =0y,

where ¢ is an arbitrary constant, is the required solution.
Example 2
Solve  xdy+(x+y)dx=0.

Solution:
Regrouping the terms of the given equation we have
(xdy+ydx)+xa’x=0.

Equivalently, we have
- {1
d (xy) +d(§x2)=0
1
or, d(xy+'2'x’~)=0

On integration, we have

1 is an

Example 3
Solve : 2xy dx —x2 dy = 0
Solution,
Dyde-x2dy=0
Dividing both sides by *
x2
239fdx—x2dx=0 - d(—- =0
» g

2
Integrating, J-;')' =c

x2=cy

arbitrary constant, as the required solution.

367
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Example 4
Solve: y(“’x)’)d-"‘xdy::o

Solution:

W1 +xy)dx —x dy =0
=3 ydx+xy2dx—xdy=0
= (ydx-xdy)+x’dx=0
= 2—‘9‘;2—"511+xdx=0

= dG)+%d(x2)=0
= d(§+%x2)=0

2 £+.l. D :
Integrating, y KX =c

11 . I

Example 5

dy_x-yp+l
Solution:

dy_x—y+1
dx x+y+1

xdy+ydy+tdy=xdx—ydx+dx
(xdy+tydo)+tydy+dy—xde—dx=0

TR

d0y) +3d0) + dy 5 d(d) ~ = 0

1 1
= d(xy+§y2+y—5x2—x)=0

MU LTSRN i) IR inan

Integrating,

1 - 1
XY+ ty-5xt-x=c

> 2ytylyos-2x=c
- ny+yz+2y_x2—2x=c’wherec’=2c

EXERCISE

Solve, by reducing to exact form, the following equations

l. ydx-xdy=xydy 2

2xydx+x2dy=0
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2xydy——y2dx=0 4 (x+y)d .
gy + @t Dy dx=0 6. (x2 TH E
. - - di- @y dy=0 . =
1 sinxcosxdx+smycosydy=0 8 dy cosly f; -
‘ ©odx sinx ¥ i
9. w+2y-3)dy-(x-y+1dx=0 o, H_y=x*1 5
dx y-x+5 " =
L @ dxt () dy=0 | dy_2x+3y+s -
Cdx T 2y-3x+6 g B
i dy = : =
3. 2P dx 3xy?rdy=0 0w
- e =
nswer I
. :
1. 1°g;=y+c 2.x%y=c 3.yt =cx % :
4_2xy+y2—x2=c 5.x+logxy=c 6.x3-3axy+y*=c 3 g
7.sinx +sinfy =2y + ¢ 8.cotx+tany=c 9. xy+yr-xt-3y-x=c i
0.2+ —2xy+10y—2x=c 11. 23 + 202+ 3xHy?=c¢ 12.x2 -2+ 3xy+5x—6y=¢ i
B.xt=cy’ -
3
d) Standard form IV
Linear Equations

A first order and first degree differential equatio

written in the form

dy =Y 0 e (@)
dx +Py=Q
where P and Q are functions of x or constants (but not of y)-
‘ d -
For example, the equation a‘)}é +xy=x* 18 linear.

The linear equation
dy  py=
o T By Q

becomes easily integrable if both sides of

This quantity or factor is called

Sometimes, we may come across a
dy
dx
The equation (ii) can be changed int

+Py=Q)

T

y—Z%_{_Py—l:Q

the Integrating Fac
differential equatl

n is said to be a linear equation if it can be

it is multiplied by € fpdr
tor (LE.) of the linear equation.

ion of the form

o the form




l |
|

|
—— LM |

_<-—-¢~.__!_

!
|

|

BASIC MATHEMATICS: GRADE XIl

370

dy_ % i
Substituting y ' =z and y ’ de dx in (it)

The equation (ii) reduces to

dz _
dx—P‘— Q

which is the linear differential equation of the form (1).

Worked Out Examples

Example 1
Solve: % + ')l;y = x2 given thaty = 1 whenx = 1.

Solution:

1
Here P =7, Q =x?and so

1
Ide=I;dx=l‘ogx
and, ILF.=elogx=x
Multiplying both sides of the given equation by x, we have

x%+y=x3

or, xdy+ydx=x3dx
or, d(xy)=x3dx
Integrating , we have
x*
y=gte

where c is an arbitrary constant, as the required solution.
But whenx=1,y=1

Now, the solution is

.3
V=3T3

= 4xy=x*+3

E
i
g
i
|
!
§
|
[
|
|
\:l
i‘,




B —————

R T

. d
s1nx'd‘¥+cosxy_—_xsinx

somtl.ﬂﬂ'

pividing both sides by sin x, we have
dy  cosx :
i s =% which is linear.
COS X . :

Here P =" x * and so ,if u =sinx

COS X du

jsinxdx_j u ~ 108U

So,1 F.= el P& =¢lsu=u=sinx.
Multiplying both sides by the L F., we get ;
dy

sinx 7o+ COS X.y =X Sinx

or, sinxdy +y COSX. dx = x sin x dx
or, d(ysinx)=x sin x dx

Integrating, we get

&%

ysinx=xjsinxdx—j

where ¢ is an arbitrary constant.

So, the required solution is y sin

Example 3
| d
Solve:  cos?x ﬁ +y=1L

Solution:

Dividing both sides by cos2x, we have .

d 1
;1'§+ o y= sec? X

SO,I.F,=eIde'=eI sec xdx = g #8%

Multiplying both sides by €% ¥° get

2
ewnx%_‘_yeumx SecZX=elanxSer
or, de™* Y _ ,unxsec’s
dx dx
2
_ ,tanxgeCX
or de“‘""}”e S

I

Differential Equations

(j sinxdx)dxtc,

x=~xcosx+sinx+c.
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Integrating, we have
g WAEy = J‘ d(e™)tc
e(ln X 'v = e'ﬂl\ X 4 C
or, y=Il+ce™
as the required solution.
Example 4
ay
. 2 = ptan X
Solve : (1 +x)dx+y e
Solution: ‘
d -
(I +x2)?d‘§+y= elan l)(
1

gx 1 _etan_x
= T TieY 1+

1
I 2dx
1 +x 1

= elan_

X

LF.=e
Multiplying both sides by e 'x we have

(g

nlx 4-2
T T Y T e
B ! etan_]x !2
= d (etan lx'y) = l n xZ dx
Integrating,
etan_lx 2

etan_lx' y =I l n xz dx

Put tan-Ix = u :de =du

1+ x?
!etan_lx22
4[ 1+ & =Je2“du
1 :
=562u + c
1 -1
=§(etan x)2 +C

-1 =
emn X.y = 5 (elal’l 1)()2 + c

—1 R
y =yeund ey
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Differential Equations

’

Wple 5

Reduce the equation

&=

1
+ Y »*  to linear form and solve.

pividing each term of the equation by )2, we have
dy 1
2 _X - s
) e P yie=1

Puty ! =z, then —y2%=§—i
Using this substitution in the equation, we get
dz 1
or, a - ; z=-1
This is linear. Here
J o |

I.LE.=e L
. X

=g logx = elogx " =

1
Multiplying the above equation by - we have

1az 1 _ 1

xde 2? T x

xdz—zdx __dx
= x2 =~ x

D &
or, d(x)=— w

Integrating, we have
where ¢ 18 arbitrary constant.

V4
;=—logx+c,

So, the required solution is 1
s m P o}
'Z); = (-logx + c) or, Xy (-logx +¢)

st N

Solve the following equations e 3
Q2 -9
dy 2, Tetpy=
. Ty =¢e” dr ¥ .
ay o= fgt
SN s (ERG T
=V~




BASIC MATHEM
dy e’ 6 sinx"'ix+cosx.y=sinxcosx
+D =1 ' dx
/ ,_(_12+ t = sin
tanx%+y=se(:x 8. & 2tanxy X
dy _2x 1
(l~x2)%——xy=l 10. dx+1+x2y (1 +x2)2
' dy,y_1
11. %—ny=x 12, dx+x2—x2
d d _
13. (1+x)a¥—xy=l—x 14. x;l,§+2y—leogx
15. %‘*y:*"}’i 16. %+ytanx=y3secx
- Answer
1 C
Ly=5e*+oe™ 2-y=x6+; 3.y=x*+cx

5x+1)2y=e+c

9.1 -x2=sin"lx + ¢
13. (1 +x)y=x+ce*

16. (c — 2 sin x)y? = cos*x

. 1
6.ysmx+zcos2x=c
10. 1+ x2)y=tan"'x + ¢

1
14.y=Zx2 logx_ll—6x2+x_2.

C

7.ysinx=x+c

IlLy=-12+ce
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15.xy+y+cye‘_—_1

8. y=cos x + ¢ cosix

12. y= 1 + cel’
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otc. Such type of problems are referred to the problems of optimization. These type

problems are tackled by the mathematical method known as the linear programming. Thus

Chapter 18
Computational Methods ,

N

introduction : Linear Programming

Varlohus typetS) of problems may have to face in business and economic activities. These
roblems happen because of the limited resources. Here we are concerned with the objective of

etting maximum profit with limited investment or maximum production with limited resources
s of

linear programming is the mathematical method of getting the optimal solution of the desired
ing problem 1s abbreviated by LP

objective under certain conditions. The linear programmi
problem or LPP.

Mathematical Model of Linear Programming Problem ,
The purpose of the LP problem is to maximize or minimize the objective function for
which it is formed. So, mathematically, the LP problem is stated in the following way.

Optimize z = ax; + bx,

Satisfying the condition
ax, + b (Sor2) e }
a,%, + b,x, (S O _>_) e A )
and Xp, X220
d or minimized is known as the

The function z = ax; + b%2 which is to be maximized O |
: ‘ective function has to satisfy are known as

objective function. The conditions (i) which the obj ot :
the constraints. The variables Xi and x, are known as the decision variables. x, > 0, x, > 0 are

the conditions known as non-negative condition.

The values of x, and Xy satisfying the cOnstra.mts.are
¢ feasible solution is kn

problem. This solution known as th
makes the objective function maximum.

known as the solution of the LP
own as the optimal solution if it

Standard form of a LP problem

 The LP problem may be of maxitis =
objective function is to maximize 0T minimize

Problems are given below.

zing Of minimizing the problem according as the
Fhe standard form of both types of

espectively.

o e e e ST L
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dard maximizing LP problem is LP problem of rr}%;mmmgﬂ 1t§ g:lef.twe functi
. isi re non-
All thl: é:tg.fong:mims are in the form < and the decision variables a gative.

For example: Maximize z = 3x + Sy
3x +2y <10
2x +3y<12
x,y=>0

subject to (s.t.)

m is the LP problem of minimizing its objective function.

inimizi roble X _
% spdia bt s i d the decision variables are non-negative.

All the given constraints will be in the form = an
For example: Minimize F = 12x + 15y s.t.
5x + 8y >20
3x 7y =.15
X,y=0

Simplex Method

The LP problem consisting of two decision variables can be solved even by graphical
method but when the number of decision variables increases, it will not be convinient to to solve
by graphical method. Then for such a problem, there is another method of solving the LP
problem known as the simplex method. The method can be used for two or more decision
variables. This is more effective and most commonly used iteration method to get the optimal
solution of the LP problem.

Initially this method gives the zero value of the objective function and in each of its
iteration, the value of the objective function changes upto the value where no iteration is
- needed.

For the use of simplex method, we need the following terms. é »

Slack variable:

If the LP problem has the constraint of the form ax +
by the addition of which on the left hand side of the j
equality, is known as the slack variable.

by <c, then the non-negative variable
nequality, changes the inequality into

Let the inequality be 3x + 2y < 6.

If r, the non-negative variable makes 3x — 2y +1=6 then r is known as the slack variable.

" Surplus variable:

form, is known as the surplus variable,
Let the inequality be 5x + 8y > 20

If s be the non-negative variable, then S5x +

variable. 8y -s =20, Here s is known as the surplus
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pasic and Non-basic variable:

he decision variables are kn . _

T. . diables havi Own as basic variables when their val

¢ decision va aving zero values are known as the non-b iy ;;TS are dofi-zero. Bul
-basic variables.

th
r\l}au::&“hng pasic feasible solution:

abl l ' :
B, N A feasible solution to the system ax + by = b i '
n;\ e asic variables are non-negative. y = b is known as the basic feasible solution when

| A tals)tl:ai‘:ts‘zl:llc(lﬁtlhgtle fcog_fﬁCi.ents of all the variables of the equations formed from the
given con of objective function are presented is known as the simplex tableau. -

For example:
Max Z = 4x + 5y subject to

xt+y<4

3x +4y <10

x>0,y=0
ml be solyeg By Let r and s be the non-negative slack variables. Then
will not be coniy xty+r=4
ther method f i Ix+4y+s=10
u§ed for o o x+y+r+0s+0Z=4
ation method s Ix+y+0r+s+0Z=10

—4x—5y+0.r+0.s+Z=0
of the equations, we have the following table

ve function ﬁﬂd; Now, presenting the coefficients
whert .
e value ek ] ; -
) X y
variables
T 1 1 1 __,_O.J 0 4
’ —_—_———-—"—/‘—
S 3 4 0 - 10
///,_/_
4 -5 0 0 1 0

L This presentation is the initial simplex tableau in the SO

thep thg 5 %" method.

by Simplex method

]M Method of solving LP problem ' S
¢ LP problem by simplex method are as follows:

The steps to be used in solving the

o )
; o0 %) Formulate the given LP problem if necessary- .
inequality form into €

/ ;
ﬁﬁ‘ig Y Change all constraints that are 1 o i
s slack or surplus variable as the ca5¢ : '
theﬂ f;a]iﬂ / 9 Initiall thrpd i variables in the constraints will be zero whereas the slack or surplus
tber:he iﬁe Variabl)é ar: nzf'ls‘q d form known as the standard form
> T orm a
geﬁ W’l 9 Express the given LP problem 10 the standa

J

Akt

lution of LP problem by simplex

quality form by the addition of
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~ is known as pivot row.
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Express all the coefficients of the variables involved in the LP problem in the nitig)

simplex tableau as shown above.

Optimality Test:

For the test of the optimali
simplex tableau. If all the el
then the value of the objective
formed. ' b L
But if any of the entries be negative, then the value qf the objective function is ngt Optima],
In such a case, we pass on to the another improved simplex tableau to get the optimal valye
of the objective function.

If improved or revised simplex tableau is to be formed, first we find one c?ntering variable
and one outgoing variable. The column which contains the most ne.gatlve value at the
bottom row is known as the pivot column. The example presented in .th.e above initia]
simplex tableau, the most negative value is —5 which is the column containing the variable
y. So, y-column is the pivot column and y is the entering variable.

ty of the objective function, we see thg bottom row of the
ements (entries) of the bottom row are either zero or Positive
function is optimal. No more simplex tableau is ¢, be

Next is to find outgoing variable. To find the outgoing variable, we divide the number in
the column containing RHS by the corresponding number in the pivot column

T 10 _
ie.] =4 and 4 =25

Since 2.5 < 4, so the row containing the least positive ratio i.e. row containing the ratio 2.5

Now the entry (i.e. element) in the intersection of the pivot row and pivot column is the
outgoing variable i.e the element is 4 which lies in the row containing the basic variable

‘s’. So, the basic variable s is the outgoing variable and ‘s’ is to be replaced by y. Here 4 is
said to be the pivot element.

Basic » '
variables X y r s V4 RHS Ratio
r 1 1 1 0 0 4 4 =4
1
S . 4 0 1 0 10 170 ~25
4 -5 0 0 | 0

Change the pivot element 4 into 1 and use row

: operation to ma ts of the
pivot column zero. ke the rest elemen

Nowi if thlc):]re is no mg)refnegative entry in the last row, then no next improved or revised
simplex tableau 1s to be formed and get the optimizeq valu . . . Jast
entry of the Z-column. € of Z which will be in the

If still there remains negative entry, repeat the above process until all the elements in the

last row are zero or positive. After getting all the entries i i
! . ! ies in the . ive, the
last entry in the Z column gives the optimal valye of Z. Rt EOw pon-ncgt
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\ Iso be checked : B
- is can also be checked by putting the . |
5 t , ?:,e function. The above method is gineral‘llal?oe Sﬁ?f the Qemslon variables x and y in the L =
. b h“h abjec y 1or the solution of maximizing LP problem. .
. Qith , : ‘ -~
T £ m
%k&\ ple 1 I -
efuncti | W' d all possible basic solutions of the followi | B
i anh Fin e following system of equations: n
get[he 3%, + 2X, + 2% =12 !
" X; + 2%, + X3 =10 !
ot H‘lﬂe Also, select the basic feasible solution. E
By
o jy . 4 Solution: i
ﬂcontaimng&: As the given system of equation has only two equations but 3 variables so there will be | ™
only two basic variables and the rest is non-basic. i
We diie Case I: When x; = 0; we have %
Vot C()lumﬂ v 3X1 + 2X2 = 12 4 l
X +2x,=_10 . =
L Subtracting ~ 2X; =2 sox =1 i
k) B
oo Substituting the value of x,, we have ;
Ix1+2x, =12 R
and pivi 1% 2 u
sk . g o 2 E -
,iningc?;b”i ) = 2x, =9 S X279 3 :
GC]a L . N
SX=1% =% (basic variables) and X3 = 0 (non-basic) 4 i
j—lS pad Case IT: When x, =0, W€ have 4 i
A 4/ 3%, + 2%, = 12 ; l
A B
P — 10 I
| By - st equation
ting from 1% equ >
4/ 1 Multiplying 2 equation by 3 and then subtracting ; !
1/’2') -_18 o X3 = 18
l/ r Substituting the value of X3 in 2n¢ equation B
l : IO 5 i
0 mgﬂﬁl v X, + 18 = 10 S X . il !
g o _ io); %, =0 (non—baSIC) 7
p re M‘ LX=-8, x,= 18 (basic); ‘
foch (,];\h" Case ITII: When x, =0, W¢ have | 4
. | -
oA ﬂﬂg/ill 4 ?g 2%, + 2%3 7 12
Wbioh M‘S‘:§ 2= 10
i
gle gﬂﬂ :
dq@ K £
ok
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x3=2,X2=4

Subtracting, X; = 2 _
x; =0 (non-basic)

S Xy =4, X, = 2 (basic);

sic feasible solution because the basic variables in these cases are

Case 1 and III give ba
non-negative.

Example 2
Reformulate the following LP problem into its standard form:
Maximize Z = 3x, + 4x; s.t.
6x, + 4x, < 60
X; +2x, <22
X1, X, >0
Solution:

Let r and s be the non-negative slack variables, then
6x, +4x, +1=160
X, +2x, +s=22
Now, the reformulation of the given LP problem in its standard form (i.e. canonical form)
is
Max. Z =3x, +4x,+0r+0.s subject to
6x, +4x, + l.r+ 0.5 =60
X; +2x,+0r+1s=22

Xy, X2, Ty SZO

Example 3
Using simplex method, solve the following LP problem
Maximize Z = 5x — 3y - subject to

3x+2y<6
—x+3y>+4
Xx,y=>0
Solution:
5x-3y=Z
The given constraints are
3x+2y<6 3x+2y<6
—x+3y>+4 - x-3y<4
x,y=>0 X,y=>0

(Making the constant term positive)
Now, the given LP problem in its standard form is
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3x+2y+1r+0s+0Z=6
x,3y+0.r+l.s+0.Z=4
5x+3y+0r+0s+1.Z=0

N !
The initial simplex tableau with the coeffici oy .
o ) icients of the objective function in the last row is
variables y I s Z RHS Ratio

o e |t
s 1 | 31 0| 1] o0 4 %= 4

: -5 3 0 0 1 0

t 2

Since the last row contains the negative entry, so 7 = 0 is not the optimal solution.

6 4
_column is the pivot column. Also since 3 = 2,1~ 4 and

ard form i o The most negative entry is =5, S0 X
e intersection of the x-column and

1< 4, 50 r-row is the pivot row. Thus, 3, the entry which is th
~ rrow, is the pivot element.

1
Operating 3 R,

Basic
variables

X

——

S
PN (TS

e e B ¢ | ¢ | ) s
g TR |
s EEE PEIEEEIIEE I R
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: ion is optimal.
Since all entries in the last row are non-negative, sO the solution is op
- max Z=10whenx=2,y=0. A ' ¢
The maximum value of Z can also be checked by substituting the values ol x andy.

i.e.Max.Z=5x—3y=5><2—3><0=10

Example 4
Solve the following LP problem, using simplex method
Maximize P = 30x + 20y subject to
2x +y<24
x+2y<15
X,y20
Solution:
Introducing the non-negative slack variables r and s, we have
2x+y+r=24
x+2y+s=15
Now, the given LP problem in the standard form is
2x+y+1r+0s+0P=24
x+2y+0r+1s+0P=15
-30x-20y +0r+0s+1.P=0

These equations in initial simplex tableau are as follows

Basic
variables | y I 8 P RHS Ratio
r <l 1 0 0 24 %=12
s 1o 2 0 1 0 15 1_15 s
30| 20| 0 | o 1 :

Since the last row contains the negative entries, so P = () is not the optimal solution

The most negative entry is —30, so x-column i ) )
; ’ mn is the piv . . rin
variable. pivot column i.e. x is the entering

4 5
: —=12.—= . ' | ‘
Also, since ) ] 15 and 12 < 15, so r-row is the pivot row i.e. r is the outgoing

variable row i.e. r is the outgoing variable and hence the entry 2 is the pivot element

1
Operating 5 R,

e

P
-

D s




Computational M
al Methods oiii
Basic
_variables X y r S P RHS
1 1
X 1 = 13
2 |2 | 00 12
T
performing R, = R, =Ry, Ry =& R; +30R,
Basic
variables y r s P “RHS Ratio
o 1 12
have ’ \ : \ 2 |2 | O] 0] 12w
! g
o Jis) s loo {1 [ 36
Since the last row still contains the negative entry, so the solution is not optimal. The
i 12 3 )
negative entry is —5, SO y-column is the pivot column. Since 75 = 24,35 = 2 and 2 <24,80S
3. .
tow is the pivot row. Hence 5 18 the pivot element.
2
Peforming R, — 3 Rg, W€ have
B?.sic X y
i variables
S 1
RH / X 1 2
/ 2/4512 _’/__//
o y_ 0 i
J q
£ R, + 5K
2 / Again performing R; = R1 72 Ry, Ry 2> Rs 72
] . . | p | RHS
0 | Basic X y 1
j . L
W variables T
i 2 | x| 0 11
LA X 1 4 3 _,,3,_/————/
(0 I BRSRE ,
“J 1|73 g st el
. Wi L Tw [ | 370
row ’ ‘ﬂgﬂ" 0 0 3 3
W'
pro W
Ml P b o e ——

Lt

{

e 8 1] | l-l--ll-lll-"- . l‘
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Since all the entries in the last row are non-negative, sO the solution is optimal.
- max. P =370, when x = 11,y=2 '

The maximum value of P can also be checke
- max. P =30x +20y =30 x 11 +20 2=370

d by substituting the values of x and y.

Example S

Two spare parts X and Y are to be produ
and B. Each of X has to spend 3 hours in A 2

hours in A and 4 hours in B. The time available ;
respectively. If the profits per unit of X and Y are Rs. 50 and Rs. 60 respectively, formulate the

above LP problem and solve it using simplex method to find the number Qf spare parts X and Y
that are to be produced in order to maximize the profit. Also, find the maximum profit.

ced. Each one has to go through two processes A
nd 9 hours in B. Also each of Y has to spend 4
for A and B are at most 36 hours and 60 hourg

Solution:
The above informations are presented in the following table.
Process Spare parts Total time
X available
A 3 4 36
B 9 4 60
Profit per unit Rs. 50 Rs. 60

Let x and y be the number of parts of the type X and Y respectively. Then the formulation
of the above LP problem is given below

Max profit (Z) = 50x + 60y  subject to
3x +4y <36
9x +4y <60
X, y=>0
Let r and s be the non-negative slack variables. Then,
3x+4y+r=36
9x +4y +s =60
Expressing the given LP problem in standard form,
Ix+4y+1r+0s+0.Z=36
9x +4y+0r+1s+0.Z=60
-50x -60y +0r+0s+1.Z2=0

Presenting these equations into initial simplex tableay we h
, ave

93

oo

\

perform

Perfo



Totaltie
available

— 1

36
60

TN

row) is the pivot entry.

e —
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Basic X
variables y r s Z RHS Ratio
r 3 1
0 0 36 _
- 36 3 =12
$ 9 4 0 60
1 0 - =
60 2 =15
=50 | -60 0 0 1 0
T
36

Since 6018 thg most negative entry, so y-column is the pivot column. Again sice 1 = 12,

60 . -
15 and 12 < 15, so r-row is the pivot row, thus getting 4 (intersection of y-column and r- -

——

1
Perform R, = 7 R,

Basic
vagiahles )., 1 y r s zZ RHS
1
y % ,1 Z 0 0 9
e 1oy r_»" L[ o | o
PN —50 | —60 0 0 | 1 0

Performing R, = R,
Basic
variables

y

. - . .9 24
) x-column is the pivot column. Again since 3,4

=12, %=
-5 is the only negative entry, |
o etting 6 as the pivot entry.

4and 4 < 12 so s-row is the pivot 1OV thus g

Perform R, — -16 R,
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Basic n y r s Z RHS
variables [N IS M

y % 1 % 0 0 9

X 1 0 o % ’é’ 0 4
S o0 | 15] 0 |1 540

Performing R, = R, —%Rz, R; = R; +5R;

ve:?ia:liafes X y f S : RHS

y 0 1 % - -213- 0 6

X 1 0 - % -é' 0 4
0 0 % % 0 560

Since all entries in the last row are non-negative, so optimal solution is obtained.

. maximum value of Z =560 when x =4,y = 6.

Checking: Max. Z = 50x + 60y = 50 x 4 + 60 x 6 = 560

EXERCISE ‘

1.
Maximize P = 20x + 30y s.t.
3x+y<15

x+3y<12

X,y=>0

a) b)

2,
a) Maximize Z=2x+ys.t.

x+2y<10

x+y<6

X,y=0

b)

Maximize F = 5x + 12y s.t.
3x+y<12

x+2y<12

Xx,y=>0

d)

Reformulate the following LP problem into standard form.

Using simplex method, find the optimal solutions of the following LP problems

Maximize F = 7x + Sy s.t.
4x + 3y <48

2x+y<20

X,y=>0

Maximize Z = x + 3y s.t.
xty<5

3x+y<15

X,y=0

Max. Z = 4x - 6y s.t.
2x-3y<8
X+y<24

X,y20
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¢) Maximize U = 25x + 45y s ¢, ,
X +3y<2l f)  Maximize P = 8x + 10y s.t.
2x + 3y <24 X+2y<30
>0,y>0 2x +2y <40
Maximize = 5x, + 3 T2 hyE?
2) aximize f=5x, + 3x, s.t. 1 2 i? .
2%, + X, <40 ) I;/)[(a:lg"ﬂljg— 7x + Sy s.t.
X1, X220 X,y > 0
i) Maximize Z=5x+5ys.t. j)  Maximize F = 5x; + 7x; 8.t.
2x+y<20 2%, +3x, <13
2x+3y<24 3%, +2x, <12
x,y=>0 X, X2 0
k) Maximize g=15x+12yst. - I) Maximizez= 10x, + 12X, s.t.
3x +2y <24 x; +2x, < 14
X,y 20 Xj, %2 0

A small scale dealer deals in rice and wheat. He has Rs. 1500 for investment. A bag of rice
costs him Rs. 180 and a bag of wheat Rs. 120. He has a storage capacity of 10 bags only.
He sells a bag of rice at a profit of Rs. 11 and a bag of wheat at a profit of Rs. 8. How
many bags of each must he buy to make a maximum profit? Also find the maximum profit.

The students in the class be divided into two groups. One gr
LP problem
Max. Z = ax + by s.t.

ax tby=¢t

a,x + by =¢

x,y=>0
Giving different values of the
optimal value by each group-

oup is to solve the following

constants a, b, aj, b1y <-eee and p, @ &, B oo , obtain the

Present the results in the class by both groups. Use simplex

method.
Answers bt
. b)MaxF=7x+5y+ r+0ss.t
. a)Max, P = 20x + 30y + 0r 0.5 8 4+ 3y +1+05=48,
3X+Y+T+0~Silg’ ox +y+0x+s=20,
x+3y+3'8+s__1 ’ X,y’r:SZO
x’y,ras_

=0,y=5 c)Max.F=84,x=0,y=7

where r and s are the slack yariables.
=15,Xx<
b)Max’Z =3’y=6 ﬁMaX.P=180,X=10’y=10

a)Max. Z=12,x=6,5 =0 — 345, %

d)Max. Z=16,x=4,y =0 h))hﬁaa);'c_sz;%,y i) Max. Z=55,x=9,y =2

3‘%))11\\/[/Iax.f=110,x,=210,xz3=20 k)Max.g=126’x=6’y=3 ) Max. Z =92, % =2,%, =6
ax. F=31,x,=2,%27 _ 95

S kg of rice and 5 kg of wheat; Max profit Rs.
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System of Linear Equations ) G S
An equation of the form Vv <

ax+by+tcz=k _ . i Mf‘“'
where x, y and z are variables and a, b, ¢ and k are known numbers, is called a linear equation, |/ |
Ay “ ! 3 9y w
If k = 0, the linear equation is said to be homogeneous. ' + E“'“
A set of linear equations taken together is said to'form a 1t1near Fs())f:tcitlrlr;air;g a s;at of @\19 f the
homogeneous linear equations forms a homogeneous linear system. s, of the e o o

following two systems of linear equations:

a) x+2y=3 b) x +y+z=0
x—y=2 x+2y-2z=0
2x+y+3z=0

the first one is non-homogeneous and the second one is homogeneous.
A system consisting of 3 linear equations in 3 unknowns is often written in the form
apx; + apx, * a;x3=C
ayx, tapx; T apx; =,
az X, + apx, T azx; =C3
where a; and ¢; are real numbers.-If ¢; = 0, for i, j = 1, 2, 3; then the system of equations are
known as homogeneous system of equations.

A set of values for the variables or unknowns, say

% =k, x, =k, X3 = k3

Coeffici

is called a solution of the system of linear equations if they satisfy the equations. g
) Uppos

A system of linear equations may have one solution, no solution or infinitely many
solutions.

R One Solution No Solution Infinitely many
solutions
x-y=0 x-y=-1 x—y=1
xty=1 x-y=1 3x-3y=3
Y v Y Y

N ' S




)

+Z§0
)\Zto
,+3Z:0

geﬂéous

then the systude zero coefficients further to the right in each succee

I! 4 \W___

|

y, o0
)rm : &\«.
m F‘;\i md C)
2) Gaussian Elimination Method

elim

) the first unknown or variable x, in the first equation will have a non-zero coefficient, and

iS 0 ;
ften Wiy, i

B e, s e Sl e 3
e R SRR o
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If a system of .linear equations has a soluti ,
asider the following methods only: o they can be found in several ways. We shall

Gaussian elimination method

s e

b) Gauss-Seidel method
Matrix inversion method

.Om'? of e dmkel:hods o solving a system of simultaneous linear equations is the £
ination method known as Gaussian elimination method: 4
%

In this process, the given system is reduced to a simpler system in which i

the ﬁrs't unknown or variable x; in each of the remaining equations will have zero
coefficient but the second unknown or variable x, will have a non-zero coefficient.

We then consider the subsystem of equations obtained by excluding the first equation and

proceed as before to eliminate the second variable x,. This process is known as the forward

climination. Continuing the above process, we arrive at an equivalent system that looks like an
helon form has the leading terms with non-

inverted steps or a triangle. The step-like form or ec
ding equation. One may make each of those

non-zero coefficients equal to 1 by division. Four different cases arises. These four cases arc

given in the forms of examples 1,2, 3 and 4.

Coefficient of the first variable of the first equation # O:

Suppose the given system is

ay X +apX, T @ = A (an¥0) (@)
N il
ayxy Xy T A ) (i1)
...... (iii)

+aX3= 63

f the first vari : :
d (ii) getting equatlon‘wnh v

ayx T ank? ‘- _
able in the first equation is nof Zero as 18 required.

ariables x, and x;. Denote this

. _Hefe, the coefficient O
Eliminate x, from equation (i) an

€quation by (iv).

, Again, eliminate X,
Variables x, and x;. Denoted the equd
getting an equation with variable X3
Denote this equation by (Vi) | ,

Now we have the three equation of the following type

i () and (iii) (or (i) and (iii)) getting equation with
, eliminate x, from equation (iv) and (V)
the forward elimination.

ayx; + apxy T 13 =E
+qgx3 =h
PiX2 T 43 where pi» 41421 and 7, are constants. b
and q2x3 =73 . ‘
' i
“ —
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. is obtained. Use of ,.
. ; vi) for xi, Xz, X3. From (iii), x3 ; of x, in
We solve the quations (1), () and (%) ives the value of x;. This process is knowy,

i in us dx,ini) gl
the value of x,. Again use of x, and X3 e .
:\:)tﬁz‘:)sackward subsztitu%ion. Thus, we obtain the values of x, x, and x3. This is Gaussisy

elimination method of solving the equations. o o) X
Note: If the coefficient of the variable in the first equation 18 z;:r(c)l, we interchange first apq
- i ethod.
second or first and third equations. Now, We proceed the above m

fonts i the e i .
In the Gauss Elimination method, the coefficients of the variables of the equation a; where

i =j are known as the pivot elements. |

The linear simultaneous equations are arranged so that the pivot qlements are non-zero i,
a1, @y, ds, ... are non-zero. If in case, the pivot elements be zero, we interchange the equations
making the pivot elements non-zero. The equations are arrangeq S0 thgt the absolute .values of
the pivot elements are large. Rest process is same as in Gauss Ehmlna.tlon method. T%ns method
of solving simultaneous equations is known as the Gauss Elimination method with partial
pivoting.

Gauss Jordan method ,

A little bit different from Gauss Elimination method, there is another method of solving
linear simultaneous equation known as Gauss Jordan method in which the coefficients a;;, ay,
as, are made unity and all other coefficients zero. Now, the form of the following three linear

simultaneous equations

a;x; +a12x2+a13X3=b1 ...... (1)
Ay Xy + ApXy T aypx3=by ...... (i1)
asz X, Ly (22929 ik a33X3 = b3 ...... (lll)

in Gauss elimination and Gauss Jordan method will be as follows

apx, +apx; tap=>b,  and X1 +0x,+0x;=c,
ay'%) + ay3'%3 = b 0., + 1.+ 0.x; = ¢,
as'x3=b% 0.x;+0x, + lxy=¢,
which in matrices form will be
an 4ap 4apg Xi [ b
0 a» an X, |=| b3 — Gauss Elimination method
0 0 a'y X3 b’
1 00 X, )
010 2 [=] @ — Gauss Jordan method
0 0 1 X3 C3

The unit matrix form in the Gauss Jordan method can specially be used in inverting 2
matrix.
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ing the system of e : _

on solving { qQuations using Gauss Eliminati

0 ; e jowing conclusions from the equations (i), (iv) and (Vi;illmmanon method, we can draw the
%

cients of x, y a ‘ , L
fthe coefl y and z in equations (i), (iv) and (vi) are non-zero, then the system

) 'Q‘ ) is consistent and has a unque solution.

v " N . o s

al]ables ‘ b If the last Tquat}on (}{;) lS.Of the form Q-Z =k # 0 (a constant), i.e. the coefficient of z is
Of&h sero, no value ol 2wl satisfy the equation (vi), hence the system is inconsistent.

e b Y | [fthe last equation (Vl). is of tl.le form 0.z = 0, then every value of z will satisfy the equation

o 0f elwtt (vi), hence the system 1s consistent and has infinitely many solutions.

i ’s:e ‘ﬂ‘%;‘ : '

Eliminth%g Worked Out Examples

| T at]()n A
'hnllnaﬁon Hm\,.‘ Example 1

\  Solve the following equations using Gauss Elimination method:

5x-3y=19
2x + Sy=-11
1€ 15 anofy g, Solution: \ .
in Which th i Sx-3y=19 e (i)
' ‘ x+5y=-11 e (ii)
orm of the ol ;
Multiplying equation (1) by 5 and then subtracting from (i1)
%X = % ...... (iif)
Now, we have the following equation,
5x-3y =19
| 3y _ B
VS and = s
g From equation (iii),
Using the value of y in eq (i), W€ have
=~ 5x=10
x=2 _
gtﬁod . the required solution isx=2,Y7 -3. '
| g - Gauss elimination method |
Solve the following equations using U2 ?
x-2y+3z= 2
f 2x-3y+z= 1 |
L .
| Ix—y+2z=9
'k |
ﬂsd E_——\-_i
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Solution:
x=2p+3z=2 e (i)
-y tz=1 e (ii)
IJx—y+2z=9 e (iii) o
Multiplying the equation (i) by 2 and then subtracting from equation (ii), we have
yrSz=-3 . s (iv) -
Again, multiplying equation (i) by 3 and then subtracting from the equation (iii), we have
Sy~1z=3 = e v)
Multiplying equation (iv) by 5 and then subtracting from (),
18z=18 e (v1)
Now, we have the following three equations
x-2+3 =2 . )
y=52 =3 ... (iv)
18z=18 ... (vi)

From the equation (vi), we have z = 1,
Use of z=1in (iv), we have y = 2.
Using y = 2, and z = 1 in given equation (i), we have x =3

. the required solutionisx=3,y=2,z= L.

Example 3
Solve the following equations using Gaussian elimination method
2X2 + 3X3 =7

3x;—2x, +2x3=1
2x1 o 3x2—3X3=5

Solution:

The coefﬁcient‘of first variable x, in first equation is zero. So, interchanging the first tw0
equations, we have

3, -2x,+2x=1 ... (1)
ZXZ g 3X3 =17
2x1 + 3x2 == 3X3 =5

i P
Multiplying equation (i) by 3 then subtracting from equation (iii)

T T R S TR S T T T - — -
Sy S i Fegt Jigees 2taar s o3
(ol S

we have x-x=1 .. (iv)
Multiplying equation (ii) by 5 and then subtracting from (iv), we have ,
5 5 |
"‘2 X3 - '—2 ...... (V) ‘
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Now, we have the following three equations
3x|—2xz+l\?3 =1

Xy — X3 = ]

1 \ ~ 5
S fr0111 By 2 S % ...... v)
Qq"ﬁ. From equation (V), x3 =1
Using x3 = 1 in (iv), we have x, =2
Substituting x, = 2 and x; = 1 in (i), we have x, = 1

.. the required solution is x, =1,x,=2and x; = 1
2 3 = .

Example 4

Solve the following SyStem of equations (Use Gauss elimination method)
X 1 + sz + 3x3 — 2

x|+x2—x3=1

Solution:

I

Subtracting equation (i) from equation (i), we have
x,td=1 (iv)
Multiplying equation (i) by 2 and then subtracting from equation (iii), we have
x, +4x;= 1 S v)
Subtracting (iv) from (V), W€ have
0=0 !
cﬁ; Now, Wle have the following three equations
S0, iﬂwrc V X, +2x, 3% 7 2
x, +4x3s = 1
0x; =0
The third equation 1s true for all values of x3. Th
g free varl

We ca i to thi
We can assign any number of values to >~
the rest two variables. Hence we g6t 27 infinitely many 59

then x, = | — 4k and x, = 5k-

The variable X3 is said to be the free variable.

able and solve the first two equations for
lutions in such a case. Thus if x3 =k,

.
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Example § , sV
Examine the consistency of the equation. Solve if possible | ﬂdtbeﬂ
Xy tX—X3= 1 |
2x, +3x, - 3x3=3
Xy — 3%+ 3x3=2 _
Solution:
g im=1 T e () mtcf_d
2+ 3, =3x3=3 e (i) " 15
X -3%+3x=2 ... (iii)
Multiplying equation (i) by 2 and then subtracting from equation (ii), we have
C Kyexpmdir ek (iv)
Again subtracting equation (i) from equation (iii), we have
bx, —4x,=-1 ... (v) Mul
Multiplying equation (iv) by 4 and then subtracting from (v), we have
0=-5
Now, we have the following equations, :
X tx—x3=1 j o
X,—x3=1
0.x;=-5
Here no value of x; satisfies the third equation.
.. the system has no solution. :
That is, the system of equations is inconsistent.
Example 6
Solve the following system of equations using partial pivoting method
2x; + 2x5 + x5 =6
4x, +2x,+3x; =4
X — Xyt X3 =(
Solution:

Since the largest absolute value of the coeffici -
: . 1cient of x, is . 0
equations 118 4, s0 we interchange the first tW

dx)+26,+3x =4 L i)
2+ 2 tx; =6 L. (ii)
X -Xtx =0 ... (iii)




Quatioy i
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 4nd then subtracting from (iii), we have

-
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. S 1
: t 1
Multiplying equation (i) by 2 and then subtracting from (ii) and multiplying equation (i) by

X3=4

[ g

Xy —

3 1
——’2'x2+ZX3=—1

mter.changmg the two equations as the absolute value of coefficient of x, in second
equation is 1arge, we have :

3 1
—§xz+zxa=—l e (iV)
1 _
x2—§x3=4 ...... (v)

_ e e 2
Multiplying equation (iv) by 3 and then adding with (v), we have

BT e iy e o s P e e A
e e s e R AR T e el i
R ———— 1T T B TR O OF |

1 10 :
—3%= R et T e (vi)
Now, we have the following three equations, !
4x, + 2%, + 3x3= 4 e @) 4 :
3 1 . | &
._—2-x2+zx3=—-1 ...... (@iv) ! i
1 10 : n
o -g x3 = "3—' ...... (Vl) :
From (vi), x;=-10 : i
Using the value of x3 in (iv), ! i
3 g = |
3 10
3 _6
= T2%7]
Xy = —-1
Using the values of X and x; in (-
4x1 o 2 e 30 = 4
= 4xl = 36
=9
% ~_10

. 5 z = =-1,Xx37
*. the solution is x; = 9> *2 » A3

k. | . I =
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Solve the following system of equations using Gauss Elimin

ation method:

8) x+2y=3 b) 3x-2y=5
Sx—3y=-1 4x-y=10

¢) Ty d) Sx—8y=28
e G o 3x+Ty=5

Solve the following system of equations using Gaussian elimination method

Q) x+3y-2:=0 b) x+3y-z=-2
b 3x+2y—-z=3
\4x—3y+z=3 Cbx—dy-22=18

c) x+3y-2z=5 O 2x_3p+3z=27
3x+5y+6z=7 _ bty 220
artartiasy —6x—4y+2z=0

e) 3x+2y-—z=1 B St ot el
2x -2y +4z=-2 2, + Ay + 3y = 13

1

_x+§y—2=0 T+ 0

g) X1 —2x2+ 3x3 =10 h)
le +3x2_2.X3= 1
—x; —2x, +4x; =13

Solve, using Gaussian elimination method with partial pivot, the following equations:

a) Sx+4y=9 b)
r—-w=235

c) 3x+y-2z=10 8
2x +4y—5z=24

Examipe whether the fo}lowing system of equations are consistent. If so, solve the
following system of equations using Gaussian elimination method . )

a) x-Xxtx=1 by
3%, + X, + 5x3 =11
4x, + 2, + T3 = 16

c) x txtx3=-3 0
3x; + Xy — 203 =2
2 +dxy + T3 =17

x—-8y=-26
4x-2y-5z=9
3x+4y-2z=1

3x1—x2+x3=2
—15x, + 6x, — 5x; =5
5x1—2x2+2_x3=1

x+y+2z=5
Sx+2z=7

X1+ 20 + 35, = 4
4x| + 5_‘:2 -3 6X3 — _7
Txi+ 8x, + 9x; =10




A
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Answers

1,2 b) 3,2 ¢)-2,1 d) 4, -1 _ &
o112 b)1,-3,-6 ¢)-15,8,2 d)3,-2,5 4
L2 DLl £)1,3,5 h)3, 15,8

05,4 b)-2,3 ©)1,3,-2 d)5,-2,3
; 6-3% 4-k . _ .

a) Consistent; >, ™5™, k, infinitely many solutons

7-2k 11-6k

b) Consistent, — 75—, g , k, infinitely many solutions

¢)No solution; Inconsistent
d) No solution; Inconsistent

y+hey
V‘ZZ:O ‘

6X2 +x3 = 16
4x2 t 3):3 =3

x2+ZX3=9

¥2+x3=2
-H’))fz’SJ(3=5
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Introduction: Parallel Forces

Forces and their effects, both qualitative and . "
restricted to the cases in which the forces are supposed to act at a point or on a particle. We now

extend them to forces on a rigid body, i.. a definite portion of matter ‘whose shape'is not
changed under the action of the forces. In other words, we now deal W1th_ fqrccs acting on
bodies whose particles remain at invariable distances from one another. This is an idealized
situation. No body is perfectly rigid and free from deformation (i.e. change in shape), however
small it may be, under the action of forces. Rigidity, the ability of bodies to resist the change in
their shape, is the opposite of what is known as elasticily. An important characterization of a
rigid body is that a force acting at a point (or on a particle) of the body produces the same effect
independently of its position in the body as long as it lies on its line of action. this characteristic
is known as the Principle of Transmissibility of Forces, and is often stated as ‘A force acting at
a point in a rigid body may be supposed to act at any point of the body but lying on its line of
action.’ A

Forces acting on a body may or may not be concurrent. They may be coplanar or non-
coplanar. We restrict our discussion to coplanar forces only. They may be, '

quantitative aspects so far discussed, are

a) all meeting at a point
b) all parallel and
c) some meeting at a point while others being parallel.

Concurrent forces have already been defined and discussed in detail. We now begin with

the definition of ‘parallel forces, see how they can be compounded and then pass onto the
problems dealing with moments and couples.

Parallel Forces
If two forces act along parallel lines they are said to be parallel forces

Two parallel forces are said to be like when th i '
. . ) ey act in the sa irecti re said
to be unlike when they act in opposite directions. Sl

. A single foroe whoso effe_ct is the same as that of two parallel forces is known tO exist.
Since they do BOL MEEt ot & poit, 56 3 special device is needed to find their resultant. This is
done here by considering like and unlike parallel forces separately : eir res .
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\ pesultant of two like parallel forces

f LettWO like parallel forces P and Q acting at poi
e represented 0¥ the lines AL, and BL,, Join A, -+ 14 B respectively of a rigid body

A A and B apply two equal and opposite
oy cach equal to S along BA and AB
o dtively. These two forces balance one another
! nd have 10 effect upon the equilibrium of the body.
| Lot these forces be represented by AM, and BM,.

aspects Complete the pgrallelogram ALNM, and
: rsofm. BLN:My. Let the diagonals NJA and N,B be
f tton%‘ produced to meet at O. Thrm'lgh O draw OC parallel
e erln A 0 AL, or BL, to meet AB in C. Now the forces P
i Wibp, | and S at A have a resultant R, represented by AN;.
allother.ms.n § et its point of application be transferred to O. N,
C. changemsbl;‘ similarly the forces Q and S at B have the resultant
bodie g &: R, represented by BN,. Let its point of application be transferred to O.
1portant ey onents S parallel to AM, and P in the
ody produestie onents S parallel to

1

The force R, at O may be resolved into two comp
direction OC. Similarly the force R; at O may be resolved into two comp

BM, and Q in the direction OC.

e of action e .
o stated & 4 Thus the given forces are equivalent to two forces P and Q along OC and two forces each
» body b g equal to S acting in opposite directions. The first two forces are equivalent to a single force
(P+Q) along OC and the last two forces balance one another. Hence the resultant of two like
gl parallel forces P and Q is equivalent to a force (P + Q) acting along ocC.
ey W8 L To find the point of application of the resultant, we proceed as follows :
may be Since the triangles OCA, AL N, ar¢ similar '
T oc AL _AL P
’ CA LN, AM; S P
¥ or, pCcA=SOC ~ T ® }
Jetl & ﬁo;;} Again, since the triangles OCB; BL,N, are similar
. 6 2 ; : ]
ol o B Ba.g
pde | ’ B LN, BM; S ) 5
or, Q.CB= g OC  #uid 17 Fart (i) ,_,'“,:
, From (i) and (ii), it follows that ;
d ,\'fli ' p.CA=QCB ¥
i 3
,elfofﬁwﬁonaﬂ fi o %% =% pand Q
if N BT , - tio of the forces Panc.i:
# ’ i Wol\t‘& " 1¢.Cdivides the line AB internally I the inverse I
$ P ___P"*_’_Q,_ = R i
Ol Cor, § == = Q _ = !
;]16] fﬁ i LG5 =CA —CBFCA AP
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b) Resultant of two unlike parallel forces

Let two unlike parallel forces P, Q
(P > Q) acting at points A and B rcspccti\"cly
on a rigid body be represented by the lines
AL, and BL,. Join AB.

At A and B apply two equal and
opposite forces, each equal to S along BA
and AB respectively. These two forces
balance one another and have no effect upon
the equilibrium of the body. Let these forces
be represented by AM, and BM,.

Complete the parallelogram AL,N,M,
and BL,N,M,. Let their diagonals AN,, N,B
be produced to meet at O. Through O draw
OC parallel to AL, parallel to BL, meeting
BA produced at C. Now the forces P and S at
A have a resultant R, represented by AN,.
Let its point of application be transferred to
O. Similarly the forces Q and S at B have a
resultant R, represented by BN,. Let its point
of application be transferred to O.

The force R, at O may be resolved into
two components S parallel to AM, and P in the direction CO. Similarly the force R, at O may be
resolved into two components S parallel to BM, and Q in the direction of OC.

Thus the given forces are equivalent to two forces P along CO and Q along OC and two
forces each equal to S acting in opposite directions. The first two forces are equivalent to a
single force (P — Q) acting along the direction CO (i.e. acting at C in the direction parallel to
that of the greater force P) and the last two forces balance one another.

Hence the resultant of two unlike parallel forces P and Q (P > Q) is equivalent to a force
(P — Q) acting in the direction of the greater force.

To find the point of application of the resultant, we proceed as follows :
Since the triangles OCA, N;M, A are similar

ocC NM, AL, P

| CA MA ~AM, _ S
or, P.CA =S.0C (i)

Again, since the triangles OCB, BL,N, are similar

oCc BL, BL, Q
34, CB "L,N, BM, S

or, Q.CB=S.0C
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From (i) and (ii) if follows that

p.CA=QCB
CA _Q
of, CB P

(¢, C divides AB externally in the inverse ratio of the forces P and Q
n .

B2 P-Q _R
cor.1.CB "CA CB-CA ~AB

Note ¢ If ltlhe forcz: Pla;/[diare .uil;i/l[(e and equal, the triangles AM,N, and BM,N, being equal
in all respects, ANy = ,BN,. In this case AN i

_ . . and N,B will be parallel and not
metlrﬂ}gh at :vr;yszuil}ll It)(z:,lt O. Hence the.geometrical condition for finding the resultant
fails. Thus e that two equal and unlike parallel forces cannot be compounded into a

single force.

-l

Resultant of Several Parallel Forces

X In practice, W€ ofte_n come across a large number of parallel forces acting at the same time.
A\T They are found to combine togejther to form a single force. For instance, the weight of a body. A
A body is made up of several particles rigidly connected to one another. We know each particle is
I i | atracted towards the centre of the earth. That is, each material particle of the body has a weight.

The line of action of the force, (1. weight of a particle of the body) is towards the centre of the
earth. But the distance of each particle of the body from the centre of the earth is so great that
for all pratical purposes, the lines of action of the weights of all particles may be considered
parallel to one another and so have a resultant. The weight of the body as a whole is therefore, A

' - theresultant of all these weights acting parallelly.

\ In case our body is a thin straight rod, we may ass
| of the rod lie along a straight linc at distance Xi, ¥ --
i plication of the process of finding the resultant of two like

) the final resultant or weight of the rod to be

ume the particles of weights wy, Wa ... Wa
_ from a fixed point O. Repeated

parallel forces yields

w=wj +W2+ s = 2w
) The point of application of the weight is at a distance
? - WX, + WoXp S O 5 Z;Vl X from 0. ‘
witw,+ ... w;
1 2 l e of gravity of the rod.

This is a fixed poi d is called the centr ,
oint on the rod an i _
) imilarly be shown that 2 point (X, ¥ ), through which

e“}f-the rigid body is a plane it can
tight of the body acts is
Wi

R i 2 a
T

b

B
SRS

Zw, . ..+ is found to be unique, and is
- Vhere ( ' icles. This poI™ b
X;, y: o ne of the pa tion of the centre 9
® Centre };‘z deno.te position <()1f arl?ll ::rhat follows, We remember tht:;ctl;z 5;51 ;Znerj; Ly fies at it{
Savipy of a gra}nty gitiefel” us body having standard gemoeé
uniform homogeneo

8eom s . \
FE. "etric centre.

i
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Worked Out Examples ‘;; ne
e 1L
"7 g X
Example 1 | B %cb is .
Two parallel forces of 30 kg wt and 20 kg wt are acting at a distance 40 cms apart. Fing
their resultant if forces are like.
Solution : | ‘
Let R, the resultant of two like parallel forces, pass A c B
through C. | l _1
Here, AB =40 cms. k.

Let AC=xcm
Then, CB = (40 — x) cms
Since the forces form like parallel forces, so
R =30+20=50kgwt
and 30 x AC =20 x CB
or, 30 xx=20x(40-x)
=16 cms

So, the resultant is a force 50 kg. wt. parallel to the given forces and it acts at a distance of
16 cms from the point at which the weight of 30 kg acts.

30

Example 2
' Replace a force of magnitude 50 kg wt by two unlike parallel forces, one at a distance of 2
m and other at 8 m from the given force.

Solution :
Let P and Q (P > Q) be two unlike parallel forces whose R=50 P

resultant is 50 kg wt. Let P, Q and R = 50 kg wt act at the points A, A

B and C respectively. \

Here, CB=8mand AC=2m i _°
Since the forces form unlike parallel forces, so C A l
P _Q R !
CB CA AB
P_Q_50
o, 872 6
_30 o2 50
P=" x8=663 kgwt  and Q=?x2=16% Lo
Example 3

A uniform rod, 12 metres long and weighing 17 N ca .

e il ] n turn fi : t and
the rod is in equilibrium when a weight of 7 N is hung at one end-rﬁzl\il, efx"bo;nt a [.'»t(l)mt‘:]r:i nis e
point about which it can turn ? ) ar from the ¢
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ne
ABbe 2 unifgnn rod 12 m long and its wej
gh the middle point G. Let the rod turn freel;N:Lgo}::t 1a7 N acts
 m from the end A when a weight of 7 N is hung point C ot c s
' B

7AC=17CG

7x = 17(6 = x)
x + in= 102

7N

=4

x:

&3

- required distance is 4% m. 17N

gumple 4
A uniforrTl.bar 4m long and weighing 3 N, passes over a prop and is supported in a
horizontal position by a force of 1 N acting vertically upwards at the other end. Find the

distance of the prop from the centre of the bar.

Solution : :
Let AB be the uniform bar of the length 4m and weight 3

itactsaadm| N acting through its centre G. Let it pass over a prop C.ltis
supported in a horizontal position by a force of 1 N acting

vertically upwards at the other
the prop C from the centre G-

et 3xGC=1x AC

o, 3xx=1x(2+x) : 3N
or, 2 =2
or, x=1
-. distance of the prop from the

1N

end A. Let x be the distance of 47—» -

centre of the bar is 1m.

zontal position between two

Example 5
of the rod, and a weight of 2

in a hori

A ' A straight weightless rod, 48 c gthl;erifzsatlzr?e end
| Peasplaced at a distance of 6 cmS: 2 the pegs

‘ g the pressure on ¢ PEE>

8 suspended from the other end. Fin
Solusion ; |

ms. in len
art, one pc8

S
e
aE R ‘
I ————————— R 1 1 D]

P Let AB be a straight weightless rod resting between tWO l

"$at A and C so that ’ Al c i

AB = 48 cms | 1 i

‘ and AC= 6 cms i
F ‘ﬂﬂdi-f =486 |

FU | = 42 cms ,

L .
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d C. The system is in equilibrium when 3

s at A an
Let P and Q be the pressure on the peg 2 kg i s D ittt tronulkeparelis

weight of 2 kg be suspended at the end B. So, here :}_0 3
forces P and Q.
R Q. .2 B
CB AB AC % 3 "
42 48 6 ‘6 {in®
2 ' E R
Q='26'x48=16kgwt , P=F x 42 =14 kg wt :
Example 6

placed over the shoulder. What is the

A man carries a bundle at the end of a stick which is :
his shoulder is least ?

distance between his hand and shoulder when the pressure on

Solution : - :

Let AB be a stick of length 1. Let C be the position of the
shoulder. If W be the weight of the bundle suspended at the end
B and P, the pressure due to the hand at A, then the shoulder is c
pressed due to the resultant of P and W. Let R be the reactionon A \B

the shoulder C and AC = x.
Since the forces form like parallel forces, so
P W R

Since W/ is constant so R depends upon x. R will be least when x will be greatest. But the
greatest value of x is 1, the length of the stick. Hence R will be least when the distance between
the hand and the shoulder is equal to the length of the stick.

Example 7

Two like parallel forces of .magnitudes P and Q are acting at the end points A and B ofa
rod AB of length /. If two opposite forces each of magnitude S are added to P and Q, then prove
that the line of action of the new resultant will be displaced through a distance )

SI
P+Q

Solution :

P and Q are like parallel forces acting at the points A and : i
i . B their
resultant whose line of action passes through C. Here, AB =/ respectively. Let R be he

R =P+Q
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Also’ CB AC AB .
P _Q _PtQ A c ¢ —
o, CB AC™ 1 ° e
y | o .
CB=p+Q R R Q-s ".'
- P+S —
wl?en the fc?rces S and S be added to P and Q respecti =
yhose 1in¢ of action passes through C'. pectively, let R, be the new resultant -
R=@+5)+(@Q-8)=P+Q | | =
LT ¥ Also P48, Q-8 R -
sleam‘ !z,\% ’ C'B AC'  AB E
P+S Q-8 P+Q =
R C'B AC I !
o (P+8S)I s
CB="93qQ B
¢ Now, CC' =C'B-CB E
_(@+sSy Pl __S =
P+Q “P+Q P+Q i
| i
EXERCISF . ¥4 _ : ;
| =
L F¥nd two like parallel forces acting at a distance of 2.5 m apart, which are equivalent to a -
%wen force of 30 N, the line of action of one being at a distance of 50 cm from the given B
orce. _ B
ea[cslwir L Find two unlike parallel forces acting at a distanc® of 12 cm which are equiyalent to a force £
JI be ﬁtﬁﬂ“bﬁw of 20 N, the greater of the tWO forces being at distance of 6 cm from the given force. i
¢ % 4 Twolike parallel forces Pand Q2 at points 18 m apart; if the resultant force be 9 N p
. and acts at a distance 6m from p, find Q. 3 PN 1 i
{ ) Two li ¢ the points Whose <tance apart is 4 m. If the resultant
f o like parallel forces act a p :
55 Athni“ 4 of the forces acts at a distance of 5 m from the greater force, find the ratio of the I
jp” 30 force. | -y ; | I
o 4 | » ich i h resultant 25 N. Find
;OCI; ) Two unlike parallel /%€ i grea;tet toffrgr:lnfglelzoﬁpljr’lerivfeo?ces. -
. Z . tan
g b) the ratio of the distance” of the resg e 30N and 75 N have the resultant acting ata
T.\VO unlike paralle forces of magl’lltu Fnd the distance between the two forces. },
i s distance of 12 cm from the greatet force. X1 I b pegs at Amnd Bin
( rests on twWo smoo . o
d{z\" E‘e extremities of a straight bamboO pole 31: 10rlng1 oint C of the pole. If AC=3BCand
iy y the same horizontal line. A heavy load hang,A Cnd the weight of the load. |
ctivg ¢ pressure at B be 140 N more than that at A -
N ) [
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10.

11.

12.

13.

14.

15.

* increased by S, show that the resultant will be unaltered in magnitude but its point of

1.24Nand 6 N 2.30Nand 10N 3.a9)3N b)5:3

5.280N 6. 2m away from the stronger man 71N
8.50N,30N 10.20N and 18 N

11.2)25cm b) The force varies inversely as the distance between his hand and his shoulder

BASIC MATHEMATICS: GRADE XiI

Two men, one stronger than the other have 10 remove a block of stone weighing 270 N

with a light plank whose length is 6 m. If the stronger man is able to carry 180 N, how

must the block be placed so as to allow him that share of the weight.

A straight uniform rod is 3m long when a load of 5 N is placed at one end it balances aboyt

a point 25 cm from that end. Find the weight of the rod.

A uniform beam, 7 m long, is supported in a horizontal position by two props which are

4m apart, so that the beam projects 1m beyond one of the props. If the beam weighs 80 N,
find the pressure on the two pegs.
ntal position by two props which are 3m

A uniform beam 4m long, is supported in a horizo
: » one of the props. Show that the force on

apart, so that the beam projects one metre beyond
one of the prop is double that on the other.

A straight weightless rod 60 cm in length, rests in a horizontal position betweep two pegs
placed at a distance of 6 cm apart, one peg being at one end of the rod, and a weight of 2 N
is suspended from the other end; find the pressure on the pegs.

a) A man carries a bundle at the end of a stick 75 cm long which is placed on his
shoulder. What should be the distance between his hand and shoulder so that the
pressure on the shoulder may be three times the weight of the bundle.

b) A man carries a bundle at the end of a stick which is placed over his shoulder; if the
distance between his hand and shoulder be changed, how does the pressure on his
shoulder change ?

2
Two parallel forces P and Q, act ata given points of a body; if Q be changed to % , show

that the line of action of the resultant is the same as it would be if the forces are simply
interchanged.

P and Q (P > Q) are two like parallel forces acting at A ard B. Show that if they
interchange positions, the point of application of the resultant is displaced a distance

P-Q
P+Q AB.

P, Q are like parallel forces. If P is moved parallel to itself through a distance x, show that

the resultant of P and Q moves a distance P +xQ )

Two unlike parallel forces P and Q (P > Q) are acting at a distance d. If each force be

P-Q

application will be moved through a distance

Answer
4.2)2:3 b)18cm
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oducﬁon . Newton’s Laws of Motion

ter and motion are two inse

:hat pring about the motion l;:;a?le fundamental concept o
% . Laws of Motion, after the inked together by thrges' Yiaitet i fotion and e
N aws form the basis of what great mathematician, Sir 1 Wiy
L al importance in classical W l.mown = Dynarr;ics Ms SNSENEwOT (TR ET):
f;(m’d'es ::oving with speeds 1ess“t:ﬁar:) }':l}l,:ics.flfemon’s s a;re bogsei(;:ﬁr}; ttr}:lese Pl
s 1  than that of light. If th - € in.the ase. of
s laws need some modification. This mOdiﬁcaﬁanI\:::: I::O‘g/irgzaerb th:r; bthat of light,
y ert Einstein

Newton > L o
\\879'1955) in his theory of ‘Special Theory of Relativity’.

Newton's First Law of Motion
Newton’s first law of motion is usually stated in the following form:

Every body continues in its state
of rest or of uni jon i j j
cmpelled by some external force to change thatstatJ; it s

i . _
Obviously, the law emqules two aspects (i) Property of inertia and (ii) Definition of force

) Property of inertia

. .Common faxperience tells us that objects at rest shows no tendency to move by itself; and
smlarly an iject, already in motion, continues to move in a straight line. The first tendericy o,f
amate.rlal object is known as the inertia of rest and the second is called the inertia of moton of
thC.Object. Inertia of rest and inertia of motion of a body, when taken together, give rise to the
wotion of ‘inertia of motion of a body’. The following examples would help us to feel the

aistence of inertial property of a material object.
falling backwards when a car in which we are standing loosely,

suddenly starts,. exhibits the property of inertia of rest of a body at rest.
b The property of inertia of motion 18 exhibited by our experience of being thrown forward

when we alight, without precaution, froma moving bus.
Th Examples cited above convince us that material objects possesS certain amqunts c?f inertia.
'lme Question how large of how little is the amount of inertia in @ gIven quy gives rise to the
portant notion of ‘mass’. Before W€ come to this point, wWe briefly explain the second aspect

of N ,
ewton’s first law of motion.

ccept the term ‘Force’ as
concepts. We however,
of Newton’s first law of

i .
) Definition of force

In phys; . :
e of t‘l)thSmal sciences, it has no
¢ undefinables (i.e. primitt

Or Pract;
ot )
Motiop, ical purpose give a workab

become 2 common P
W o it to define other

ve term and us _ ‘
x 1 of force on the basis

le definitio
o tendency of its own to change

e external force, it will remain
mains undisturbed or

body has

. As )
1S state prlamed carlier, the property © 4 upon
test or uniform motion- I 1t 2 not 8¢tT . 1 or natural state 1€

eithe
t o
At rest or in uniform motion. That 15, its O

y
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unbroken. A force is always necessary to cause any cbange in' the state or uniform motion of a
body. This is why we may define a force in the following way :

A force is that which acting on a body,changes 0r tends to change the state of rest or of
uniform motion of the body.

The fact that inertial property of ik
rise to the new name ‘Principle of inertia’ ot ‘Law of inertia

a body lies at the foundation of physical sciences, gave

» to Newton’s first law of motion.

Mass and Momentum
wton’s first law of motion tells us that a force

The definition of force derived from Ne _
acting on a given body affects its property of inertia. Atterpptg to dpscnbe by how much or how
little a given force acting on a given body changes its inertia, gave Tis¢ to one of the

fundamental notions of physical sciences, namely, the notion of ‘Mass’ of the body, usually
denoted by italic m. We now proceed to do this. ,
le a given force acting on a given body

To measure or describe by how much or how litt
changes its amount of inertia content, we may assign to each body a numerical quantity (or
factor or multiplier) that describes how much or how little it changes its state of rest or uniform
motion per unit time (i.e. it accelerates) under the action of a given force. This quantity is called
the ‘mass’ of the body,and is denoted by the symbol m (italic). '

Suppose a given force act on two bodies of masses m, and m,, the accelerations of the two

bodies are also different. Experiments of various types show that a body of smaller mass
acquires a greater acceleration as compared with a body of larger mass. If @, and a, are the

. . . a
accelerations of two bodies of masses m, and m, under the action of the same force, the ratio f
1

may be used to compare the two masses. For definitions, the convention used is to say that the

. A . . a,
larger mass, m, say, 18 times the mass m, and write m; = 2 m
1 1

This equation may be used to measure the mass of a given body by comparison with a
standard unit of mass. A standard unit of mass is called the kilogramme kg. It is the mass ofa
solid cylinder made of platinum-iridium alloy kept at the International Bureau of Weights and
Measures at Sivres, near Paris. '

Given two bodies with masses m; and m;, the mass of the composite body formed by
fastening them together can be measured as described above. It is actually found to be m; + M
at ?.11 t1me§. Thus, mass is found to be additive and is directly related to the quantity of matter.
This explains the use of the term ‘mass’ by Newton to mean ‘quantity of ma ttgr’

Having acquired. the notion of mass, we now proceed to define a new ept called
‘momentum’. We recall that a given force acting on two bodies with different COH({) p'lds up @
higher velocity on a lighter body than on the heavy one. Secondly, a for n mall§s§s ui we
mass is greater than a force on a smaller mass to acquire the same’; o CE applo on a gr -
same distance from rest. ocity after travelling

In the second case, we say that the heavier bod .
. y has great anti m or
momentum than the lighter one. Newton, for the first time, defined m gr ;ln“t myas g“l ! ‘:l):.on
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My tum of @ moving bod i
s . momen ig Dody 18 defined as the pr .
Wl ;‘; s of the body and v is its velocity, then product of its mass and its velocity. If
d "y, L momentum = mass x velocity
" .
( : entum in the SI system i .
: ¢ unit of mom ystem is, therefore, 1 ki o
rf"“s.g, :dh(i.e. kg ms™) | kilogram multiplied by 1 metre per
m()u i ‘w
0
o's Second Law of motion
: f the connection b
~ he jmportance 0 . on between force and momentu
’thalﬂim oton iD his second law of motion in the following form: m was expreant Y
mllc A ’
001:%‘ The rate of cf%ang? Of. e of a body is proportional to the impressed force and
bogy U | ghesplace in the direction in which the force acts. : :
" et us NOW S€€ how this law provid‘es us a method of measuring force. Suppose a force F
" s on a body of mass m.for a time ¢, and changes its velocity from u t0 V. The change in
" Bty | pomentum of the body in time is obviously
Ny mv — mu
[Est Of Wiy
. : . omy—m
antity sy | and, therefore, the rate of change of momentum 18 —-T‘y'
s i Then, by Newton’s second law of motion,
f smaller ms F o my — mg
and o, e t
b _ (v—u)
‘2 or, ‘ .
ce, ety Fem™
lsmsayﬂlm But, Yol e W _ acceleration
t time:
= a say
mpaﬁs"“ with{’ Thefore, F oc ma
1 or . .« g constant
is theql;‘s g ] F = k x ma where k1s o define an absolute unit of force. If We take
lofwel ‘Thls is the equation which enables US ;) o FE becomes | if We =1.1tis with
M ’t"hf lkgand g = 1 m/s? = 1 ms2, the numerica ‘iliat corce which acting on 2 body of unit mass
dy i +rA: Drtdfact in mind, we define the unit of fore” a: . and therefore
b‘(i) o ¥ m " uces a unit acceleration. We, then have ’ |
g of‘“ﬂ F=ma . 1 m/s? (or 1 ms™2) when
iy » uces an acceleratio f m is in
vl The S1 unit of force is the foree WHiCE produc aled th . Thus, ¥heo
J f s on q This unit @ orce IS "
ﬂGeP, SuPa llogy mass of 1 kg. 1M Fisin newtonss n
W 005 bulld wd ams and ¢ in metres per S€C- per s€C-s 1
ﬂa?ss o ﬂuﬁgdﬂ F=ma)
: l; " ( 2 Force = mass % acceleration force acting o amassof 18 (1 gram) produces
‘ 0 . a for
f i “c]::h? CGS unit of force is dy"e which 13
gl Eleration of 1 cm/sec?

e ——— l'l'l
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The magnitude of a force may be defined as the number of un'its in the given force. lts
direction is the direction of the acceleration produced by 1t The force 15 ;ompée.t.c?lydl.mown i1y
i) point of application, i.¢., the point at which the force acts, ii) magnitude an iii) direction, are

kn(’Wgnce a force is completely known, it can be geometrically represented by a straight line

segment ‘ i quf

i) drawn through the point representing the point of application 6-5 X

ii) drawn in the direction pointing the direction of force, and Wlse , :
¢ magnitude of the force. we o

i) drawn so that the length of the line segment 18 proportional to th

Weight and Mass

' We all know that material objects; large or small, .
attracted by earth. This pull is called the gravitational attraction or force due to graity. The

space round the earth where the mass of an object experiences 2 gravitational pull or force due
to gravity, is called the gravitational field of the earth. The weight of an object is defined as the
force acting on it due to the gravitational pull or gravity. As usual, the force of gravity acting on
a body of mass produces an acceleration. In the absence of resistance due to air, all material
objects, regardless of their masses, fall with the same acceleration at the same point near the
surface of the earth. In such a situation the objects are said to be falling freely under the action
of gravity. The motion itself is given the name ‘free fall’.

The acceleration of a body falling freely under the action of gravity is called the
‘acceleration due to gravity’ and is denoted by the italic g to distinguish itself from the Roman
Jetter g used to denote mass in grams. At or near the surface, its value is taken to be 9.8 ms or
980 cms™ approximately. It is, however, to be noted that the value of ‘g’ varies from placé to
place and depends on latitude and elevation. The value of g is slightly greater at the poles than
at the equator (explain why N.

For a body of mass m falling freely under the action of gravity, the force acting on it or its
weight w, is given by

around us arc constantly pulled or

w=mg, where g is the acceleration due to gravity.

If the mass of the body is in kilogram and its acceleration of free fall is in metres per
second squared, the weight of the body will be in newtons. So, a body of mass 1 kg with
g=9.8 ms?, the weight '

w =mg
=1x9.8=98N

Since acceleration due to gravity varies from place to place on the surface of the earth, the

weight of a body having a certain quantity of mass differs from place to place. In other words,
mass of a body is constant all over the earth, but weight is not. -

Our earth is nearly six times larger than the moon as regards the content of mass. On the
moon, pull due to moon i.e. the gravitational force of the moon is comparabls,' small.

Consequently, the value of g on the moon is 1.67 ms2. Man would t float’
while walking on the surface of the moon. herefore tend t0
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m change and mass change

of mass m changes i .

s bod¥ nd law of motio%\ mlts ;elOCIty from u to v in time ¢

o' $6€0 ay be expressed in the followin \;nder he pation oligrionos &
; g form ’

NeW
mv — mu

F= t
F x t = mv — mu = momentum change

he quantity F x t (force x time) is called i
is obviously Ns or Kgms. impulse Of the force on the body. The unit of

pulse
We further note that
my — mu
BEsT g &0
t
0
=% (v—u) = mass per second x velocity change

This form of the equation of motion of the body is useful in dealing with moving bodies

yhose masses are uniformly increasing of decreasing as in the cases of rain-fall and rocket

firing.

Newton's third law of motion
Isolated material object is not known in this universe. Of various objects around us, SOme
In any case, We ar¢ free to think of two objects

e near one another while other quite far away-
h of the objects has some mass.

rgardless of the distance separating them. We know that eac
f the object, 18 inseparable with the force associated

But, mass being a measure of the inertia 0

With it. Once we have two objects, the forces agsociated with the masses of the objects mutually
interact, The two interacting forces are called ‘action’ and <reaction’. We have 00 hard and fast
nleto name one as the action and the other the ‘reaction’ 10 it. If we call one pf them action, the
other is called its reaction. One should simply remember tion and reaction act on different

bjects. |
ing action and reaction, summed up his

Newton, after observing many phenomena involvin

€Xnen . :
perience in the following Way
i To every action, there is an equal and opp
S statement is known as Newton’s third 1aw of motion-
xamples-

(i By the way of illustration, We give below SomE S . cally downwards ©

: ' es
Consider a book placed on 2 table. The l.)ook. pr;ses iy Y < book woul 4 have gone
j « been checked by

With a force equal to its weight. otion must therefore hav
{hrough the table. But this did 1% happen- 1S e acting vertically upwards along
an equal and ol ‘e foroe, calle ction of the table
opposite force,
t :
i) he same line of action. 0
:Vhen a bullet is fired from 2 fifl® ith a et
N equal and opposite force (reaction)

osite reaction’.

n the table

the rifle 1S pushed back by

|

b
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ight and inextensible), the string exerts a force

(iti) If a heavy block is suspended by a string (  *xerts an equal an d opposite force (reactiony

(action) on the block to hold it and the bloc
making it tight and inextensible.

Conservation of Linear Momentum

A body at rest has no momentum. If the body starts moving with a given velocity, it wi]|

have momentum whose direction is same a$ that of its velocity.. So, it has both magnitude anq

direction. It is therefore a vector quantity. Moreover, it'iS linear 1n r}aturet: Iffthe b(;dy has a mass
m and changes its velocity from u to v in time ¢ and in the direction of a force F acting on i,
Newton’s second law of motion tells
my — mu
F=—"7—
t
In case, F =0, we have 0 = mv —mu
mu = my
In other words, whenever F = 0, the body moves with a constant linear momentum.

Instead of a single body, if we have two bodies of masses m, and m, under mutual
interaction but nothing else, each body exerts a force on the other. This brings a change in
momentum of each of the two bodies. According to Newton’s third law of motion, the forces on

the two bodies are always equal and opposite in direction. If the velocity of the first body
o : . my(v, — )
changes from , to v, in time 7, the force associated wth mass m, 1s —]—]t—‘_l

Similarly, if the velocity of the second body changes from u, to v, during the same time t,

. : . Mmy(Vo—uy)
the force associated with mass my1s ™
my(vy—u)  my(v,— Uy)
Hence, - =
t t
or, —m,v, +m|u1 = myvy — My,
i.e. mu, + myluy = mlvl + myv,

Thus, when two bodies interact with each other and no external forces act on the system,
the total momentum of the system remains constant both in magnitude and direction

The above statement is called the Principle of conservation of Linear Momentum and 1s
one of the most important principles of mechanics. ‘ ,

The prit.lciple of conservation of linear momentum can be extended to the case of more
than two bodies moving under similar conditions.

As a typical example, we may consider the motion of a

) : shot and a gun. Suppose m and M
are the masses of the shot and the gun respectively. Also, assume that v agnd Vv agzpthe velocities
with which the shot leaves the muzzle of the gun and recoil of the gun which is free to move.

Then, m(v—0)=MV-0) (why ?)
or, mv =MV

i e. motion of a shot = motion of a gun in a straight line
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jso? bodies moving on the same straight 1;
CorlSider bR ) .e straight line on a smooth horizontal table.
if they start from a Pt?l;:t and move in opposite directions they will not meet or join
‘ o, In the same way 1 they move from different points with the same velocity and in the
gn\,env 0 directio“* they will never come together. But if the two bodies move from two different
3 bq[h el“‘il\ g@cﬁ towards each other or one follpwmg the other has a greater velocity than the latter, they
If thebc,d \ pO;I;meet or come into contact or collide at some point. Then, two possibilities are obvious:
anrcer h;‘: “) They stick together (coalesce) and continue to move as a unit after the collision with a
| U elocity, and
“l Common ¥ ’ ) . /
i) They pounce off one from the other and continue to move separately.
i R _ , .
l Itis to be noted that a collision may be between a moving body and fixed Ol?JeCt aliso, ie.a
{ falling on 2 ground. In the first case, we say that the collision is .perfecFly inelastic ar.ld' in
ba second €ase it is said to be elastic. In the case of perfectly elasgc coll'1s1or'1, .the colliding
:‘:dies are first deformed as soon as they come in contact and then regain their original form. h
2 | S .
"oy In particular, suppose two perfectly inelastic bodies of masses 7 and n;z mO\";Ei aég?rir:orel
ad m, wig py ame line with velocities v, and v, respectively coalesces and moves toge;l e;,rer
his brings 4 e wlocity V. Then, by the principle of conservation of linear momentum, We a
of moio, bt e vy + mavy = (1 m2) \'
ocity of the b v, + MV
-y or, T ﬂ
f
: il ,
uring e Worked Out Examples
\ : ind th 1
Fuample 1 ke is hanging from 2 string fixed with the roof. Find the pu
A heavy particle of mass 0.50 kgt _ 98 m/st
of the earth on the particle. G1veR that g = 7-
snlution 2
_ . A e R
The pull of the earth on the particle =&
v 9.8 m/s’
aCt oﬂ = 050 kg X 7. wardS
f"rcfisireﬁﬁ"“' y _ 4.9 N vertically dOWIFEE
d v ' to gravity.
" o Momeﬂ f E’Cample 2 kg is 49 N. What is the acceleration due to gF
; i :
Ltﬂe o /! The pull of the earth on 2 mass of 5 XE
dle \l, SolutiOn . = b '
d {0 605 : m kg is given y _ o to gravity-
ﬁde 9055 mg\Odﬁé ‘ The pull F of the earth on @ mass of here g 18 the acceleration du
w )
p sjfc 4 :ﬂw F=ms
|8 f:d‘/ it v So, in our case
[Vbigbls A9N=5kgg
W

i

)

L]
I ————e—T | -Jﬂ
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Y
49 N ) spee ’
o, & =%kg =9.8 Nkg ﬂ}ad
. o
=98 (kg ms?) kg ’ |
= =2 l“
9.8 ms w c F
Example 3 N n
If the acceleration due to gravity is g = 9.8 m/sec?, 1

The pull of the earth on a body is 49 N.
find the mass of the body.

Solution :
The pull F of the earth on a body of mass m is given by

F=mg wheregisthe acceleration due to gravity. Uit
Here, 49 N = m 9.8 m/sec?
or, 49kgx m/sec2=m 9.8 m/sec?
or, 49kg=9.8m
m=5kg or,
Example 4
A person of mass 50 kg jumped from a certain height and landed on a ground with a
velocity of 10 ms~'. He is brought to rest in one-tenth of a second. What is the force acting on
the person ? : G
Solution : A
& (

“If the force F acting on the mass m changes the velocity from u to v, then

v—u
F=ma=m —_t

. 0-10ms’!
Here, F =50kg ——1—/16%8—

=_5000 kg ms2=—-5000N
The negative sign shows that the force is acting against the direction of the moving person.

Alternative method
Change in momentum of the man =m x v = 50 x 10

Impulse of a force =F x 1 =F x T16
Since impulse of a force = Change in momentum

So, Fleﬁ—SOXIO

F =5000 N
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a15 g
|
ple 3

¢ mass 5 kg falling from a certain height ;

A pody © \ : ertain height is br s

] i ought to rest

Jifh @ speed of 10 ms™. If the resistance force of the ground is Sgg Iélﬂef:nlgttt;;g;}\:a%irgx r;df
contact | ‘

C
‘ gm‘fity- golution ¢ _
% Let F=resistance force =500 N
m = mass of the body =5 kg
u = the speed with which the body hits the ground = 10 ms™!
N e ) v = the final speed =0
Ny = required time interval

, v—u
Using F=m 7 , we have

0—10 ms™
t

500 N =5 kg

or, —500kgms?= i()_k;g_ms_“_

B T TR 2 W ol o .
R gl

d landed ona guie or, 10s™ ='1t‘
d. What s the o2 . —01s. i
| Alternative Method | ' l‘
Change in momentum of the body =m X V= 5% 10
|y foy, B0 Impulse of a force  =F X 1= 500.t - |
500t =5x 10
t= —1% — (.1 sec.
Fample : ’ :octed to a force of 2 newtons for 1 sec.
4 Abody of mass 0.5 kg, and initially at rest, 15 subjec
i Find th : i ing the second.
fmng e velocity acquired during
gon? Solution : E
Here, Mass of the body _m=0.5kg g

v . ~ |
Initial velocity =%~ 0 mS

Force applied = F=2N
Time of action =~ 1 secC

; or s ap =2 T
Final velocity =V

. m(v — 4 have

ﬁﬂ

L
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0.5kgxvVv
2N ==y

or, 2kgms?s =05kgv

N 1
vV = (6—5' ms-

=4 ms™
Alternative method
Change in momentum = m. V=05V
Impulse of a force = F x = 2x1
0S5V =2
V =4 m/s

Example 7

Suppose a rocket moving upwards in the air loses
burns. If the velocity of the rocket changes from 110 m
motion of the rocket.

its mass at the rate of 0.1 kgs™! as its fuel
s to 10 ms!, find the force retarding the

Solution :
Suppose F = retarding force,
r = change in mass per sec
u = initial velocity

v = final velocity

We have
F =0.1 kgs!' (110 - 10) ms™!
=10kgms?2=10N

Example 8

Water flowing from a horizontal hose-pipe at a speed of 5 ms-! comes to rest on hitting 2
wall normally. If the force exerted on the wall is 10 N, find the quantity of water flowing pef
second.

Solution :
Let u = initial velocity of water = 5 ms~!
v = final velocity of water =0
F = force exerted on the wall = 10 N

r = quantity of water flowing per sec.

Usin

We

or,
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a17
Then“smg
z =

F= ¢ (V"‘u) —r(v-u)

we have e
10N =r(5—0)ms—l

10 kg ms2 =35 rms!

r =2kgs!

PR AR

0\',

Wple 9

Rain drops fg.lling vertically on a flat roof at the rate of 0.2 kg s™! come to rest after hitting
e roof. If the resistance force of the roof is 2 N, find the velocity of rain. :

Solution *
Tate of )| .. Suppose 7 = mMass of water falling pe‘; sec = 0.2 kgs!

ind the o o u = velocity before hitting the roof = ? B
‘ v = velocity after hitting the roof =0 a
F = force on the roof = -2 N (why ?) :1
]
Using, F="r (v—u) =r(v—1)

We have

2N =0.2kgs"! 0—u)
o, -—2kgms? =-02 kgs'u

y =10ms™

g on a mas$ of 50 kg

L Find the jmpulse of a force actin
Smst to 15 ms.

producing 3 change in velocity from

of 1 m/s and paddling faster for

2 ey . a velocity
o A girl on a bicycle, total mass 50 kg,jla.;_n 4 the average force exerted.
nhﬂ“‘; 5 seconds, the velocity increases t0 ms~!. FinG S8 prought to rest after striking the
resto i oA b .o from 2 certain height 18 DI g ound is 500 N, find the
Omcs t0 i flo . Odg' of mass 50 kg fallmgl, i resistance force of the gF
f¥ ound with a speed of 5 ™S

vy 0 .
[tlf)’ duration of contact. jane with an average force of 20 N ‘fo(rl
: e ooth plad P d the velocity acquire
Asga’“ is pushed on a fflcuorggsigsg at rest in the peginning, fit
conds. If the cart with mass :
Y the cart,

_l e velocity of the gas expelled is
S .

£ 0.5 kg
Y A rocket expels gas at the :31:11:6 by the rocket?

200 ms-!, what is the forc® P

v | B

L‘_—T__—_—f
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Us"
! hits a horizontal floor with a speed i
b) Sand allowed to fall vertically at a steady rate pee B e
) Oa(;ls n:s-' If the force exerted on the floor is 0.005 N, find the mass of sand falling -~ | w
' ' i
per second. . ' . ‘ &
¢) Suppose a rocket moving upwards in the air loses 1tS m?ss as its fuel burns. If the o
velocity of the rocket is reduced from 210 ms-! to 110 ms~' by a force of 100 N due to %: et
earth, find the mass of fuel burnt per second. E
d) Suppose a steady mass of rain falls vertically on @ flat roof at the'rate of 0.5 kgs' and |
.5 2.5 N, find the velocity of raindrops i &
then comes to rest. If the force on the roof 1s 2.0 I\, pS just %
before hitting the roof. ‘ﬁ
. Answer i
1. 500 kg ms™! 2.20N 3.0.5s 4.2 ms™
5.a) 100N, b) 0.1 kgs™! c) 1 kg d) 5 ms™!

Worked Out Examples

Example 10

A person of mass 50 kg who is jumping from a height of 5 metres is brought to rest in one
tenth of a second after landing on the ground. Taking g= 9.8 ms-2, find the resistance force of
the ground.
Solution :

Here mass of the person =m = 50 kg

Height from which he jumped=h=5m

Acceleration due to gravity =g = 9.8 ms™

Suppose v = velocity of the person just before landing

time of contact=¢=1/10's

Then, from  v?=2gh )

we have, y=2x9.8x5 =[98 =7\[2 ms’!

velocity change
t

Using Force = mass x

Wehave F=50x 7\5160 =13500V2 N

Example 11

An aeroplane of mass 2 megagram (2 Mg) lands on the runway with a velocity of 50 ms”'
and decelerates to a velocity of 20 ms~! in 3 seconds. Find the resistance of the ground

Solution :
Here, mass of the aeroplane =2 Mg =2 x 106 kg
Landing velocity of the plane = u = 50 ms-"!




| r% Mechani
)y
"y M\ | elocity afier 3 seconds =v =20 mg
3 . v=u-+tat
I ﬂgi \ Using
by 1 ffi f“ei where 8 is the retardation, we have
00t iy i
I the ) a=-10ms2
o Velgcl-me“fbc ’ the resistance of th i
iy Hence, the 1€ ¢ ground against the aeroplane
\# = mass x acceleration
=2 x 106 kg x 10 ms2

=2x 10"N
prample 12

covers a distance of 16 m. Find the mass of the body.

| Solution :
Here, force F=4.9 N

Initial velocity = u =3 ms™!

etres is brough sy

2 find the sz

' Final velocity = v="5ms
' Distance covered =5 = 16 m
Mass of the body =m =7?

We have 52=32+2.a.16
a=0.5ms?
Again, using F = ma, we have
4.9 kg ms2 = mass X 0.5 ms™
m=9.8Kkg

Example 13 _
ards with

ached 2 height of 45 min 3 s. Find the pull of the ea

s"’ution :

Here, Mass of the ball = 0.49 kg
Initial velocity = 4 = 30 ms™
Height attained = 45 m
Time taken = ¢ = 38

The pull of the earth = F

Using 2 =u?+2as where a is the acceleration of the body,

419

A force equal to 4.9 N acting on a body changes its velocity from 3 ms! to 5 ms | when it

o ; : : W an initial velocity of 30 ms'. It
A ball of mass 0.49 kg is throw™ il ey rth on the body.

,,,,,

=0

e R

R S g

DT

e T S P
Nl A
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Using S=ut +% af? where a is the deceleration due to earth.

1
We have 45=30x3+7 ad

& a=-10 ms>
Hence, pull of the earth on the body = mass X acceleration
=0.49 x 10

=49kgms2=49N

Example 14
Find the velocity of a 4 kg shot that will just penetrate through
resistance being 4 metric tonnes weight. (g=9.8 ms2)

a wall 16 cms. thick, the

Solution :
Resistance force = — 4 metric tonnes wt.

=—4x1000xgN
Let a be the retardation. Then,
P=-ma

or, —4x1000g=-4.a

s a = 9800 m/sec? .

Let u be the velocity of the shot which can just penetrate a wall of thickness 16 cms. 1.e.
0.16 metre. Then,

0=u?-2as
or, 0=u2-2x9800x0.16
or, 42 =2 %9800 x 0.16

u = 56 m/sec

Exaniple 15

A force acts on a body of mass 5 gms at rest for the first 4 secs, in 8 secs from the start, the
body is found to be 480 m from the starting point; find the value of the force

Solution:
Let F be the force arid a be the acceleration. Then,

F=m.a

5
= F=70007
a=200F

V = velocity at the end of 4 secs
= at=200F x 4=800 F




r;

of thicknes [fomsi

1)

L

calculate

b) The reaction R of the fl
() Since the lift is moving upwards, s0 the

which
Using S=ut*7y at?, we have

1
480=800Fx4+'ix200Fx 16

480 = 3200F + 1600F

4800F = 480
480 1

F=2800 10

mmple 16

Mechahics

0 ec-

a21

L

man on a lift mo ' ii ;
A ves (i) up (ii) down with an acceleration of 2 ms2 In each case

Solution :

Two forces act on a mass.

The weight mg of the man acting vertically downwards
oor on a man acting vertically upwards

resultant upward force =R —mg
By Newton’s second law,
R-mg=ma wher

OF, R=mg+a)
~50(9.8+2)=5%N

(i) Since the lift is moving downwards, SO the

resultant doward force=mg~ R

By Newton’s second 1aw,
mg— R =ma
or, R=m(g—a)
_50(9.8—2)=390N

Example 17

desc;\l;“’“e of mass 1 kg falls from
Tesistq ing 800 cms, it reaches the 10
nce offered by the sand. (8~ 9.8 ms™

Soluti()n -

(i)
Let v be the velocity at the end 0
v=gt=9.8x 3=294 m/sec-

e a is the acceleration of the lift.

the top of

foot of the cliff and

£3 seconds: T

the reacti
¢ reaction of the floor on a man of mass 50 kg standing on the lift. (g = 9.8 ms™?)

ling for 3 seconds (i1)

al cliff. After (i) fal
nto the sand. Find the

q vertic :
penetrates 25 cms 1

hen, : 5
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Now, with this initial velocity, the stone enters into the §and. Leta pe the retardation of the
stone when it enters into the sand. After penetrating 25 ¢ms; 1.€. 0.25 m, it comes to —rest.

0 =v2-2as
or, (29.4) =2xax 0.25

29.4x29.4
4= " 2%0.25

While the stone is within the sand, two forces act on it.
(i) The weight mg of the stone acting vertically downwards.
(ii) The resistance R offered by the sand acting vertically upwards.

The resultant upward force = R — mg

= 1728.72 m/sec?

Now, by Newton’s second law,
R -mg=ma
or, R=m(g+ a)
=1x(9.8+1728.72)
=1738:52 N = 177.4 kg.wt.
(ii) Let v be the velocity after descending 800 cms. i.e. 8 m. Then
v =2gh=2xgx8=16g

v=\l16g

Now, with this initial velocity, the stone enters into the sand. Let a be the retardation. The
stone comes to rest after penetrating 25 cms i.e. 0.25 m.

0=v?-2ax0.25
or, 16g=0.5a

a=32g
Let R be the resistance force offered by the sand on the stone, then the resultant upward
force is R —mg

By Newton’s secon law, R —mg =ma
or, R =m(g+a)
=1(g+32g)=33 gN=33 kg wt

EXERCISE

1. State Newton’s Laws of motion and explain how from the first law we obtain a definition
of the force and from the second a measure of force.

2. How large a force is required to bring a 1000 kg car moving with a veloci I to
rest at a) a distance of 1000 m; (b) in 20 second. elocity of 100 ms
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constant force of 10 N acting on an obj

: . ect reduces j :
b 55, Find the mass of the object. Ces 1ts velocity from 15 ms-

bullet is accelerated to 5 ms! in
2.0 g bullet is accelerate from rest to a s |
i e

) parrel of a gun. Assuming the acceleration to tr))e ?ﬁf}f 700 ms-!
f()l'ce was ? 1form, find
A bullet moving at 250 ms~' penetrates 5 cm |

] assuming that the force exerted by the tree try nll(nit;) 131 .tfree
mebulletiSIOg. csletriing 1o | . 10

as it travels 20 cm in the
how large the accelerating

trunk pefore coming to rest.
rm, find its magnitude. Mass of

A force of 25 newtons acts on a mass of 0.50 kg starting from rest. Find

" ) theacceleration in ms> | : f
) the distance moved in 20 's. ) the final velocity after_ 20 s.

1 A trai;:totf mastsbSZtZ1 togmis moves at the rate of 108 kmh-!, after the steam is shut off, it is
brought to rest by the brakes in 50 m. Find the force exerted ing i iform
oaming o A Ay ed, assuming it to be uniform and

g, On mmipg a corner, a motorist. rushing at 36 km/hr finds a child 51 m ahead, he stops ihe
car within one metre of. the child by the application of the brakes. Calculate the retarding
force and the time required to stop the car. The total mass of the car and the passenger =

2000 kg.

9. A force equal to a weight of 1 kg acts on
distance 10 metres in that time, find the mass of the body.

a force of 12 kg.wt. a body of mass 4.9 kg changes its velocity

0. Due to the application of
£01 12 m/s o 20 mys. Find the distance through which the body describes.
1 25 cms thick, the

Il. Find the velocity of a 4 k
resistance being 36 tonnes wt. (8= 9.8 ms?)

a body continuously for 10 secs and causes it to

g shot that will just penetrate through a wal

A body of mass 1 kg is falling under gravity at the rate of 28 ms™. What is the uniform
force that will stop it — (i) 0.1 second, (if) 20 e (g=10ms™) ]

Instead of faningp under gravity if the body is moving at the rate of 28 ms I along a
horizontal line, what will be the force required n above two cases.

B A mass of 5 kg falls 300 ems from rest and is then brought to rest

into some sand; find the average thrust of the sand on 1t.
i nd pe
4. A Particle of mass 15 kg falls from & height of 181r?:t;ef50::e ;)f
the average resistance offered by the sand is equd

by penetrating 30 cms

netrates into some sand. If
150 kg.wt., find how far it

petletrates i i
nto the Sand. . s .3 a distance
«p> kg wt and in ‘T’ SECS it moves

15
* Amass ‘m’ ko i byv.a constant
m’ kg is acted on by. that x =5 =2gP

¢ weight of the
eleration is

city of v mls. Show

of x metres from rest and acquires avelo
the fraction of th

6. ;
A balloon is rising with an acceleratlonf- P . order to double the acc

balloon which must be emptied out
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Answers Siﬂc‘
ON
2. (a) SO00 N, (b) SO00 N 3. 2 kg 4.1470 :
5.6250 N 6. a) 50 ms™ b) 1000 ms-!  ¢) 10000 m
\ - ]
7. 300 tonnes wt 8. 2000 N, 10 sec 9.49 kg. 10. 57 m 11.210 ms
12. 29 kg wt, 197 kg wt; 28 kg wt; 196 kg wt 13. 55 kg wt 14.2m
Worked Out Examples
AV

Example 18

A body of mass 50 kg falling from a certain hei
before hitting the ground, and then comes to rest in one
of the mass before hitting the ground and also the impu
force.

ght acquires 2 velocity of 10 ms just
tenth of a second. Find the momentum
Ise of the force on the mass and the

Solution :
Here, mass of the body = 50 kg
velocity v before hitting the ground = 10 ms™

: I
velocity after 108~ 0

So, momentum of the body before hitting the grouhd

= mass x velocity

=50 kg x 10 ms™!

=500 kg ms™!
momentum after impact=50kg x 0 =0
So, change in momentum = 500 kg ms™' — 0

=500 kg ms™!
But impulse = Force x time
= Change in momentum = 500 kg ms™!

_ 500 kg ms™!
So, Force = 110 s

= 5000 kg ms2 = 5000 N

Example 19

hy v?lue' o;;x cylfi n}:ier containing 18 kg of compressed gas is opened and the cylinder
empties in 1 min 30 s. If the gas issues from the exit nozzle with an . ol
find the force exerted on the cylinder. average velocity of 25 ms™,

Solution :
Here, the velocity of gas changes from rest to 25 ms-!

Change in momentum = mass x change in velocity
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= 18 kg X 25 ms-! =

18 x 2 N
n=1min30sec=90g¢ S kgms-1.

ime 18k
gince, the force required to push the gas oyt of the cylind
= mass x acceleration N

change in velocity
time

= Mmass X

change in momentum
- time

_ 18 x25
Average force on gas = T 90 hewtons=5N

By Newton's third law of motion, an equal reaction force is exerted on the cylinder. Thus, |

perage force on the cylinder =5 N ;

Example 20

A bullet of mass 15 g is fired from a rifle of mass 3 kg with a velocity of 100 kmh-!. Find

ihe velocity of recoil of the rifle. ,
Solution :
We know, mass of bullet x nguzzle velocity
. = mass of the rifle x recoil velocity
0, 15x100 =3000 x v, where

vis the recoil velocity

F~"ample 21

Abullet of mass 8 g is fired horizontally

buﬁ block, which is free to move, gains @ Ve
et.

of wood of mass 5'kg and stikes in it.

into a block i
" ms-'. Find the initial velocity of the

Jocity of 50 ¢

Solm,-,m :

mass X velocity of bullet

Before impact momentum of the bullet =
=0.008 kg x Vs

“here v is the velocity of the bullet
momentum of the block =5 kg X 0~ 0

+0
momentum before impact = 0 o085 ¥ + bullet)
After impact, momentum of the syste™® (block ,

—1
_ (5 +0.008) ke~ D50

' impact
Since Momentum of the system pefore impa

Mechanics w




'

s BASIC MATHEMATICS: GRADE Xl

= momentum of the system after impact

or, 0.008 kg v = 5.008 kg x 0.50 ms™!

So, v =313 ms™!
Example 22

An object of mass 2 kg is moving in the +ve x—direction with a velf)city of 3 m§-1 while an
object of mass 1 kg is moving in —ve x direction with a velocity of 4 ms~!. They collide head on
and stick together. Find their common velocity after collison.
Solution :

By the law of conservation of linear momentum, we have

momentum before impact = momentum after impact
So, (2kg) (3 ms")+(1kg)x (-4ms™)=( kg) v

where v is the common velocity

3y=2ms!
2

Example 23

A body of mass 8 kg, moving with a velocity of 6 metre/sec meets a body of mass 24 kg,
moving with a velocity of 2m/sec in the same direction as the first; if after the impact they
coalensce into one body, show that the velocity of the compound body is 3 m/sec.

If they were moving in opposite direction, show that after impact the compound body is at
rest.

Solution :
Here, m, = 8 kg, u, = 6 m/sec
m,=24kg, u,=2m/sec

Let v be the velocity of the combination. Then using the principle of conservation of linear
momentum,

myuy + maty = (my + my) v
or, 8x6+24x2=(8+24)v
or, 96=32v
v =3 m/sec
Again if the two bodies move in opposite direction,
myuy + myuy = (my + my) v
or, 8x6+24x(—2)=(8+2_4)v
v=0

. after impact, the combination is at rest.

L TT———— — e S ——
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fi‘mple 2 £ 400 kg is projected
ecte
A Stv)Z;oiity i whichj e guf;rlo\?vloil?io MEtric tons gun wigy ; /
god e commence to recq ; a velocity of 600 metre/sec:
pf“jec"on' tL, 1f free to move in the line of
gt
Here, M = mass of shot =400 kg
v = velocity of the shot = 600 m/sec
M = mass of the gun = 40 metric tons = (40 x 1000) k
v = velocity of the gun =2 | e

Momentum of the shot = mv = 400 x 600
Momentum of the gun =MV =40 x 1000 x V |
Momentum of the shot = Momentum of the gun (in magnitude) . . : ‘
or, 400 x 600 =40 x 1000 x V ‘

V =6 m/sec : ' ;

Example 25

A'cricket ball of mass 0.2 kg moving with a velocity of 20 ms™ is brought to rest by a
thyerin 0.1 second. Find the impulse to the ball and the average force applied by the player.

Solution :
Here, m = mass of the ball = 0.2 kg
u = initial velocity of the ball = 20 ms™!
“v=final velocity of the ball =0
t=time duration = 0.1 sec
Impulse of a force = mass x change in velocity
=0.2x20
— 4 MKS units of impulse
Let R be the average force applied by the player
Impulse of a force = R x £ =R x 0-1

Rx0.1=4
by R=40N
Mple 26 ' height of 3.6 rmetre and rebounds 0 3
o B marble, whose mass is 1/10 k& - :;zr?oice petween the marble and the floor if
yer 2
the alo roE second. (g=9.8mS )

el :f 2'5- metre, find the impulse an
o] during which they are in contac

Utiop, |
re hitting the ground.

tbe 1/

-

‘ Lety pe the velocity of the glass marble just befo



: GRADE XII

4 BASIC MATHEMATICS: GRA ba“
|

s S
| >

Then, y2=2gh=2x9.8x 3.6 same
v=_84ms" | _ Two
Let u be the velocity of the glass marble just after hitting the ground. Then, S
0=u?—2gh b,

or, u*=2gh= 2x9.8x2.5
u=7.0ms"
Change in velocity = 8.4 — (-7)=15.4

Impulse = ’flﬁ « 15.4 = 1.54 MKS units of impulse.

Let R be the average force between the marble and the floor which acts upwards. The

resultant upward force =R -mg=R-77 &

1 1
Impulse =(R— 10g) x70

1 !
(R“log) x7g = 1.54
1
or, R—10 g=154

or, R-0.98= 154
R=154+098=1638N

1. A force of 12 N acts for 5 s on a mass of 2 kg. What is the change in momentum of the
s 2 What would be the change in momentum of a mass of 10 kg under the same

mas
condition ?

2. A body of mass 0.5 kg and initially at rest, is subjected to a force of 2 newtons for 1 sec.
Calculate the change in momentum of the body.

3. A bullet of mass 0.006 kg tr i -l )
is then brought to rest in (%.(gla:.e }71 :2?1 HY20 s pebeirbies desply ko o Bexod YAt aue
a) change in momentum of the bullet
b) the average retarding force exerted on the bullet 1
c) the distance of penetration of the target.

4. An inflated balloon contajns 2.0 g of air which is allowed to escape from a nozzle at a
speed of 4.0 ms-'. Assuming that the balloon deflates at a steady rate in 2.5 s, what s the
force exerted on the balloon ? D S,

5. A bullet of mass 10 g is fired from a rifle of mass 1000 ¢ wi . -
the velocity of the recoil of the rifle. g with a velocity of 50 kmh'. i
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\ bol of mass 0.1 kg moving with a ve
b 0.2 k8 at rest. Calculate their com
ame direction.

0 bo dies of masses 8 and 4 kg move
t 0 dities 11 ms™ and =7 ms~! respective]

© yeloc d
\clocity just after collision.
{ ’

locity of 6
ms-, collides d;
O e es directly with
mon velocity if both balls move togeth:rbiarlnlltlgg ‘

along the x-axis

Y. They collide INopposite directions with

nd stick together. Find their

. This bullet now

!
nters . If the speed .
zfthc gun and the common velocity of the Wog q of the bullet is 500 ms-!, find the speed

400 kg fires a shot i
. Agun of mass \ g ot of mass 3 kg, with a velocit of 200 ms!
constant force which acting on the gun would stop it after a recoil o¥2.5 metrgés Rt

o, Ashot of 2 kg is discharged by a gun of mass 400 kg with a velocity of 800 m/sec. Find
the constant force which would be required to stop the recoil of the gun in (i) 2 metres,

(i1) l% sec.

II. A gun of mass 1 metric tonne, fires a shot of mass 14 kg and recoils up smooth inclined
plane, rising to a height of 1.6 m, find the initial velocity of the projectile.

. A cricket ball of mass 150 g is moving with a velocity of 12 ms~! and is hit by a bat so that
the ball is turned back with a velocity of 20 ms'. The force of the blow acts for 0.01 s.
Find the impulse and the average force exerted on the ball by the bat.

nnes resting on an incline of 3 in 5, fires a shot of 100 kg
ocity of the recoil of the gun and the

_2)

. A gun of mass 40 metric to :
horizontally with a velocity of 700 m/sec. Find the vel

distance it moves up the incline before coming to rest. (g = 9.8 ms

A List three applications of Newton's law of motion and relate them in our daily life cases.

Answers

l60k ! ~ j

3-a)o§; ;\; , 300 kg ms™! 2.2Ns foqN  S05kmhl
gy > DTN QOSM. gn  40-G)AB00 N G AZERN
7.5 ms™! 8. 5ms’,5ms . v A 1

13, 1.4ms, g m-

I
o WS 12.4.8 MKS units, 480 N

Mtrog . .
Auct,ion : Projectiles , ven velocity, begins f© fall vertically
oy, " object, thrown vertically upwards velocity has e

Ny, . i :
i iards after reaching the highest pom; t(}i:earth tance due t0

b, ° SUpposed to b he surface O
a 0 be near the su ¢
. “Clerati Y { constant ‘
gy, cration due tv is then almost & ‘ .

i deis g = 9t% %nr:jl; (}(I)r 10 ms™ aPPrOXImately)' n) with a certain velocity

he horizo e onf
Iy i : an angle & tot int on the path, the only
T thehe object is thrown obliquely (- at anc urved path- At any poin

_ after thdeth 0 air is neglected,
and the

It is dire

k Srface of the earth, it moves alon a

Juced to zero). If the
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effective acceleration is the acceleration due to gravity. As said above, 1t is almost constant and

directed downwards in this case also.

Motion of projectiles

A projectile is any object having a given initial oy
velocity and moving along a path determined by the 5
force of gravity and frictional resistance of the air. ’ ety
In an idealized situation, the object is assumed 8O
small that it may be regarded as a particle. The " H
resistance due to air is neglected, so that the particle ¢ :
may be considered to be moving in vacuum. Lastly, § o WHEl Y
the particle is supposed to be close to the surface of Qucosa M B
the earth so that the acceleration due to gravity «————— R —————
remains almost constant. In our further discussion, o
unless otherwise stated, we consider only such an idealized model of physical situation.

A particle thrown obliquely near the surface of the earth is called a projectile, the path
along which the projectile moves, is called its trajectory. The angle a which the direction of
projection makes in the plane of projection with the horizontal plane through the point of
projection is called the angle of projection; the time taken by the particle to come back to the
horizontal plane again is called the time of flight; and the distance between the point of

projection and the point where the particle strikes the horizontal plane again is called the range
or horizontal range.

Let a particle be projected from a point O with an initial velocity u and making an angle

with the horizontal plane through the point of projection O. Further, suppose v is the velocity of
the projectile at some point P on the trajectory OAB and inclined to the horizontal OB at an
angle 0.

a) Velocity at any height

The vertical component of u is u sin o, the acceleration a = —g. 1f 7 is the time taken t0
reach the point P, then the vertical component of vis

ysin®@=usina—-gt ... (1)
Since, the acceleration due to gravity along the horizontal is zero
vecosO=wucosa ..l (2)
Squaring and adding the above equations, we have
v2(sin20 + cos?0) = u?(sin’a + cos?at) — 2u sin o gt + g2

or, Vv =u?-2usinogtt gt
" 1
=y2-2gusinat-> gr)

=u?-2gy where y is the vertical height of the particle above OB.

e
F ks
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ysin® _usina— gt
plso, v cos 0 U cos o
u sin o — gt
tan 0 =
0[, u COoS o
ve formulae for findi g
hus, We have ding both magnitude and directiop f ;
yen point or time. of velocity of a projectile
g

yTine 10 attain the highest point

Atthe highest point, the vertical component of the velocity, i.e. v sin = (
So’byvsin9=usin0,—gt |

We have
0=usin oo — gt
_usina
or, = g

This is the time required to attain the greatest height.

( Time of flight

The time of flight, i.e. the time taken by the projectile to reach the horizontal plane through

tepoint of projection again, can be obtained from
h=usin at —% gt by taking 4 = 0. Thus

Hu sina—% gH=0

t=0or 2u sin A
:mtt O implies it is at the point of projection itself. So, the required time of FgR S
Moteq by T, i .
2u sin o
T= <u Sin &

g

O B
)Honzontal range

T . ; n
b hor, izontal range R i.e. the distance betwee

projection and the point

the point of .
2u sin o the

din time T =
. . tance travelled in
® Particle strikes the horizontal again, 15 the distan :

'ne Of : . S a_ ThUS
Night, with a uniform horizontal velocity ¥ co

toB=ucos0LT

Qusino _ u?sin 2¢

SUcos o
g

|

S5 gt e
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432 ‘
Also ’

¢) Maximum horizontal range o o
The range R is maximum when sin 2o is maximum. This will happen if sin 20 = 1, j.e.

e

n
- - QQ
when a =3 of 45° Ase
; y _w ¢l0
>, the maximum horizontal range = 2 v
dir¢
f) Greatest height
At the greatest height H, the vertical component of the velocity 1s Zero. Th
So, 0 = u? sino. — 2gH El
" _wsin’a
A} 2g
P.
Position of the projectile
Newton’s second law of motion can be used to find the position of a projectile in its 1
trajectory. For convenience, we select the origin as the point of projection, the x-axis as -
horizontal and the y-axis as the vertical. Then, there is no component of the force due to gravity P
in the x-direction. The y-component (i.e. vertical) of the force on the projectile is its weight, -mg
(why?). With this much preliminary idea, we now proceed to find the position of the projectile origl
on its path. the
Let P(x, y) be the position of a particle at the Y end
end of time ¢ and projected from the point O on the w
. w tocad o . v
xy-plane. Suppose that its initial velocity at O 1s u / .............. . on |
and is inclined at an angle a with OX. If E, is the x- e E
component of the force on the projectile at P(x, y) " Y
and F, the y-component, then by Newton’s second Ne
law of motion,
acceleration of the projectile a, a
o —— o
=F/m=0 ... (1) X

and acceleration of the projectile a,

-m
—Fm="E=g .. (ii)

m

where m is the mass of the particle.

Since, u,=ucosa and u, = usina

From (i), we notice that the horizontal velocity is alwa ;
is in i ys ucos a. avelled
along the x-axis in ime 715 0, the distance tr
x=(ucosa)t ... (iii)
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ylso, the vertical height gained after time ¢ jg
y_—_(usina)t—%gtz '
...... 1V)
he four equations describe the motion and position of the

. . : rojecti .
AS explained in the previous article, we have Projectile at any time 2

selocity v of the particle at P(x, y) = u2 - 2g,,

direction of vat P(x,y) =0 =tan-! (M_g_t)

U Cos o
The equations (ii1) and (iv) give the position of the particle in terms of the parameter ¢
fliminating ¢ between (ii1) and (iv), we get |

= (tan o)X —
y=( ) 2u? cos2oL

putting @ and b for the fixed quantities tan o and m respectively, we have
y=ax — bx? s (v)

This is obviously the equation of a parabola. In other words, the trajectory of a projectile is
aparabola.

Let a particle of mass m be projected from the
rign O with an initial velocity u at an angle o with

be vaxis. Suppose it is at the point P(x, y) at the B vess
tnd of time ¢, : x.y)

IfF, is the x-component of the force of gravity
nihe particle and a, the corresponding component 5 o
f the acceleration due to gravity, then, by  oucosa ‘ B

Newtop? - ===
Won’s second law of motion, &=, ~ 0

f the force of gravity on the particle and a, the

Similarly, ; ‘s the y-component O
y, if F, is the y-comp o o st then

00 . '
"*ponding component of the acceleration
Y m | |

. doits inclination t0 the horizontal

Let v be the velocity of the particle at P(x, y) an

—u cos O
Then, a=vcos9 uc _0

X . t
OF ctir o . e e D pp i e )]
» VCos0 =y cos a
ang _vsinG—usinotzﬂg‘
W= t .
oL . . . e (i1)

V81 v
» VSN =y gino—gt

MeChaniCS \ E
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Worked Out Examples

Example 1 )
A particle is thrown with an initial velocity of 100 ms-' at an angle of 30° above the

horizontal. Find a) the time to attain the highest point, b) the time of flight, ¢) the horizontal
range, d) the greatest height reached. (g = 10 ms2).
Solution :

Here, initial velocity = u = 100 ms™!

inclination above the horizontal = 0. = 30°

Suppose, #, T, R and H have their usual meanings. Then,

) 100><-1-
_usmna _ 2_5
g 10 o
2u sin o
=———=108s
_ u?sin 20 1002 x \3
R=""7" =" lox2 =500V3 m
2 sin? 1002 ‘
=u simn-o. x 3 _375m

2¢  2x10x4

Example 2

The maximum horizontal range of a particle thrown with a certain velocity is 10 m. Find
the velocity of projection. (g = 10 ms2)

Solution :

Here, maximum horizontal range, R =10 m

Velocity of projection, u =?

u2
We know,R ="
g
u2
10= 10
Hence u=10 ms™!
Example 3

The highest point reached by a projectile is 20 m abo i F initi
sl tial
velocity 1s 20v2 ms!, find the angle of projection. (g =10 ms_z)ve the horizontal. If the T2

Solution :
Here, highest point reached, H=20m

Initial velocity, ¥ = 202 ms-!

R
e

S0,

He!
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Y Ofpmjection, o="7?
6 u? sinZo

Ginces 2g

(20V2)? sin2a.
2027210

1) 2
. sinfo = (75)

1
sina=q§

Hence o =45°

A projectile is fired with a horizontal velocity of 30 ms-! from the top of a cliff 80 m high

gow long will it take to strike the level ground at the base of the cliff ? (b) How far from the
wtofthe cliff will it strike ? (¢) With what velocity will it strike ? (g=10ms?)

Solution :

Suppose that the projectile fired with a horizontal velocity 30 m/s
30 ms! strikes the level ground at a distance x metres from

tebase of the cliff and y metres below the point of projection.
Then,

yis 10 fil § ) Vertical motion :

y=80m

Vertical velocity (component) = 0

Acceleration, g = g

ime of fall, £ = 9 . x zNﬁ '
Vertical distance = 80 m g

80, from y= % ' g2,

WehaVe 80:% 10 . 2

t=4sg

D) Hap:
Morizonga) motion

Wy _ ;

“izontg] velocity (component) = 30 M5

i

" of motion = 4

r()m
Ve haVe

9

1 (constant)

X = ut,

1 1, then
20 m 0 Wth the horlzonta ’

. . )
Ify, i$ the velocity with which it strikes the gr
vcos @ =30 ms~' (why ?)
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436 :
‘if : 0o |
and vsin@=0+10x4=40 ms™! pﬁ‘ :
Hence, 1‘\16“’
W2 (cos?0 + sin?0) = 302 + 40?
or, v = 2500

4
Also, tan 0 = 30 = 3

Example 5
A ball is thrown from the top of a building towards a tall building 50V3 m away. 'The i'nitial
velocity of the ball is 20 ms™' at 30° above the horizontal. How far above or below its original

level will the ball strike the opposite wall? (g =10 ms)

Solution :

Let the ball thrown from the top A of a building strike another
tall building 50V3 m away at B after t seconds. .

Let y be the distance of B from the original level.

Here, initial velocity, u = 20 ms™!
inclination, a = 30°
Then, horizontal component ofu
=20 cos 30° = 10\3 ms™!
vertical component of u
=20 sin 30° = 10 ms™!
For the horizontal motion,
50N3 =10V3 t
= 5s
During this time, the vertical distance covered

1
y =10.5+5(-10) 25

=50-125=-75m

The negative sign shows that it strikes the opposite wall 75 m below the original level.

Example 6

For a given v;locity of projection and a given horizontal range, prove that there are in
general, two directions of projection which are equally inclined to the direction of maximum

range.
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ot velocity of pro ection, R ¢
W pe the gIven ty of proj he glven Tange an ¢ the angle of Projection
2 A
R = Ll"' sin 20. r
Thets g
= Ei sin (T — 2a) Direction of
4

maximum range

2 T
.-:"!g_ Sin 2(-2-_ )

lue of the range remains the same if o jg replaced
va
i te

ﬁ' «. Moreover, these two directions are equally

— A
.od to the horizontal and the vertical respectively. o ;

. the direction of maximum range (45°) bisects the . 0 f
Hcﬁ tween these two directions. In other words, for a given velocity of projection and for a
ge b

nrange, there are, in general, two directions of projections which are equally inclined to the
gien range, ) ’
fiection of maximum range.

;11 AWy, The iy
below i iy

20 mfs

Bumple 7

78.4 m.
) : horizontally from the top of a tower '
i must a stone be projected 2 (g=9.8 ms2)
lh o tW l:z;:lfl: (I:)I?i,nt on the ground 400 metres from the foot of the tower ? (g

50as to

7 i the time taken
mmfm be the velocity with which a stone be projected horizontally and ¢ be
¢t u be the velocity w
e tone to reach the ground | y
: ‘
i 2
h 7 8t

- 784 m
or, 78.4=5 X982 . |

% P=]b

=4 sec.

400 m
Also, horizonta] distance = s = ut

400=ux4

4=100 ms!

e TG

i 4
Em i iected with a.vellocuy of iid
’:I:ie 8 sice BiE% 2 parti((;lsvlllérllj :ﬂscxi'here will it hit the gro
fnetres/s:x,lc1 the fop of a tower, 4090_(1‘, Ilrtlh e i §

98 ms{lzl;lkmg an angle of 3 ' o -
&olution . ity of projectlon ua
s' Theh | onents of the velo Q\
L e Nzonta] and vertical comp
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Let 7 be the time taken by the particle to hit the ground.

Taking upward direction as positive,

) 1
~h =usin30°1-7 gt

or, —49.0=29.4x% t-% x 9.8 £

or, —49.0=14.7t—-4.9¢
or, £-3t-10=0
or, (t-5)(+2)=0
t=5,-2
Neglecting the negative value of t, we have

t =15 secs.
Let the particle hit at a distance of s from the foot of the tower.

s =ucos30°t

\3
=294 x5 x5= 73.5V/3 metres

Example 9

Solution :
Let u be the velocity with which a shot is projected

making an angle o with the horizon.
Since the shot just passes the top of the building, it

30°

49 m

\\

Find the velocity and the direction of projection of a shot which passes in a horizontal
direction just over the top of a building which is 50 metre off and 25 metre high. (g =9.8 ms?) Exar

spee
How

25m sﬂll

moves horizontally, so

max. height =H=25m
and horizontal range =R =2x50m= 100 m
_ u?sin’a
= —————2g
_utsin’a
=g

_ u?sin2 o
g )
u? sin 2o
100 =T ...... (ii)

From (i) and (ii), we have

1
4

and

1
=Ztana or,tano = 1 S a=45°

> ﬁel

50 m
bal

Th
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\ W =25x2%x98x?2
4§, u = 145 m/sec

ple 10
A ball is thrown with the velocity of 29.4 m/sec, find the two directions in which the ball
e ba

\ b thrown s as t0 give a range of 44.1 m. (g = 9.8 m/s?) .
Golution * 1

Let a be the angle of projection.
g

Then, horizontal range (R) =

L= 29.4? sin 20
> #41="gg

o 441x98 1
= SIn20="5942 T2

- sin 20 = sin 30° or sin 150°
20.= 30° or 150°

ie. a=15%0r75°

hich passes in bt

metre high € e

Example 11

A cricket ball thrown from a height of 2 metre
seed of 1820 cm per sec is caught by another fieldsman at a

How far apart were the men? (g = 9.8 0/ s?)

] SOlution:

s at an angle of 30° to the horizon with a
height 60 cm from the ground.

d from A be caught by 2 A

Let i ' .
a cricket ball projects m. Then the cricket T

feldsman at D such that DE = CB = 06

/ bal] descends = AC = Q- 0.6) m= 1.4 m. .
B | Let ¢ be the time taken by the cricket ball to descend AC.

¢ Vettical component of u = U sin 30°

Taking upward direction as positive,

2:m

§
4
i
g

we have W

RVl e -

1
‘h=usinat—§gt2 5

1 ]
“1.4=1820sin30°1-3 % 98

49£-91¢-14=0
T£-13t-2=0
(t-2) (7t+1)=0
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1
t=2,-7

~. the possible value of t = 2 secs
CD = BE = u cos 30°.f = 18.20 cos 30°x 2

= 18.20x35x2= 18201/3 cm

2

Example 12

, 2 .. ; ‘
The velocity of a particle when at its greatest height 15 \/tS_ of its velocity when at half its

greatest height. Show that the angle of projection is 60°.

Solution:
Let u be the velocity and a, angle of projection of a %v ?
particle. Let H be the greatest height. If v be the velocity at 5", v ‘; T
H :
then the velocity at H is \/% V. Hi2 !

N
sv=ucosa |

5
= w=Jwrcossa .o (i) 1
u2 Sinza .. :‘,
Also, H= '—Z— ...... (i1)

H
And V=12 -287%

é— 2  F EOSEy mz_a f . ol
= 2u cos‘oo=u-—g. 28 (from (i) and (ii))
5 g =1 sin’al
= Heosfa=1-"7
5 2 —sin’a
21 cin2y) = —m
= 2(1 sin’a) >
— 5-5sin%oa =2 —sina
=> 4 sin2o. =3
- g
= sin*o. =7
A3
= sina =7,

a =60°
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ple 13 "?u
pe the time in which a projectile r 4
| l“ eaches a p01 i
¢ horizontal plane th nt P of its ¥
i rikes lth p rough the point of [ projection, sl?:::/] glr:: tthb; thehtlme from P :
plne is7 gtt'. ght of P above &‘
; golution * :
; of: Lot u and @ be the velocity and the angle of
YL Vi i ection respectlvely
Ity
Mi@w + = time from O to P + time from P to B
'\ = time of flight
_2u sin o
g
e = l r .
usino =7 gE+r) ...... (1) _ B

The vertical compohent of u=usina
IfPA = h, then

. 1
h =usmat—75 gr?

1 1 1
=5 ge+1)t—> gr=75 gtt’

Example 14
, . _gr
IfR be the horizontal range and T, the time of flight of a projectile, show that tan &= 7g >

Where o is the angle of projection.

If u be the velocity of projection, then
. u? sin 20
R = horizontal range == g

Jusing L. (i1) 5

a g e
nd T = time of ﬂ1ght="“‘:g" |

g(2u sin a)
N()W’ (From (1) and (11))

2R u?sin 2 O
< el
g
Awsin’d -
__ & g —-unc
T w2sinacot®
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_gr¢
tano = R

Example 15

A particle is projected with a velocity u. If the greatest I
prove that the range R on the horizontal plane through the point of pr

u2
R=4 H(Zg - H)
Solution :

If a be the angle of projection, then

u’sin’a
H = greatest height =
gr 12 28
2gin 2 o
and R = horizontal range = E—S%g——
u? w2 u?sin’a
Then, 22 -H =%~ 2g
_w2(1—sin’a) _ ¥ cos’al
B 2g - 2g

Now, 4 H(-% _ H) —4 /\/uﬁ2 521;12(1 - u2020g32a
_ 4 y sin oL U COS O
2g
u?sin2 o
- g

)
R =4 H(‘z——H)
g

=R

st height attained by the particle be H,

ojection is

1. A particle projected upwards from the level ground at an angle of 60° with the horizon has

an initial speed of 40\/§ ms~. (g=10 ms™)
a) How long will it be before it hits the ground?
b) How far from the starting point will it strike?

velocity component of 25 ms™. (g = 9.8 ms2)

a) Find the position and the velocity of the ball after (i) 2 s (ii) 3 s (iii) 4 s
b) How much time is required to reach the highest point of the trajectory”.

¢) How high is the point?

A ball is projected with an initial upward velocity component of 20 ms~! and a horizontal
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Ills Dinjckb!
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ch time (afte : .
How much t (after launc.h) 18 required for the bay ¢
How far has 1t travelled horizontally during this time? 0 return to its original level?

1me !

¢ .
(ilustrat® your answer ith neat and sufficiently large sketch

- ing horizontally with
pelicopter flying y With a speed of 30 mg-! :
g food pracketkfotrba Izlerrson standing on the ground. :’: E:::h?tn?de of 500 m has to drop
should the packe g e dropped? The man stands in the vertical 11S rance from th? pErson
qotion. (8= 10ms?) plane of the helicopter’s

prove that 2 projecti'le will rise three times as high when i ion i
when it is 30°% but will cover the same horizontal cigistancen 1 el ofclevaton is 607 as |

A spring gun projects a golf ball at an angle of 45° ab , _

ange is 10 m. (g = 10 ms?) ove the horizontal. The horizontal

;) What is the maximum height to which the ball rises?

b ‘ghe same initial speed, what are the two angles of departure for which the range is
5 m?

A particle projected at an angle of 30° passes horizontally over a wall in 5 secs. (a) How
fast was the ball thrown (b) Find the height of the wall. (g=10 m/s?) il

Find the angle of projection where the range on a horizontal plane is(a)4 (b) 43 times
the greatest height.

A projectile thrown from a point in a horizontal plane comes back to the plane in 4 secs at

a distance of 60 m in front of the point of projection; find the velocity of projection. i
' (g=10 ms™

Find the velocity and the direction of projection of a shot which. passes in a ho—x;izontal \v
direction just over the top of a wall which is 250 m off and 125 m high. (g =9.8 ms?) ‘;J

The hozitonal and vertical components of the initial velocity of a projectile are U and V

i i that
respectively. If R be the range and H the greatest height attained, prove tha

4H V R) _8H
Y RTU b (U)’ g

above the horizontal strikes a building 30n/3 m away at

A projectile shot at an angle of 60° =10 ms?)

4 point 85 m above the point of projection. (g
%) Find the speed of projection-

b)  Find the magnitude and directio
building,

the projectilé when it strikes the

1 of the velocity of

Where it wil] strike the level ground through th

Velocity - {1, a ball is thrown
' £ a vertical Wal

; om the oot 0 trikes the ground at
From 5 point on the ground at 2 distance X f the wall 2 afterwa;ds s

|ears the tOP 0

rove that the

a .
tan angle of 45° which just €

ad .
distance y on the other side- iy
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14. If R be the horizontal range of a projectile and h its greatest height, prove that its initja]

RZ
velocity is Zg(h +T6_ﬁ) . .
izontal plane for two different angles of f
15. A cannon ball has the same range R on a horizon . . .
projection. 1f H and H’ are the greatest heights and t; and t, are the time of flights in two

paths for which this is possible, prove that 1
a) R2=16HH’ b) R='2’gtt'.

16. A ball is projected with a velocity of 49.0 m/s, find the two directions along which the ball

must be projected so as to have a range of 122.5 m.
17. With what velocity must a body be projected at an angle of 45° from the top of a tower
65 m high, if it is to reach a point on the ground 180 m from the base of the tower.

18. A body is projected with a velocity of 16\[2— m/sec from the top of a tower 16 m high at an
' elevation of 45°. Find where and with what velocity will it strike the ground? (g = 10 m/s?)

Answers
1. a) 12 secs b) 240\/3 m '
2. a)i)x=50m,y=20.4m,v,=25 ms!, v, = 0.40 ms~!
ii)x=75m,y =159 m, v, =25 ms!, v, =-9.4 ms™!
i) x =100 m, y=1.6 m, vy =25 fhs, v, = =19.2 ms~!

Y
P(x.y)
u \'
A X
\'
A Vv
o P
0} - X
-« : —> A
b) 2.04 secs c)20.4m d) 4.08 secs e) 102 m
3.300 m 5.2)2.5m b) 15°75° 6. a) 100 m/s b) 125 m
7. a) 45° b) 30° 8.25 ms™! 9.70 ms!. 45°

8
= 1 a2
11. a) 6073 ms b) 10491 ms™, tan ‘(3\/5) 12. 2h, 21[gh at 45° to the horizon.

16. 15°, 75° 17.36 m/s 18. 64 m, 813 m/s tan—l(i)
2
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Chapter 29
sathematics for Economics and Finance

m

nsumer and Producer Surplus

piscussion of consumer and producer surplus can be made by considering th f
angle if demand function and supply function are linear. When demand andgsu ; frefio tFhe
e not linear, they .are discussed and studied with the help of definite integralpll)Bl}llt dgfcirll?tg
egral can be used in case of demand and supply function in linear form as well. .

(onsumer's Surplus

The difference between the expenditure which a consumer is ready to pay for the use of
gods from Q = 0 to Q = Qg and the actual amount paid for Q, units of goods at the present

market price Py per umnit.

Let the demand function P = f(Q) be represented by the curve AB.
ktP,= OC = DB be the market price whose corresponding demand is

P
A

% AN

Total cost the consumer is ready to pay

= Area AODB ¢

Qo Qo

= IO P.dQ= IO f(Q) dQ i
Total cost actually paid by the consumer

= total revenue = Area of the rectangle CODB

=Po.Qo A
Consumer Surplus = C.S. = Area of the figure ACB

_ Area of the rectangle CODB

= Area of fig. AODB
Qo

=[" P.dQ - PoQo
0

Q
= | (demand function) dQ ~ PoQo
0

tal revenue that would

e to :
an g, it 18 the difference

rqdu
pll.lS s d an
ctually recelv® jus. That i

tayg bhe difference between the total revenue 2 roducer ¥
*0 willing to receive is known 2° i

i
5
i
:
i
8
|
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between the total revenue received by the producer for Q, units of goods when the market price
is P, and the total revenue that the producer was willing to accept for the goods from Q = 0 to

Q = Q, at the market price Py.

Let the supply function P = f(Q) be represented by thc curve AB:
let P, = OC = DB be the market price whose corresponding supply 18

Q, units of goods.
Total revenue actually received for Qo units
= Area of the rectangle CODB = PoQo

Total revenue that the producer is willing to accept

: > Q -

(o] &

= Area of AODB @ &

Q Q ) §

= IO PdQ=/" (supply function) dQ £

0
Now, producer surplus (P.S.) = Area ABC it

= Area of the rectangle CODB — Area AODB

Qo
=P0Qo—j‘0 P dQ

Qo
=PoQo—IO f(Q) dQ

If the demand curve and the supply curve meet at the point (Qo, Py), the point is said to be
the equilibrium point. The price and the quantity at the point is known as the equilibrium price
and equilibrium quantity respectively. This point is determined by making equations of demand
function and supply function equal. This condition is known as market equilibrium condition.

Under perfect or pure competition, market equilibrium condition is used.

The figure given below is the intersection of the demand curve and the supply curve.

>

Supply
function

C.S.«

Q, P
P.S. < < P

Demand
function
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Worked Oyt Example

Je 1. _
demand equation of a certain commodity js

P h conm Ul ) G o
. (V] pr

f,ﬁﬂf’
fhe

“quanﬁtY' Wwhere p is the

¢ s price and x
Ice 18 45, ’

fion )
Here,P=60”2x_x

henx=6, P=60-2x6-(6)=12
Here, Po = 129 QO =5
The required consumer surplus

- Ij" P dQ — PQ,

)

6
=IO(60—2x—x2)dx—12x6
3
~[60x—x2 -5 ] -T2
0

3
=60x6—(6)2-%l—72

=180

) Whenp=45
p=60—2x—x>

> 45=60-2x — X

> 0+2x-15=0
x+5)(x-3)=0
x#-5,

Here, Py = 45, Qy = x = 3

Now, the required consumer surplus

L x=-573

x=3

Q
= IO° P dQ — PoQo
=fz(60—2x—x2)dx—_45><3
33
=[60x—x2—2(3‘] — 135 '
0

3)? -
=60x3_(3)2—%—~135"27

roducer surplus

l Z' i the p
|(Q 1)2 What 1S

Ift . .
ﬂtQ N 3he Supply function ofac 0mm0dlty is P

A
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Solution:
P=36+24Q !
When Q = 3, P = 36 +24(3 - 1? = 132
Here Py = 152, Q= 3

Q
Producer Surplus = PQp “f ’ [36 +24(Q - 1)2]1 dQ

0

-132%3- Ii (36 +24(Q - 171 dQ

=396 - [36Q + 8Q - 1¥]

=396 - [36 x 3 +8(3 — 1)]
=396 - [108 + 64] =224

Example 3. _

Given the demand function P, = 30 — x and the supply function P
quantity in units. Find the consumer as well as producer surplures at market equilibrium point.

Solution:
P,=30-x andP;=x+10
At the equilibrium point,
. P, =P
= 30-x=x+10
= 2x=20
x=10
When x = 10, P, =30-10=20=P;
For Consumer Surplus : x, = 10, P, =20

The required consumer surplus

=r0Pddx—P0x0
0

10
=IO (30 — x)dx — 20 x 10

x2 |10

2
=30 x 10—£1‘29l—200

=300 - 50 - 200 = 50
For Producer Surplus
Here xo = Qo = 10, P, =20

= x + 10 where x is the
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o red producer surplus
The

Qo
= PoQO - IO P dQ

10
~20x 0= (x+ 10) dx

2
=200__|:'x5+ 10X:|

10)2
=200_[L21+ 10 x 10]

=200 - 50 — 100 = 50

10

0

punple 4 |
Find the consumer surplus and the producer surplus under pure comptition if the demand
i the supply functions are D(x) = 16 —x2 and S(x) =4 + x respectively.

Solution:

For pure competition,
D(x) = S(x)

> 16-x2=4+x

2> xX+x-12=0

> x+4)(x-3)=0

x=-4,3

x#¢4 . x=3 .
Whenx =3, p=16-x2=16—-(3)*=7
Herepy =7, x, = 3

C()nsumer Sllrplus (C.S.) = I:O D(x) dx i pOXO

=I3(16—x2)dx—7><3
0

BP_51=18
=|:16x_x?3]3‘21 =16x3-73 -2
0
0
. dx
Again, Producer surplus (P.S.) = PoXo ——J); e

=7x3-[ @+x)dx
0

_ x2|3
‘21-—[4)("‘" 2]0
(3)2
=21—[4X3+ G :l
- 2
21-12-5=45

449
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M————
1. Calculate the consumer surplus for the demand functions given below

a) P=45-2QatQ=10 b) 2P=24-3QatP=6
¢) P=50-Q?atQ=3 d) P=100-Q*atP=36

100
e) P=matQ=9

2. Calculate the producer surplus for the following supply function:
a) P=3+2QatP=33 b) Q=—13+2PatQ=11
) P=Q+10atQ=6 d P=Q+QatQ=4
3. a) If the demand law is p = 85 — 4x — X’ where p is the price and x the quantity
demanded, find the consumer surplus if
i) demandis5 ii) market price is 64
b) The demand function for a new product is p=50—2x—3%? where p is the price and
X, the quantity. Find the consumer surplus if demand is 3.
4. a) For the supply function P = Q? + 2Q, where P and Q stand for price and quantity
respectively. Calculate producer surplus at Q = 3.
b) If the supply function for a product is P =40 + 30(Q + 1)2, what is producer surplus
atQ=4.
« a) The demand function is p = 20 — 3x and the supply function is p = 4 + x. Find the
- consumer surplus and producer surplus at the market equilibrium price.

b) The demand function for a commodity is given by P = 120 — 4Q and the supply
function is P = 2Q where P and Q represent price and the quantity demanded
respectively. Calculate consumer surplus and producer surplus under pure
competition.

¢) The demand and the supply functions under perfect competition are Py = 16 — x? and

P, = 2x2 + 4 respectively. Find the market price, consumer surplus and producer
surplus. Also find the total surplus.

Answers

1. a)100 b) 12 c) 18 d) 341% e) 81

]
2 @225 b)307 o) 144 d) 505

ol
3. @133 )36 H6 4027 b)I1760  5.2)24,8 )800,400 )

w|x
i W
(3]
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y=ax?+bx+c |

below the graph of Where a, b ang C are const

Letus see belo graph of the quadratic functiop - Stants and a £ 0.
=x

X 0 | 0
+
y | o | 1 4
: : 16
The graph 15 @ parabola.

The graph of the quadratic function y = ax2+ bx + ¢ is a parabola.

qrding 35 2 0ora<0.Ifa>0, the parabola opens up and terme?i' i
e as ¢

fa<,1t Opf{nS dO\g’f}fapd termed as concave downward. If the parabola 2;23: fl uvgwgrq nd
e loWCS‘_Ptom; agll if 1t gp;ens. downward, it has the highest point. The highestppoziirrlt’;: }tlI?:
et point of the parabola is known as i i

D b b T n as 1ts vertex. The coordinates of the vertex are
(_ u " 4a ) lhe ine through the vertex and parallel to y-axis is known as its axis. This is

2a’
maimum value of the quadratic function occurs. The y-coordinate of the vertex will give the
maximum or minimum value of the function.

lso known as axis of symmetry. Its equation is x = — 5. At the vertex, the maximum or the

Vertex Axis

Highest Point\i

Axis

a<o0

Vertex

Lowest Point /

i parabola opening downward
Parabola opening upward .

i functions in Economics
i and used the linear ! '
CHT t, revenue, profit etc. But now in this

tioned above. We also

Tna .
"agement in the form of demand, suppl jc variable men .
maximum of minimum

Aficast | |
Plcation of Quadratic Functions

Wit e
"l the break-even point, market ethb:r‘;tic -

the economic variables defined in qua

If ¢
he economic variable is in the form of |
ly y=ax?+bx+¢ occurs at the vertex = x,Y)

*pre, . yalue
ents 2 parabola and the maximum or minirmur®

=(_L 4ac—b2)
2a° 4a

#
m_
L ———— e —
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i)y Ifa>0,the minimum value occurs at the vertex.

ii) Ifa<O0,the maximum value occurs at the vertex.
ac — ¢2 b

The maximum or minimum value will bey="4a atx=—5,

We can use the quadratic functions in elasticity of demand also.

Elasticity of Demand

Demand and price have a relation that
measure of .the rate of change of demand with
elasticity of demand.

Thus, the percentage change in the quantity demanded per unit p.er_centag'e change in price
is known as the price eleasticity of demand or coefficient of price elasticity. It 18 denoted by E,.

If AQ be the change in quantity demanded Qq when the corresponding AP is the change in
price P, the price elasticity of demand is

when one Increases, the other decreases. The
respect to the rate of change of price is the

_ percentage change in quantity demanded _ AQ4%
2 percentage change in price T AP%
AQ
' o
AP AP
P X 100 Q

If Q, is the quantity demanded when the price is Py, then the price elasticity of demand at
the point (Qo, Po) is given by

o _AQ B
¢ 7 APy " Qo
This is also known as the point elasticity of demand or the coefficient of elasticity of

demand.

This definition is valid only for the demand function in the linear form. But if the demand
function is in the non-linear form, the above formula may not be true. Thus in case of a non-
linear demapd function P = f(Q), AP is made to approach for zero and then the price elasticity of
demand E, is given by

. _P dQ
d Q- dP

d
where d% is the derivative of Q with respect to P.

Also the formula can be used even for the demand function which is in the linear form.

The magnitude of E4 denoted by | Eq | gives the measurement of the rate of change of
quantity demanded with respect to the rate of the change of price. The negative sign shows the
deviation of the movement i.e. increase in price = decrease in demand and decrease in price =
increase in demand.

——e——
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The demand of the customers may or may not be equal to the supply of the producers, Byt

it happens that the quantity demanded = quantity supplie.d, this sifu.ation or 9011Qitiop 18
known as level of market equilibrium or market equilibrium condition. In this situation,

price of the demand = price of the supply. . .
Let Q, and Q, be the quantity demanded and the quantity supplied respectively whose
librium condition

corresponding prices are Py and P;. Then under the equi

P,=P, and Qi=Qs

Break-even Point

In the business system, the producers or the firms
production of the goods, there needs costs for the inpu
etc. The total sum invested by the producer or the firm in co
known as the total cost and is denoted by TC or simply C.

When the goods produced by the firms are sold in the market, the amount qf money that
the firm or producer obtain is known as the total revenue and is denoted by TR or simply R.

In the business activity if the total revenue obtained by the firm is equal to the total cost
invested i.e. if there is not profit or not loss situation happens break-even point is said to occur.

produce different types of goods. Forthe [
ts such as raw materials, labour charge Q&
urse of production of goods is ‘-

Thus in the break-even point situation
TR=TC
On the other hand, if TR > TC then the firm is said to be in profit while if TR < TC, the
firm is said to be in loss.

Worked Out Examples

Example 1

The total cost (TC) of producing x units of a product is defined by C(x) = x? — 150x
+ 10000 when C(x) is measured in rupees.

a) What is the concavity of the graph of the cost function?

b) At what quantity will the total cost be minimum and what will be the minimum
cost?

Solution:
C(x) = x% - 150x + 10000
Comparing it with y = ax? + bx + ¢, we have A
y = C(x), x=x, a=1, b=-150, ¢ = 10000
a) Sincea=1> 0, so it opens upwards.
So, the graph of the cost function has upward concavity.

b) .a=1>0, C(x) has minimum value at the vertex.
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. [ b dac-1p?
X (x, CX) “(“2a*‘Ta“)
\}
=(_ﬂ 4 x 1 x 10000 - (1 50y
2x1’ 4x1 )
= (75, 4375)

the required quantity = X = 75 units and minimum cogt = C(x) =Rs. 4375
) — K, ;
w"l : ‘
" 1he demand function for a product is Q = f;

\ (P) =22500 - 75P where Q i o
i wpees. Determine the quadratic total revenye function R = f(lf;e Q is measured in units
)

What is the concavity of the graph of the revenue function?
b) What s the total revenue at a price of Rs. 40?
)

How many units will be demanded at this price?
d)

At what price will the total revenue be maximum and what will be the maximum
revenue?

Sketch the graph of the revenue function.-

¢)
ilution:
Q = f(P) = 22500 — 75P
R =price x quantity = P.Q
=P(22500 —75P) = 22500P — 75P2
" R=1(P) = 22500P — 75P?
Comparing revenue function with y = ax* + bxt+c

y=R, a=-75, b=22500, ¢=0

x=P,

i d concavity.
! a5 < 0. so the curve represented by revenue function has downwar
’

) When p = 40,
R =22500 x 40 — 75 x (40)? = 780000
" otal revenye = Rs. 780000

0 When P= 40
U <2500 75 x 40 = 19500 units ( b 4_99_—_193)
) . ccurs at the vertex (7 2a” 4a

Jas enue O
=75 < 0, so the maximum value of rev

52500 _ 1 7500)
22500 ft_i_tzzéﬂ‘l) = (150, 168

le. g (\
‘ 2x-75° 4 x =75
~22500p  75p2

=R =Rs. 1687500.
maximum revenué = R=Rs
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b)

d)

P-axis (x-axis) at P = 0 and P =300

BASIC MATHEMATICS! GRADE Xil

When R =0, 22500P - 75P2 =0 R
= P(22500-75P)=0

P=0, P=300
i.e. the revenue function representing parabola cuts

(150, 1687500)

= _75 <0, it opens donwards. (0,0) (300, 0)
Vertex = (150, 1687500) o 150 \ .
Axisis P=x=150 Y
The graph is given aside.

Example 3

The demand function for a good is P = 60 — 2Q. Fixed cost for a good is Rs. 192 and the

variable cost for each additional unit of good is Rs. 20.

a) Write down the equation for total revenue and total cost in terms of Q.
b) Find the profit function in terms of Q.

c) Determine the maximum profit.

d) Present the graph of profit function.

Solution:

Demand function is P = 60 — 2Q, Q being the quantity.
Fixed cost = Rs. 192 and variable cost per unit = Rs. 20
TR = Total Revenue = P.Q = (60 — 2Q).Q = 60Q - 2Q?
Total cost (TC) = Fixed cost + Quantity x Cost per unit good
TC =192 +20Q
Profit function () = TR - TC
=60Q - 2Q? - (192 +20Q)
=-2Q%+40Q - 192
Comparing profit function with y = ax? + bx + ¢, we have
y=n, x=Q, a=-2, b=40, c=-192
*." a=-2<0, so the profit is maximum

Profit function represents a parabola with downward concavity and vertex is at

(_l)_ 4ac—b2)_( 40 4 x-2x-192 — 402
“2a’ 4a ) \U 2x-2’ 4 x -2 )=(10,8)

. maximum profit = Rs. 8 when Q = 10 units.

Profit function (m) = —2Q* + 40Q — 192 which represent a parabola with downward
concavity. a=-2<0
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Here,)’zn’x:Q”a="2’b=40,c=._192

en =0 -2Q2+40Q-192=¢ .

R Qz,ZOQ+96=0 |

:, (0‘8)(Q‘12)=0 (10, 8)
Q=38 12

function curve cuts the Q-axis at Q

',:lz.
: Max. value of t=8atQ=10.

The graph of the profit function is given aside.

gumple 4 , |
find the elasticity of demand for the demand function Q = 150 - P2 at P

= 5. If price
reases by 10%, calculate the percentage change in quantity demanded. P

of Q.
\ Solution:
Here, Q = 150 — P2
WhenP=5, Q=150-25=125
d d
Also, £=5(150_p2)=_2p
B.d@®. P
Now, Eq4= Q- d% =Q (—2P)
When P =5, Q = 125;
P 5 Lk
Ed=6(—2P)=125><(~2><5) —0. .
‘ ’ i ity demanded.
Since Ey=—-0.4, so 1% increase in price = 0.4% decreases in quantity dema
Again_ g,  Percentage change in QM
e Percentage change 1n price )
(.4 - Percentage change QM
' 10%
I — 0,
Percentage change in quantity demanded —.—4 %o . anded
- 10% increase in price causes 4% decrease 10 quantity
’ at s function is Pa~ 240 - 3Q?. Estimate |
b The Su Y b 2 and the demand fun |
"Marg Pply function is P, = 160 + .2Q
vl"fd Svl.% " ¢quilibrium price and quantity-
ith dow P, = 240 — 3Q
P =160 + 2Q2 and d
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R
At the market equilibrium,
P,=P,=P(say) and Q,= Q.= Q (say)
¢
Then, Py=P, ? ot
= 160 + 2Q? =240 - 3Q? Z‘
= 2Q? + 3Q2 = 240 — 160
= 5Q2=80
80
Q= S = 16
Q=4 (Q =4 is not possible)

When Q =4, P =P, =160+2x (4)>=192

Example 6

The demand function for a good is P = 60 — 2Q. Fixed cost for a good is Rs. 192 and the
variable cost for each additional unit of good is Rs. 20.
a) Write down the equations for total revenue and total cost in terms of Q..

b) Find break-even point.
c) Find the TR and TC at the break-even points.
Solution: |
a) TR=PQ=(60-2Q).Q=60Q-2Q
Fixed cost = 192, Variable cost =20 per unit good
Total cost (TC) = Fixed cost + Quantity x cost per unit good
TC =192 +20Q
b) For break-even point
TC=TR
192 +20Q = 60Q — 2Q?
2Q2-40Q+192=0
Q2-20Q+96=0
(Q-8)(Q-12)=0
. the break-even point are at Q = 8 and Q = 12.
c) WhenQ=38,
TR = 60Q — 2Q> =60 x 8 —2 x 82 =352
TC =192 +20Q =192 +20 x 8 =352
.. TR=TC =Rs. 352
d) WhenQ= 10
TR = 60Q —2Q*= 60 x 10 -2 x 10% =400
TC =192 +20Q =192 + 20 x 10 = 392

U




en Q= 10, TR > TC, 50 it will be profye
thanlS, .
TR=6OQ—2Q2=60>< 15-2 x 1522 43 |
7C=192+20Q =192 +20 x 15 = 49 °
when Q= 15, TR <TC, s0 it will be in Jogg,

~ The total cost of a product is given below:

) C(Q=Q~120Q+ 8670

il e, quAEEy ) 0r % 6. b b)  C(x) = 15x2 - 3600x + 48600

. 0 be produced so that th TR o
minimum cost. e cost is minimum. Also find the

' The total revenue function R(Q) and demand function P(Q) are given below
) RQ=1800Q-60Q2 b) R(Q)=36Q-35Q" ¢ P=180-3Q

| .

a : -

) 'Sfth:: ge.manc.l function for a particular product is q = f(P) = 6000 — 250p where q is
' ated in units and p in rupees. Determine the total revenue function R = f(p).
1) What is the concavity of the revenue function?
ii) What will the total revenue be at price Rs. 20?

iii) How many units will be demanded at this price?
iv) At what price will the revenuc be maximum? Find the maximum revenue.

b) The demand function is modelled by Q = f(P) = 1800 — 15P where Q is measured in
units and P in rupees. Express the revenue function R in f(P)-
%) What will be the total revenuc when P =Rs. 907
") Find the quantity demanded at this
iii) What is the concavity of the graph 0

Iv) At what price will the total revenue be maximu

price?
f revenue function?
m? Find the maximum revenue?

jon are R(x) = 5x — 3x? and

ICf the revenue function and
(X) = x2 — 3x, find the value of the

& COrrllpany has the total cO
TC == _ spectively. HO
2 Q*+ 10 and TR = 4Q resp » Wwhat is the maximum profit.

Produced so as to make the profit maximurm’

A firm . p=108-5Q
: has a demand function ;s maximurm- Also

Find the price at which the profit

maximum pro it. | |
revenue TR which are given by
ntities are to be
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d)

e)
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The demand function for a good is P = 24 -2Q. Fixed cost of the goods is Rs. 30
and the variable cost for cach additional unit of goods is Rs. 8.

i) Express TC and TR in terms of Q.
ii) Find the maximum revenue.

iii) Express profit function in term
iv) Sketch the graph of revenue function and profit function.

s of Q. Determine the maximum profit.

The demand function for a good is given by P = 18 - 2Q. FiX?fi cost for a good is
Rs. 24 and the variable cost for each unit produced costs an additional Rs. 2.

i)  Write down the equation for total renevue and total cost in terms of Q.

ii) Obtain an expression for the profit function in terms of Q and sketch its graph.
iii) Determine the maximum profit. v
For the demand law (i) p = 20 — 3x2 (ii) p = 5 + 6x = 2%* (i) P = 3x — x? find the
elasticity of demand when the level of output (X) = 2:

Find the elasticity of demand for the demand function Q = 5P.— P2 when P = 3. If
price increases by 20%, calculate the percentage change in quantity demanded.

For the demand function P = — % Q2 +2Q + 5, find the elasticity of demand when (i)
the level of output (Q) = 6 (ii) the price P)=>5.

For what value of Q will make the elasticity of demand equal to —0.8 if the demand
function is Q = 1400 — P2 ?

a)

b)

b)

The supply function and demand function are given below:

i)  Supply function : P=Q*+ 40 ;  Demand function : P =240 — Q?

ii) Supply function : P=2Q + 5 :  Demand function: P =Q?—-10Q + 25
Calculate the market equilibrium price and quantity.

The demand and supply functions for a commodity are given by P4 =950 —20Q and
P, = Q2 + 150 respectively. Find the equilibrium price and quantity algebraically and
graphically.

The supply and demand function for a particular item are given by the equations
P,=Q?+4Q+4and Py= Q2 - 12Q + 36. Find the equilibrium price and the quantity.
The revenue and cost functions of a product are given below

i) R=80-Q? ; C=10Q+5

ii) TR=200Q-3Q* ; TC=1440+8Q+3Q’

Find the quantity to be produced to make break-even point.

Given below are the cost function C(x) (or C(Q)) and revenue function R(x) (or R(Q))

i) C(x)=x2+8x , R(x) = 40x — 3x2

ii) TC=Q*+6Q-48 , TR=22Q-3Q°
2

i) TC="7+12 . TR =4x

Find the quantity to be produced to make break-even point.

9

i
Gy
*
£
e
by
|-
i
i




of demand whey )

(.8 if the demand

0-Q
,10Q+25

_0Q#
d = 950 ) a”)’ aﬂd
, algeh®®

i
e

L Awork of finding the profit of the function is given to the students. The question i

2y

A firm's total revenue and the total]
c= 30Q + 273 respectively,
How mény quantlt-les are to be produyceq in orde
i) What va happen if the quantitjeg produced b oo breakeven point?
A shop “,’hlch sell T-shirts has g demand fypcy; oo oo e |
oy P =120 - 10Q and TCo 190 o g: don and a totg| cost
) Write down the equations for TR and proﬁt.
i) Find the number of T .
profit.
jii) Obtain the total revenue and the tota] cogt

function given by

-shirt
$ to be sold so that there wil] neither be Joss nor be

iv) If the shop sells 8 units, 12 units, what will e the condition of the shop?
The demand function for a good is P =24 — 20 F: |
: ~2Q.F -
the variable cost for each additional unit of gogds ilsX gi Ci(g) e DoRSIRL0 sl
i) Express TC and TR in terms of Q.
i) Find the break even point.
ii) Present TC, TR and break-even point in the same graph.

b) The total variable cost (TVC) = %Qz + 2Q and the total fixed cost (TFC) = 20 where

Q is the quantity of goods purchased. If the goods are sold at Rs. 7 per good

i) Express the total cost and total revenue in terms of Q. '

ii) Find the number of goods to be sold so that the break-even points will occur.
iii) Find the TR and TC at the break-even points.

S as

A quadratic cost function C = px2 + gx * and the linear revenue function R =a + bx are
' ferent values of p, g, I» @ and b. Answer the

Bven, where x is the quantity. Use dif

Ollowing questions

2) Find the profit function.
) Draw the graph of the profit function.

) What does the graph of the profit funct

What is the concavity of the curve?

Atwhat level, the profit will be maximum”

ion represent?

o s O

)
)

D
Find the maximum profit.
;‘ ) Answers - |
1 90+ | TUn. cost = 5070 b) x = 120, ™ 1620 Q=30 36000
i) Doy = 13500 b) Q=900 R =18 iR 1R U
i Vi Rs "Ward concavity i) Rs. 20000 iii) ity Rs. 6(}7 2Q%, TC =8Q + 30
40500 iy 450 ynits i) downward &% i TR=*

b) Q = 16, profit = 22 ¢) 58; W%
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ii) Max. revenue = Rs. 72 iii) m(Q) = —2Q2+16Q-30,2

n
R
iv)
(6, 72) @, 2)
3.0 / \ (5.0)
z Q
(0,0) (12, 0) ° / \
(o] :
Q=6 \ . Q=4
Revenue Curve Profit Curve
e)i) 18Q - 2Q?,24 +2Q i) —2Q? + 16Q - 24 iii) 8 A .
5. a) i) —0.33, demand is inelastic ii) —2.25, demand is elastic iii) —1, demand is unique elastic
5

b) -0.5,-10% ¢)i)-1.33 i) —7¢ 6. 1000
7. a)i)P=140,Q=10 i)P=9,Q=2;P=250Q=10 b)Q=20,P=550 ¢ Q=2,P=16
8. a)i)Q=>5 i) Q=12,20 b)i)x=8 i)Q=6 i) x=4,12
9. a)i)Q=7,13 ii) Loss, Gain, Loss b) i) TR = 120Q - 10Q2, ~10Q* + 112Q — 120

ii) 10, 1.2 units  iii) TR = TC =200, TR=TC=129.6 iv) Profit, Loss

1

10. a)i) TC =30 + 8Q, TR =24Q - 2Q? ii)Q=3,5 b)i)Tc=§Q2+2Q+20,TR=7Q

ii) Q =5, 20iii)) TR=TC = 35, TR=TC= 140

Input-Output Analysis

For every industry, there needs inputs such as material, labour etc. for the production of
goods. With the help of the inputs, the industry produces outputs i.e. outcomes such as different
types of goods. Thus inputs and outputs are the terms used in the industry for the production of
the goods. The input—output analysis presents the interrelationship and the interdependency
between the industries. That is, the output of one industry will be the input of the other industry
and vice-versa (conversely).

The objective of the input—output analysis is to deal with the problems such as "What
quantity of the output that one industry should produce so that the demand of the consumers
satisfy exactly. That is, the volume of production that should be made in order to balance the
supply and the demand. The main assumption of the input—output analysis is "the quantity that
has produced, should be consumed." The output of the industry may be consumed by (i) the
industry itself and the industries (ii) other than the industries.

If the output of the industry is used only by the industries, then the demand is known as the
inter-industry demand. But besides this, the outputs are used by the industries as well as
others i.e. consumers; then the demand is known as non-industry demand. The model of the
input—output analysis is known as the input—output model.
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types of models

of inpu
gre are WO
put-output model

en in b ;
5 OP ) Closed iNput-outpyt mog |
 Open input—output model ©
0 : f model, so
'0) j this tYP€ © , SOME outputs of the j :
~Q 1| be used by other 1.e. consumers. In thj Industry will be yseq b ,
g ; N - In this mode] y the industri
oIS od" satisfies i.e. input and output ba] el also, the assumption " stries and rest
W 1o fulfill the future d alances. In this mod what is produced
(ducnon kit emand when the present d 813 we find the volume of
e pelow the following example: emand is given i.e. known. We
Input A B
“Mang jg Output Consumer’s | Total
umqlleelgsﬁc demand output
A 60 90
B >0 200
¢)Q= 75 45
12 MU [ fA > =i
| otal output of A is 200 units in which 60 .
+120- 1 yBrspectively and 50 units by other con and 90 units of them are used as the inputs by A
h 75 ; sumers. Again the total output of B is 150 units i
Loss tich 75 and 45 units of them are used by A and B i e o
n— respectively and 30 units by other
+2Q+20,TR= -
Q+2R=N A Fom the table, we see that for the fulfi i
tisof output f ’A or the ilment of the 50 units of consumer's demand, 200
B rom A are to be produced. In the same way, 150 units of output from B are to be
or the fulfilment of consumer's demand of 30 units.
T . ] 60 .
hus for the production of 1 unit of A, 55 unit of A's product and ‘1% of B's product are
lired, Simi 90 45
r :(llred‘ Similarly, for the production of 1 unit of B, I—S—Ounit of A’s product and 1—5-0'unit of
on O @Y . . .
r the pmdliicitfercnf brap;(;qu“ are required. Now, a matrix is formed with the fraction of A's input and B's input
€S such a(siucﬁ"“ of o » t prOfIUCtion of A and B as the elements. The matrix thus formed is known as .the ilolput-
or the P " odenel | 0 lci:n atrix and the fraction of the inputs of A and B are k'nown as th.e techmcal. input
he interdepfﬂdusﬁy by It. So, the input—output matrix is also known as matrix of technical coefficient or
£ the ot NOgy Matrix. . :
' ow .
’ oW We have the following input-output matrix
b X A B
ms e c0% N B
j of © gl A A 03 06
4 {0 uaf‘“t.y) W 60/200 90/150 _
"theq (i 1.8, 75 0.3
N Ll B\ 751200 45/150 g L 03 i, e
g P Sm of - ch column must be 16 Mk .2 ’ '
A ﬂfl 5 Uetiop Willo the elements (i.e. entries) 17 eae ) ;
) LR L " not be feasible. ; hen to produce Xi units 0 .:,
gis” g5 * et fg Stth - ectively. then "= &
ﬂsﬁiGS od@l of %n(),}x] uneittOtal output of A and B be Xi and X2 umt;zs:puts and rest 50 units are sold 0 the |
h;”hﬁ 7 Mgy ies of A and 0.6x, units of B are aK¢" as .
€. other thant the industries- J
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X = 0.3X| + 0.6)(2 + 50
Similarly, x, = 0.375x, + 0.3x, + 30
Xy 0.3 0.6 Xy 50
= = i
X, 0.375 0.3 X, 30
= X=AX+D
= (-A)X=D

h | »
E )
-‘.J‘

X|

where 1 is the unit matrix, X = ( j= ‘vector of output necessary for the fulfillment of thd
X,

B - PSS

B i

03 0.6

future demand, A = ( )is the matrix of technical coefficients or input coefficient
0375 0.3

50

matrix and D = L ) is the demand vector.
30

IfI— A is non-singular, then (I— A)™! exists.
X =(1-A)'D
General two sector Input-Output Model

We consider here the interrelationship and the interdependency of the economy of two
industries. The interrelationship 1s presented below

Industries A B Final Total
demand output
A Xi1 X12 d, X)
. B X1 X727 d, Xy J
Here, x, = total output of industry A

X, = total output of industry B

., = output of A is taken as input of A X,,- output of A is taken as input of B
X21

X

— output of B is taken as input of A X;; = output of B is taken as input of B
d, = final demand of A d, = final demand of B

Since output of A is used as input of A and B and the rest by the external bodies, s0
X =Xy T xptd }
Slmllarly Xy = X21 + Xy t dz

. . . X11 X
Since ~ a; = input coefficient=—"", a,, S

1 XZ
X21 X
s 22
21 X 22 X,
S0, X1 = an X, X2 = aX,

Xy = a21X) X22 = AnX,
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g these results in (i), we have

(sinB
g = By F &% h

. X=AX+D
X]

4 X [ ) = vector containi
ng the outputs for the fulfillment of fuﬁn
¢ demands

X2

an ap )
A= =1 '
= 1nput co ier i
o inp efficient matrix

d,
mnd D= = demand vector
d, |

3> (-A)X=D where I = unit matrix
IfI- A=T be non-singular, then
(I- A)y!=T! exists.
X=(I-A'D=T'D
Lm'::l: matrix known as Leontief's technology matrix or Leontief's matrix only.
each column, the sum of the elements must be less than 1, otherwise, the

Mhuction is not feasible.
- Note 2: '
: If the output of one industry is not used by the other industry as th

Ut legdir o 4: '
¢ leading diagonal will be zero.

e input, the entry

b
) Closed Input—Output Model

In thy :

tyy g P Of model, it is assumed tha

% " }ndu§mes as the inputs and no part of the production wi

o heré n} this case there will be no consumer's demand. The model o
Will be of the following form.

X,
" 4 ap Xy
X, . |
X 21 Ay Xz

T™X=
. each colum? will b

i Noge.
g, - 10 this typ he entrys
"and ogcyy e of model, sum of the
s.

roduced by one industry will be used
11 be used by the external
f the input—output

t whatever is P

¢ unity 1.6- 1, as no
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Hawkin's—Simon Condition

This is the condition where th
following are the two conditions of viability.
i) If A = input coefficient matrix and 1 = unit matrix o
diagonal elements of the matrix 1 — A is positive.
ii) The determinant of [ - A i.e. |1- A |is positive.
If the above two conditions are satisfied, then the input—output model i.e. system is viable,
otherwise it is not. :
The above two conditions are known as Hawkin’s—Simon condition.

e viability of the input-output model is examined. The

f same order as that of A, then each

Worked Out Examples
Example 1.
Given below is the input coefficient matrix
0.7 05
A=
02 03
a) What type of model does the given input coefficient matrix represent?

b) Find Leontief's technology matrix.
c) Test whether the given system is viable as per Hawkin’s-Simon condition.

Solution:

a) Since sum of the elements in each column of the given input coefficient matrix A is not
equal to 1, so the given input matrix is the open type of model.

0.7 0.5
b) A=
0.2 03
Leontief's technology matrix
—T=1-A

(1 OJ (0.7_ O.SJ
Lo 1) Loz 03
(1—0.7 0—0.5) ( 0.3 —0.5)
“lo-02 1-03) (02 07
¢) Each element in the leading diagonal of the matrix T is positive.

03 -05
Also | T|=

-02 0.7
=0.3 x0.7-(-0.5)(-0.2)
=0.21-0.10=0.11>0

.. the given input—output system is viable.
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CS and Fingy,
ce

g
§
o gle 2 o
. " the following input—output table
th " .
qt of A n}‘ Industry X ” Lo syt
'y Final
‘ de
! A X D T
l
R - SN B O T
swahlt e pelermine input-output coefficient matrix () —
y Fnd1- A.
gm‘on:
 Total output of X =x, =120 + 80 + 200 = 400
Total output of Y =X, = 140 + 160 + 100 = 400 _
Here, Xy, = 120, X1, = 80
Xn = 140, X0 = 160
B o AL _Xip_ 80 _
=y, =200~ 03  B2=% =300=02
X _140 _Xn_ 160
aZI _400 0-35, 322 X2 —400 0 4
on.

Now, the input—output coefficient matrix
(an )y } ( 03 0.2 )
A= -
4 ay 0.35 0.4
1 2
b) 1-A=( 0)_( 03 0 J
01 0.35 0.4
( 1-03 0—0.2) ( 0.7 —0.2)
0-035 1-04/) \-035 06

Canp 3,

the ; e
he put—output coefficient matrix A (

k°0n i 100
Sig .
: tent with the output vector ( :
oh"ion. 80

Hel‘e, A :[ 02 0.4 J
0.5 03

05 03

4
02 0 ),ﬁnd -

and vector D which
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1 0 02 04
I-A= -
0 1 05 03
[1—0.2 0—0.4) ( 0.8 ——0.4]
E 0-05 1-03 -0.5 0.7
X 100
By given, X = =
X2 80

( d,
Now, D= ( } be the demand vector.

d,

Then, I-A)X=D
08 -04 100 d,
3 =
-0.5 0.7 80 d,
d, 80 — 32
=> =
d, -50+ 56
d; 48
_—_-> =
d, 6
d; 48
. demand vector (D) = =
d, 6

Example 4.
A and D, the input-output coefficient matrix and the demand vector respectively are given
below:
0.1 04 560
A= and D=
02 0.2 320
Find the total output.
Solution:

0.1 04
Here, A = ( )
02 0.2
( 1 0 j ( 0.1 04
T=I-A= == )
0 1 02 0.2

[1-0.1 0—0.4) (0.9 4).4)
" 0-02 1-02 02 08
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=0.72 - -

17| 02 0.8 0.08 =0.64 4

. exists.
'T - cofactor of0.9=08, T,= ~(02)=0,

| Tu T, 0 o Tas=~04=04 0

? : %= 0,
. matrix of cofactors = ( J _ ( 8 02

08 04 j

”tMT=(
Adjoin o oo

08 04 ]

1 .Ad'.T=(
o2 02 09

[0.8 0.4)
T_I_Adj.T= 02 09/ 1 [0.8 0.4 j
T 0.64 0.64( 55 o0

X
LetX =( ] where x; and x, be the two outputs.
X2

Then,x:T-]D

| (08 04 )( 560)
064{ 55 09 /(320

| [ 448+128 )
0.64{ 112+ 288
("1 ] ( 900 )

% 625

X = 900 and X, = 625

i eman
s unittsh € Iequired total outputs to meet the future d

\_

—_—

N

0.6

( 576 ]
el
.spectiVBIY wef s

ds of the consumers are 900 units and

o s.

v 1 : — ]
N the following transaction matrix Final
Producing purchasing sectof demand
R
sector 100
Agriculture /jﬁ)})// 'k
Industry ! o
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a) Write the input coefficient matrix.

b) Find the total output to meet the fina
industry.

Solution:
Here, x,, = 300, X, =600; X2 = 400, x5, = 1200
x, = 300 + 600 + 100 = 1000
X, = 400 + 1200 + 400 = 2000

| demand of 160 units of agriculture and 400 units of

_Xu_ 300 _ _ X _ 600 _
an=% ~71000" %> a12= "%, ~2000 0
_ X _ 400 _Xp 1200
an=7% =700 0% an =", 2000 *°
a; ap 03 03
Now, the input coefficient matrix A = =
a, an 04 0.6

1 0 03 03 1-03 0-0.3
b) I-A= . -
0 1 04 0.6 0-04 1-06

07 03
T = ’
04 04

07 03 ‘
| T|= |=0.28—0.12:0.16¢0
-04 04
- T-1 exists.
T, =04, Ty, =—-04)=04, T, =—-0.3)=0.3, Ty, =0.7
Ty Ti 04 04
Matrix of cofactors = =
Ty Txn 0.3 0.7

04 03
Adi.T=|
04 0.7
. 04 03
T.lzﬁl%lz_l_( )
ITI 016\ g4 07

Let x, and x, be the total outputs of the agriculture and industry respectively. Then,

Xi 160
X= and final demand matrix =D =
X2 400

Now using X = (- A)'D=T'D




-(.7

Theﬂ’
iv&b"

g, . ,_L[OA 0'3)[160
Y 016 04 0.7 )\ 400

a7

_—!_(644-120] | Lmj

64 + 280 16 344
[x,) [nsoJ

2 | g,/ \2150

<X =1150 X2=2150

. for the fulfillment of 160 units of agriculture and 400 units

of ind
“150 units of agriculture and 2150 units of industry are required. AR el et

IXERCISE

| Given below are the input coefficients matrix

0.7 0.1) (0.3 0.2] ‘
) A= b) A=
L02 05/ 04 0.7

(3/5 7/10 %
\ 122 2/5 &
Test Hawkin's-Simon condition for the viability of the system.
3)  From the following input-output table "
Sept X Y Final demand
ectors
" 50 3 | 2:
Yy | 40 72
)  Calculate the input coefficient matrix A. .
i) Determine I - A, I being 2 ¥ 2 unit matri n taken for tWO industries
Given the following mter—mdustrlal transactio g
| ] B Fmal
Input A /(Ee/nja’lf/
1
A
105 | et
) L2 ettt
Obtain the input coefficient
1i) Find[- A, ’
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The input-output coefficient matrix A and the total output vector X are given below

02 04 120) gt (0.6 0.3 ) X_(SS.)
Y A—(0.6 0.3)’ X—( 180 ) 04 0.5 90
( 0.25 0.5 ) ( 640 )
¢) A= , X=
045 04 780
Find the demand vector D for each of the above cases.

4. Given the input-output coefficient matrix A and the demand vector D, fin

for each of the following cases:
( 0.3 04 j ( 40 )
b A = s D =
) 02 0.6 50

( 05 04 45
a) A= ] , D =( j
03 04 81
( 0.15 045 30
0w )l
06 04 48

=

d the total output

5. a) The following table shows the inter-relationship between the product of two
industries A and B in a year
Industry A B Consumer's Total
demand output
A 45 50 55 150
B 30 40 30 100

i)  Find the input coefficient matrix.
ii) Find the gross output of the two industries A and B to satisfy the demands of
72 and 48 units.

b) The inter-industry transaction table presented below was formed for an economy of
the two industries P and Q for a certain year

Producers Users Final Total
P Q

P 250 160 90 500

Q 200 120 80 400

i)  Find the input coefficient matrix.

ii) Find the total output to be produced by the industries P and Q when the final
demands are 152 of P and 114 units of Q.

A, There are three producing sectors A, B and C. Let A use 30% of what it produces, 40% of
B’s production and 10% of C’s production. Again B uses 20% of A’s production, 25% of
B’s production and 45% of C’s production, If C uses 10%, 35% and 25% of A, B and C’s
production respectively, form the input-output coefficient matrix.




_ Mathematics f ) ‘
A '¢s for Economics and Finance E
) g]"enb 1 473
" - . _
0y consisting of industries X
, onomy and Y, the i i
X §[ 85 n an eC; 02 and By = 0.3. If the ﬁna] demand b t;elgr(:g coefﬁments are aj; = (0.4 ap =
a . : : uct X i Bitont
" o,l,du?(;t y is 15 units, construct the‘ inpUt-output (ape g thls 29 units and that of the
00 '
Answers
e b) viable ¢) No ‘
: i 0.5 —-0.25
D, fing tey, 05 025 ) ( ) - ( 036 04 j ( 0.64 0.4
. ) | -
tal““tp ) )i 04 06 —70.4 0.4 0 N 05 035 : -0.5 0.65 )
24
]’D§(40] *a)( ) b)(n) C)(18Oj
i\
54 .
30 g0 130, X, = 300 units b) x; = 180, x, = 250 units ¢) X; = 165, x, = 245 units
(03 05
5 a)i)( 11) x; = 210, x5 = 150 units
' 02 04
| 05 0.4
n the product of gy, b i)( j i1) x; = 800, x, = 620 units
04 03 .
Total
output
150 Dmamics of Market Price -
_ ) . ) A tion with t as the
100 In this section, we deal with the model involving differential equa
_— ndependent variable.
f
Jenants? ,
fisfy the Uamics of Market Model |
for a0 econo™ o The following are the notations used in the model:
0
med 4= quantity demanded = d(t)
] 8= quantity supplied = s(t)
1l ‘;2 price in time t = p(t)
0=price att =0 : i
T Th | has the following €22t
00 ¢ one-commodity market mode
' - (1)
00 ﬁnf’l Qi=a-bP (a,b>0) o
. . (o have
i e v Q=—<c+dP(c,d>0) .- @ - on is easily obtained. Hence: ¥
, atld Q Here We assume that the equilibrium conditl
. q Q = Q
i .
7 25%0’5 S a-bp=_¢4dp
bat 1 rodu; B c=(b+d)P
A;s IZ) /’ of ¢ - atc
f 25 L b+d e
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But in practice, the equilibrium condition may not easily be obtained. When price changes,

it effects Q, as well as Q and hence Q, — Q, too.
. rate of change of price (P) is proportional to Qq— Q..

. dP
ie. gy = k(Qa- Qo)
where k is the positive constant and is known as the adjustment coefficient.
-(cii_lt) =k{a—bP - (- +dP)} (From (i) and (ii))
=k(a+c)-k(b+d)P
dp
= kb+dP=k(atc) ... (ii1)
Comparing it with %% + Ay = B, we have

A=k(b+d) and B=k(at+c), y=P and t=t

Now, the solution of the differential equation (iii) is

B
= ~At 4 —
y=C.e t+A
= P=Ce~k(‘>+d)f+a+c (iv)
. b+d ......

Ty ' ; dP
If P= P be the particular integral (PI), then q 0. Use of this reault reduces the equation

(iii) to
k(b+d) P =k(a+c)

— atc¢

= . PEpg

From (iv),P = C.ekb+dt + P
Whent=0, P(0)=C.1+ P

C=P0)- P
Now the complete solution is
P={P0)— P } ekb+ak 4 p

atc
b+d-

where P is the equilibrium and equal to

As P(0) and P are constants, so when t—ow, e®+di_50  fork > 0.
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(his situation, P(t) converges to
" g P and P(t) is called the inter-t
T-temporal equilibri
um

"
" Now, we have the following three cases:
p0)= P, then P(t) = P and hence the time path of =

i p(1) iS horizontal i.e. the price is constant P(0)

g I p(0) > P, then P(t) > P, but as t increases, the m
first term decreases 1.e. P(t) approaches P ie. the time P P

. . P=P(0)
of P(t) is decreasing and approach P
hove. pproaches P from the 7 PO)<P
P(0)
t

i) 1fP(0) < P, then P(t) < P but as t increases, the first o

term decreases i.e. P(t) approaches P so the time path

of P(t) is increasing and approaches P from the below.

Whenever k(b + d) > 0, e ®* 90 as t—>x, 50 P(t) converges to P and hence the price

| ill be stable in the long-run. But if k(b + d) < 0, e*® 900 as 0 80 P(t) diverges and

hence the price will not be stable.

Worked Out Examples

Example 1.
Demand and supply function for tea (kg/week) are given by

dP dP
Qu=60-P+27 and Q,=2P-15+8
e. when t =0) is Rs. 48 per kg., find the time

Where P ig the 613 . . b . g
e price at t. If the initial price (1. )
P Al L 3 9 What will be the time path

I:;th of P for dynamic equilibrium. What will be its price in 2 weeks
the prices in the 10ng run?

Solution,
For equilibrium price,
Qa=Q,
S 60-p+2S=2P- 158

dp
= 64 +3P=75

dp
S g tO0sP=125
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0
Comparing with %% +ay = b, we have %
B~
a=05 b=125  y=P, t=t 1
Thus the solution is K 7
y=Ce®+ E , - et
= P=Celt+ -102—55 | e - 1
= P=Ce?%+25 “ L
When t =0, P = 48, then ' %
48=C.1 +25 % =
C=23 B v
Hence P =23 ¢ 05t + 25
When t = 2, E
P =23 xe05x2+425 ':i, ‘
=23.¢71+25 E
=23 x 0.3679 + 25 |
=33.46 | )

. the required price in 2 weeks will be Rs. 33.46.
Again, P = 23.e05t+ 25
When t—o0, 950, so P—25.

Hence in the long run the price level of the tea converges to Rs. 25.

Example 2.
The demand and the supply function of a new product in a competitive market are
Qs=120-2P and Qs = 3P — 40 respectively.
At the time of unquilibrium condition, the rate of price adjustment is

dP
3= 025(Qi-Q)

Derive and solve the differential equation given that P(0) = 20
i)  Find the price whent =4,
ii) Is P(4) close to the equilibrium condition?
iii) Examine the state of stability in the long-run.
Solution:
Q= 120 -2P, Q,=3P-40
Q- Q,=120-2P-3P +40 =160 - 5P
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&P _025(Qu-Q)= )
.8 _0. 41— Qg =0.25(160 — 2]
&P _ 40-1.25P
2

dP
ak 125P=4
dt+125 0

yerea= 1250 =40, P =y, =3

. the complete solution is y = C.e-2t + b
a

40
= —~1.25 —
5 P=Ce ™ ¥ 705

_, P= C.e 125t + 32

whent=0, P= 20
20=C.1+32

pP=-12e125t+ 32

j Whent=4 _

p=—12¢125x4 +32=31.92

i) Whent—ooo, €' 250, so P(t)—32

. equilibrium price = 39 and P(4) =31.92

Difference of P(4) and the equilibrium price

=32-3192= 0.08 which is small.

L C=-12

P(4) is close to the equilibrium price.
ii) As t—soo, e-125—>0 and hence the first term
approaches to 32 and hence stable.

tends to zero, SO the price in the long-run

Example 3.

In a competiti |y functions are given by the equations
tit demand and the supply :

petifive marke’ e f change of price adjustment proport10na1 to the

(=240 _3p and Q, = 5P — 150. Also, the e

e}(c

%8 of demand is given by %?{ —=0.05(Qa— Q.

; . i i t), the initial price Jevel Py being
~5()f)1ve the differential equ?tlon for the time path of P( )\

the time period 4. od by Rs. 6 than the initial

) Predict the price level for _
price

1) In how many time periods would its
price. .

level droppP

sotutiOn .

Qu=240_3p and Q,= 6P~ 150

»k Q-Q,=240-3p - 6P 150 =390

——e
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P
Also, ‘;—t =0.05(Qs - Q)

= i—}: =0.05(390 - 9P)

=19.5-0.45P

dP
= 0.45P=19.5

Here a=0.45,b=19.5,y=P,t=t

Now, the complete solution is
b
= g —at + -
y=C.e o

19.5
—_ —0. —— s
= P=C.e 45'+0.45

=9, ~Pr=C e 045t + 13’—0

whent=0, P = 50.

130

50=C.1 +T

2
the solution is P = 3 045t + 3

20

130
=3 x 0.1653 + 3 =

i) WhenP=50—6=44
44:23—Oe—045t+-1—&

2 20

g — e e—0.45t
= 3

3
0.1 — e—0.45l

~0.45t =log 0.1 =-2.3026

-2.304
t="945 — > periods

Uy

130

44.43
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If the demand and the supply functions are
_ dp -
Q=60-2P+4°  and Q=3P 20+ 5P
find the time path of the price P when the initj "
i ' "
“pwhent=3.IsP (3) close to eqUilibriuéurt)lr?:; glce condition is 25. Find the value
b) pemand and supply functions are .
dp
xy=250-3P +4—
d D+ 4 dt and xs=—150+2P+14d—P

- : : dt -
Find the time path of P for the dynamic equilibrium if initial price is Rs. 50

Compute the price in time t = 47 What will b »
o ; e th .
price in the long run? Will it be stable? ¢ condition of the time path of the

) a) Ina competitive market,

x4 =450 — 1.8P and x,=-180+12P  respectively.

If the rate of price adjustment proportional to the excess of demand is %}E# 0.32(Qq

- Q).
i) Solve the differential equation when the currently quoted price is Rs. 200.
i) Forecast the price for time () =2.
b) The demand function and the supply function in the competitive market are
Q.= 90— 0.6P and Q,=-30+04P
and the rate of price adjustment at the time when the condition is not in the market is
§-05Q-Q)
Solve the differential equation
i)  What will be the value of P(t) whent= 6?
i) State the condition of the price level stability " 4 Iflarkeft .f its are
9 Tna competitive market, the demand and the supply function © Tui .

= 6P
Qq=240-1.4P and Q,=-60+26 - st
: | portional to the excess of demand 15 £l

and the rate of price adjustment Pro
ce level RS. 120.

given that initial price is Rs. 140.

dp _
& =02(Qa - Qo) with the current pr1

-1 Find P(3) ?
. - 30 pe Rs. 84
i) In what time period would its price le.V"li 4 months time, but someone offers 2

- i : kg, would it be
lii) If there needs a large quantity (z) fffl:rl:lits ot a price Of ©> 72 per X&

contract to supply the 4ua° ’
accepted?

— ——
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Answers

1. a)P=9.e3+16, 16, yes '
b) P =-30.e %5 + 80, Rs. 75.94, the time path converges to the equilibrium level of the price; yes

2. a)i)P=-10.09+210 ii)Rs. 208.53
b) P =20.e %'+ 120, 120 i) Rs. 121; ii) Converges to Rs. 120, Stable

c) P(t) = 45.e7 08 + 75, i) 2 periods, ii) yes

Difference Equation

The values of some economic variables change due to the change in time. The time
considered may be discrete or continuous. In most of the economic studies, focus is given to
those economic variables in which we consider the discrete time. For example; today’s price of
an item depends upon the demand of the same item in the previous day’s time. The expenditure
of a man for a particular month depends upon the previous month’s income. The present
population of a certain country is estimated according to the population of the same country in a
decade ago. These are the examples of dynamic situation but not the static.

The solution of the problem of continuous time will be solved by the help of differential
equation. But the solution of the problem for discrete time will be solved by the method of finite
difference where finite difference is the difference of variate values between two successive
intervals of time. '

Finite difference

Let t and y represent the independent and dependent variables respectively. Let y(t) and
y(t+ 1) be the values of the dependent variable at time t and t + 1 respectively. Then the
difference y(t + 1) — y(t) is known as the finite difference and is denoted by Ay(t).

Ay () =y(t+ 1) —y(1)
where A is known as the difference operator.
For convenient, we write y, for y(t) and y, ., for y(t + 1), then
AY = Yir1— Vi
Note: y,_ is the value of y at time t — 1 i.e. the value of y, one period before the time t.

Difference equation

. A differenf:e equation is an equation which involves independent variable, dependent
variable and their successive differences.

Ift !ae the independept variable and y the dependent variable then the equation relating Y:
and y, ., is known as the difference equation. For example:

yt+|=2ytand YVe+1 T2y, =3

The erder of the difference equation is the highest difference involved in the equation. For
example:

Ay, = 4 is the first order difference equation.
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Here By =4

Y1 +1 - y‘ =

2 : o

e order is One, because the highest difference MR 15k 1aw;
=t+1-t=1 il v

4 ) —'.',:".:'k'_' f

S 0 is also of order one becayge highest difference = ¢ (t

A difference equation 1s said to be homogeneous if there is no separat
ec

g(&mple’

D=1,
onstant term. For
Jor1 = Y is first order homogenous difference-equation

 difference equation with separate constant term is
jfference equation. For example:

Vis1—aY;=Db

known as non-homogeneous

wuton of a Difference Equation
The solution of a difference equation is a function which satisfies the given equation.

A solution containing arbitrary constants equal in number to the order of the difference
qution is called the general solution. But the solution obtained by assigning the particular
ulues to the arbitrary constants is known as the particular solution.

A first order difference equation can be solved by the following two methods:

i) Iteration method i) General method

i) Iteration method

In this method, we use the process of iter
Ut the solution of the difference equation.

Example: Solve the difference equation by itera
Ay, =-0.5y,
> Y-y, =-0.5y,
> Vi1 =0.5y,
¥ %=05y, ,
Putt: 1’ 2, 3 4
1=0.05y,

ation i.e. repeated application of finite difference

tion method

(moving 1 period back)

$2=05y,=0.5 (0.5 yo) = (0-5)° Yo
¥1=0.5y, = (0.5) ((0.5)* Yo) = (0.5 Yo

the Similar manner,
> ) Yo

i=A (0.5) whereyo= A
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= ii) General Method
First order homogeneous difference equation
Let the first order homogeneous difference equation with co
Ves1—ay =0 .on (1)
Let y, = AP be the trial solution of (i)
Then, Vo1 =APH!
Substituting these values in (i), we have
ABtti—a AR'=0
= AB(p-2)=0

nstant coefficient be

S mﬁ?wﬁgﬁ{!.w%ﬁ,%q@'f SO
e

ABt 7& 0 E If

B—a=0 - P=a _ .ifstab

. the general solution of (i) is b !
y, = Aa' | :’ i

k.

General method:
The general form of a non-homogeneous first order difference equation is
y5_=ay‘_1+b ot by wanmn (1)

this equation is very similar to the non-homogeneous first order linear differential equaton. So,
its solution is also equal to the sum of the complementary function (CF) and the particular

integral (PI).
Its complementary function is
CF = Aa'
For PI: If y, = k be the trial solution of (i), then
k=ak +b(y-1=k)

= k-ka=b
= k(l-a)=b
b
k—l_a (a#l)

-, the general solution is y, = CF + PI

b
= y=Ad+ T
Ifa= 1, let y, = kt be the trial solution.
Then Vo1 = k(t— 1)

Now for equation (i)
kt=kt-1)+b (. a=1)
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k=b
O Pplis= kt = bt
ine general solution is :

y =CF+ Pl

=A+bt

(. a=1)
. the general solution of the non-homogeneous linear differeJhé.
' ¢

b
ytz{ AdHT for azl
A+ bt for a=1

© equationy, = ay,_, +b s

jereAis constant.

fA2=0,% =T _4 which gives the line parallel to t-axis, known as the equilibrium level

(i stability. The time path of y, depends upon the value of a!. We have the following cases:

) Ifjal> 1, then a‘—.)oo as t—>.00, so y, diverges. Hence, y, is unstable. Here if a is negative
ie.a<-1 then the time path is oscillatory about t-axis.

i) Ifaisa negative proper fraction then a'—0 as t—o0 s0 y, converges. Hence y, is stable. Her

also, the time parth of y, is oscillatory about t-axis.
i) Ifa> 1, then at—o0 as t—o, so y, divergence and hence unstable. The time path of y,
moves away from t-axis or equilibium level.

W) Ifais positive proper fraction, a'—>0 as t—>00 SOy, CONVErges and hence stable. The time
path of y, moves towards t-axis or equilibrium level.

Worked Out Examples
Eample 1

; ing di ation
Find the first four terms of the sequence of solutions of the following difference equ

Y= 12y, =0 YO=18

]

Also, find the general term.

SOIun'On:

i-12y,_,=0 = y,=12%-1
Whent:l’ y1=1.2y0=1,2x18 |
t=2,  y,=12y,=1202%187 0
t=3, y,=12y,=12(012"% 18) = 1.24 ><18
t<a, y,=129,=1202%x18717°
Which are the first four terms of the sequen

T0ceedin . - =(1.2
“®eding in the same way y=(

=1.22x18

)5x18
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Example 2
A difference equation.  y,41 — 1.57,=0 is given

i)  Solve the equation by iteration method for the year 2, 3 and 4 given that the income in
year 1 is Rs. 25000

ii) Find the general expression for y, in terms of t.
iii) Evaluate y,o wheny, = Rs. 25000

¢] iag¥
Solution:

Yer1— 1.5y, =0
= Y= l3y
= y,=15y,, (movingone year back)
i) whent=2, y,=15y;=15% 25000 = Rs. 7500
t=3, .y;=15y,=15(15y)=15%~= 1.52 x 25000 = Rs. 56250
t=4, ya=1.5y;=1.5(1.52y) = 1.5%, = 1.53 x 25000 = Rs. 84375
i) y,=1.5y |
ys = 1.5%,
ya= 1.5%,
Procceding in th same way, y,=1.5"'y,
iii) When t= 10, y;,o=1.5"""x 25000 = Rs. 961084 (approx.)

Example 3

' Solve the following diffeential equation by iteration as well as general method.
Ay, + 1.6y,=0

Solution:

Iteration method:
Ay, + 1.6y,=0
= Y- Ys+ 1.6y, =0
= v+ =-0.6y,
= ¥ =06y (Moving one year back)
=-0.6 (0.6 y,_,)
=(-0.6)* ¥;-»
=(-0.6)* (0.6 y,_3)
y, = (0.6 yi_3
Proceeding in the same say,
y, =(0.6)' Y= (-0.6)’ y,
y. = A(0.6) where y, = A
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g]ven . e geral method:
atlheiIl Ayt 1.6y,=0
o
N

. )’:+|'Yt+l'6y'=0
2 y|#|=’0‘6y‘

s N 0.6 yi-1 (moving one year back)
Compafi“g this equation with y, = ay,_, +b
gehave d= -0.6,b=0

Now the complete solution is

0
1+0.6

=A.(-0.6)+

Yt =A.a‘+1_a

Rs. S62s Ly =AC0.6)
Rs, 84375 | Alternative method:
y,=—0.6¥6_1
Lety, = APt be the trial solution. Then
ABt+0.6AB-1=0
> AR-1(B+0.6)=0
ABt-1#£0
B+0.6=0
> B=-0.6
:. the solution is y, = apt = A(-0.6)'
bample 3

B
ind the general as well as the particular s

lution of the following differential equation.

2
=3 ¥-1=16 , Yo=060
.
i nd the behaviour of the time path.
lutign,
_2
Y= 3 H-1= 16
Cotgper:
Paring with yi=ayi+ b, we have

a=

W

- , b=16
OW,
the complete solution is ' I

Y = A.(a)
(a)+1—a

A
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2\t
y,=A(§) +48

which is the required general solution.

Whent=0, Yy,=060

yo =A.1+48
= 60 =A+48
A =12

Substituting the value of A, we have

2
v, = 12(§)t+48

. A .
Since (g) —»0 as t—o, 50 y; converges to 48 in the long-run.

Alternative method

2 )
yt=‘3‘yt_1+16 ...... (1)

The corresponding homogeneous linear difference equation is

2
Yi :3Yt—1

whose CF is

2\t
cr-ad)

For PI: If y, = k be the trial solution, then y¢_, = k.

. from (i)
p
=3 k+16

2

Now, the complete solution is
y, = CF + PI

BASIC MATHEMATICS: GRADE Xl
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A=12

- the particular colution is y, = A

gumple 4

A finance company
provides
- deposﬁs Rs. 40000 initially, b an interest at the rate of 99
y, how much will he get at the /OCII’ af compounded annually If
end of 3 years? a

Solution:
Since the rate is 9%
p.a., so amount in t .
yi=(1.09) ¥i_1 Yo 18
Comparing this e . .
quation with y, = a
a=1.09 , b=0 (T A% B e have

. the solution is

R A.(1.09) + 0= A.(1.09)
Initially i.e. whent =0, Yo = 40000
40000=A.1+0
A= 40000
.= 40000 (1.09)"
Whent 3, y, = 40000 (1.09)° = 5180116
‘. the man will get Rs. 51801.16 in 3 years.

rence equations

th, .
Period e solution of the following diffe
st=1,2,3,4.

Q)
=
b) yt 8 A4 Y-y given that Yo =24
~0.75y,_,=0 given that Yo = 10

sing jteration method for the

°)
A
Yot 1.2y,=0 withy, =8

“




2. Fin

a)
b)
c)
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d the first four terms of the sequence of solution of the following difference equation

2
Yo—5¥%-1=0 , Yo=25

)'t+0-6)’x~|=0 > Yo =30
Y= 5%-1=0 , with yo =12

3. A difference equation y, ., = 1.8y, is given

a)

b)

c)

d)

Solve the equation for the periods 2, 3, 4 given that the income in the year 1 is
Rs. 12500.

Obtain the sequence of solutions of the difference equation for t =2, 3, 4 in terms of
Y1

Find the general solution for y, in terms of t.

Evaluate y, when y, = Rs. 12500.

4. Solve the following differnce equations

a)
b)

c)
d)

y:—07y,,=0 s Yo=3
Y= 6y ,  Yo=8
1 .
yl=_EYt—1 N y():l].
Vi1 +35ys=0 > Yo =12

5. Find the general and particular solutions of the following difference equations

a)
b)
c)
d)

YK=0'9YI—1+8; yo= 110

3 ,
yr+zy:_l=14, Yo =28
Ye=5Y-1t4, yo= 14

2
yt+1+§;Yt=25, YO=20

Comment on the behaviour of the time path and then on the stability.

6. a) Find the general solution of y,. | — 0.2y, =0.
b) Ify, =48, find the particular solution.
c¢) Evaluateyy, ys Yo
7. a) A finance company provides an interest of 8% p.a. compounded annually. If a man
invests Rs. 25000 initially in the company, how much will the man receive at the end
of 2 years?
b) The population of a ‘certain city increases at the rate of 2% p.a. If the initial
population of the city in the year 2010 be 150000, what will be the population of the
city in 20207
Answers
1. a) 24(0.4), 24(0.4)%, 24(0.4)’, 24(0.4)* b) 16(0.75), 16(0.75)2, 16(0.75)%, 16(0.75)*

¢) 8(-0.2), 8(-0.2)%, 8(-0.2)%, 8(-0.2)*




ne equations

lity-

AL (_2_)3 (3)4
,)25(%)' 25(5) +23 5/)° 25 5
,
F 6 12092 1267, 12(5)
¥ Rs. 22500, Rs. 40500, Rs. 72900
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b) 3
) 30(-0.6), 30(-0.6)2, 30(-0.6)3, 30(=0.6)4

b) 1.8y, (1.8y2y, (
; 8 : -1 . 1> (L )Yh(lg)Jy
gy = (18 9 Ys=Rs. 1236195
2y= SO b) y1 = 8(6)' ¢)y=1 1(— l)t
' 2 d) y, = 12 (-5)

e A(0.9)' + 80, y = 30(0.9)t + 80, converges to 80, stable

t N\t
b)y= A(— 4) +85 ¥1=20 (— Z) + 8, converges to 8, oscillatory, stable
gy= A5) - 1,y = 15(=5)° - 1, diverges, unstable

2\ _f 2}
Oy = A(— 3) + 15, % * S(f 3) + 15, converges to 25, oscillatory, stable
¢ 9y=A02) b) y, = 1200(0.2)¢

¢) 240, 1.92, 0.07681
| 4)Rs. 29160 b) 182849

The Cobweb Model

As an application of first order linear difference equation in economic analysis, an
gonomic model known as ‘Cobweb Model’ is used in analyzing the economic behavior of
sipply and demand towards the equilibrium level.

The basic assumption of Cobweb model lies on the fact that
) today’s demand depends upon today’s price P,

i) today’s supply depends upon yesterday’s decision about the output. Hence the present
output is affected by yesterday’s price P, .

The model is based on the following three equations

Qu=a—bP, e @) (2,b>0)
Qu=—c+dP,_;, - (i) (c,d>0)
and Qu=Q, @ e (iii)
Using (i) and (i) in (iii), we have
a-bP=—c+dP_,
> bP+dP,_,=a+c
Badp ERE . M
Whigy - . | b
1810 the form Vet ay,_ 1= b. . ' ution is the sum of C.F. and P.L
Henge j¢ is a first order linear difference equation. Its sO
For ., |
‘ i ation 18
The COrresponding homogeneous difference eq¥
d
Pt+g'Pt—l=O ...... (II)
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d\
ItsCF.= A(— b)
For P.1.

LetP, = P be the trial solution. Then

P_,=P
Now from equation (I)
Padponie
L Ferans
Foass

This price is known as thé equilibrium price.
. the general solution is
P,=CF +PI

dt atc
= P,—A(—b) ~b¥d

&y =
= PtzA(_B)—P

When t = 0, P,= P(0), then

PO)=A1+ P

A=P(0)- P

— t -
Now, the particular solution is P, = (P(0) — P ) (_ %) + P
The convergent and the divergent of the price towards P, the quilibrium upon (_ %)t .
t
<1, as t—o0, (— E) —0, so the price p, converges to F and hence stable.

0 If

t
> 1, as t=o, (— E) —0, 50 the price p, diverges and hence unstable.

Ny
|l
-
o'la. ol olie

d. . .
=1, then - bs negative, so the time path is oscillatory.




ple 1
function and sypp|
he demand PPly functioy .
Il] g + 6P, _ | respectively 7 Or A certain progy, e are Q, ,

3 ) Using the market equilibriym, conditj

) Find the solutions for P, and Q: given that Py =

v =7,

o F ind the equilibrium price.

g Show thatthe price P: converges to the equibiuny price. I the price stabie?
Solution:
) Under equilibrium condition,

Qd,t=Qs,t
> 62-10P,=—18+6P,_,

= 10P,+6P, , =80

3
= P,+§Pt_1=8 ...... (1)
b The corresponding homogeneous linear difference equation is
3
P, + 3 P,_,=0

3t
IsCFisCF=A (—g)

For PL: If P,= P be the trial solution of (i), then

F+%F=8 (',"Pt=Pt_1=P)
8§ —
> 5 P 8
! La
6% p =223
pol b g

able Pi=CF + pr1
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c)
Now for Q,
Q, =62 10P,
3\
=62—10{2(—-§)+5}
t 7
~62-20 (--2—) ~'50 | y ®
“ ]
3\ )
~-m() _
3 ®

¢) The equilibrium price = P = 5(from part (b)) b)

3 t
d) P,=2(—§) +5
t T .q e . .
Since (— %) —»0 as t—o, so P, converges to 5 in the long run. But P = equilibrium price =

5, so P, converges to the equilibrium price. Hence the price is st

EXERCISE

1. Find the general and the particular solutions of the following Cobweb model.

able in the long run.

d s

a) Qt=11—3Pt, Qt=6P,_]—7; Py=5
d s

b) Q =23-4P, Q=3P -5  P=10

t

c) Qs,t=—8+4Pt—19 Qd,t=32—6Pt; Py=12
d

d Q=-8+3P_, Q=100-9P; P=15

t

Examine whether the prices will be stable?
d
2. a) The demand the supply functions for a good at time t are Q = 80 — 8P and
t

Qt =24 + 5P, _,, respectively.

i)  Using the condition of market equilibrium, deduce a difference equation in Py
ii) Solve the difference equation to find the equilibrium price given that Py = 12
iii) Also find the equilibrium quantity.

b) Given that demand function and supply function are Q, , = —100 + 4P, _ and
Qg =170 - 5P, respectively. Using equilibrium conditon, frind expressions for P, and
Q, when P, = 36. Also find the equilibrium price and quantity. Is the price level
stable?
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Consider the supply function Q=5P_,-

Using the condition of equilibrium, obtajn
[s the system stable?

6 and the demand function

d
Q =54-10p,
the solutions of P and Q,

given that P, = ¢,

Answers
3\t .
b) P, = A(— Z) +4,P, =6 ,(— )t + 4; stable

I\t Nt
d) Pt=A(—§) +9, Pt=6,(—' ),+ 9, stable

iii) Quantity = 16

 ~A(2) + 2, Pi=3(-2)!+ 2; unstable
)

2\ _ (_Z)‘ +
. A(—g) +4,P=8(~3) +4, stable

2 =13 i) Equilibrium price = 8
, 9Pt g P 13 0k d

4\ =20-30(-2)' . 30, 20.
b)P(=6(’§)+30’Q‘_20_ —%) 530,20 yes

; N\t
ro-3) v 14205 e

Sl

W ==

lagged Keynestan Macroeconomic baos Keynesian macro-economical
The income determination model also kﬁowgti?);allﬁﬁgzﬂle ; yélepends upon two factors:

poite a}ssumed tobe t?asedt?rile;]:elf.‘a;tlltal:a;sf :;1: national incom? is .equal to tlzie ;uulilcnﬁ(;fnﬂ:)ef

consumpt}on G, ansi the inves Ao tit is assumed that consumption 15 a lagglzem et o s

. and H.wes’[m?nt' me of previous period ¥ or.1t is simply gsss denoted by L

lncome‘l.e. la fun‘:tl(;:r;:t)}t;elrnictois assumed that the investment I, is constant and 1

Proportional to y, _ ;.

The model has the following three equations

¥V, = ¢ + ‘It ...... (1)
g=at+tby,_1 o (11) i
and L=, = (iii) ) and (iii) in @), “fe

ing (il
; d0<b<1._Usmg
hy Where b is the marginal propensity to conSume an
Ve

Ytz‘a+b}'t—l+10
Yt—bYt—1=a+I°

| I
0 This g a non-homogeneous ﬁrSt Ofr?ii’r) is
"0geneous linear difference equation O

>

...... (iv)

. T] l-
I E 'I l : C :IIESp g

Yi—by,_;=0
% “omplementary function is

CF = A(b)" .
'PL Let y, = k be the trial solution-




equilibrium level. This is the main feature
model.

Example 1

Solution:
a) yi T Cy + It
=0.36y,_, + 48 + 240
=5 y, =0.36y,_, + 288 OO ()
b) The corresponding homogeneous linear differnce equation is

BASIC MATHEMATICS: GRADE XII

Then V1=K
Now from (iv) k-bk=a+ 1o

apt1
Since b < 1, so b*—0 as t—>o. Hence this model always provides us y; to tend —Ojgo , the

= k(1-ty=a+1I
a+t+]
k=T"% (b#1)
- the general solution of Keynesian economic model 18
y,=CF +PI
a+ IO
yi= A®) + T
The constant value A can be determined by putting t =0 when y, is given.
I j‘
Note: If a = 0, then the solution is y, = Ab'+ ]—_O‘b
*‘s::: c)

s of this model which is different from Cobweb

Worked Out Examples

A simple national income model is given below:

yi=c+ I ¢ =0.36y,_1F 48,1,=240

a) Express the given national income model as the difference equation in y,.
b) Find the general as well as particular solution of the difference equation when yo =

585.
c¢) Find the nature of the time path. Is the system stable?

y,—0.36y,_,=0
Its complementary function is
CF = A.(0.36)"
For the particular integral (PI)
Let y, = k be the trial solution. Then from (i)

XX

A\



) tend 2l

nt from Cobwey

in e
uatiOIl whe? 4

e

Ce
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k = 0.36k + 288
k — 0.36k = 288
0.64k = 288

288
., kT064” 450

. the general solution is
y,=CF + PI
L yi=A036)+450
whent=0,¥:=Yo = 585
585 =A.1+450
A =235
- the particular solution is y, = 235(0.36)° + 450 f

2
2

o ) Since 0.36 < 1, 50 as t—o, (0.36)'—0 and hence y converges to 450. That is, the time path

of y, approaches to the equilibrium level of 450.

- the system is stable.

EXERCISE

L The following are the simple national income model

) y=c+1,  c=0.50y_1 =40 and yo=96
b y=c+I,  c=040y_1 J,=360 and yo=650
| 9 ve=arn a=025y 43247 118  and yo=240

) y=c+I, ct=%yt—l+40’ I,= 160 and yo= 620

i)  Express each of the above national income equation as a differnce equation In ¥

ii) Solve each of the difference equatons.

b Consider a two sector income model
ve=c+1, (e 156+0.2yt_1, I‘=356
i)  Find an expression for ¥
i) Solve the difference equation when yo = 900 7
b) iii) Discuss the nature of the time path. Is the syste stable

AS . . : me m()del
sume a simple national incO 70, 1,= 130

difference equation iny.
r solution when Yo

yo=c,+1, =084y
} Express the income model as @
i) Find the general solution as W€
iii) Discuss the nature of the time path.

= 2200.
1l as particula

will the system stabilize?

R

L ———— R ——
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Answers
ii) y, = 16(0.50)! + 80

a) i) y, = 0.50y,_ .+ 40

b) i) y, = 0.40y, _, + 360 ii) y, = 50(0.40)! + 600
¢) i) y.=0.25y,_ + 150 ii) y, = 40(0.25)" + 200
d) 1) vt =% Yeo1 +200 i) y, = 120(0.6) + 500
2. a)i)y, =02y, +512 ii) y, = 260(0.2)! + 640 iii) y converges to 640, stable
b) i) y, = 0.84y,_, + 200 ii) y, = A(0.84) + 1250, y, = 950(0.84)t + 1250

iii) y, converges to 1250, stable
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