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prefce to Third Revised Edition

fhe preent bod is the continuity of our “Higher Secondary Level
Basicfathemtics Vol } in accordance with the new syllabus of Higher
Seccnild@y Eclication Boan at +2 level. Knowing the fact that the foundation
of thi satheratics depends.upon the clear concept of the subject matters,
we h#e trieqaur best to pl‘e%n‘t them in an easy, clear, lucid and syste[natic
mand. As fr as possible, alithe topics included in the syllabus have been
dealtith in |etail and the contepts ard the theories are fully explained with
suitaé exanples to illustrate th‘ex;n_ :

|

Someof the new topics suth as logic, mathematical induction and the
sketing of curves have been ir\‘l\yoduced."These new topics have been
writh carefully with a large numberof examples. Also some of the topics like
seqnince and series, circle and the cerivatives Lag the rate measure of Class
X1 the previous syllabus have now introduced inzlass X!. These topics are
reved in order to make them suitable for the si\gents of class Xli. The
excises have been well graded. We feel immense'success if the book is
ford usetul both for the teachers and the students, as hwas earlier.

We must thank Mr. Ananda Krishna Shréstha the bi'\prietor of Sukunda
istak Bhawan, foT his strong determination and dedicatian to publish the

sok and present it in time.

|
Any suggesiion for the improvement of the book vill be highly

appreciated and thankfuily acknowledged.
|

April 14, 2010
Baishakh 1, 2067 The Authors
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preface'—fchfzcond Revised E‘"{

/

. ; #
£ ¥ Mathemjcq

v The books on Higher Secondary Level Bas{l daar E 'cs‘._YOl' | pnd

Vol. Il were revised according to the Higher Sef Y ~$0p Board

: g > /olup€ | was mea for grade Xi
i hematics in the year 2055, Volu 7 X r g :
curriculum of Mat of 40, fince then it thaergone

and Volume Il was meant for grade Xl , . o
many reprints without any change. The books/v‘er e widely usejnall the +2
colleges as text books. S . ‘ // 1

We received many useful suggestiors regarding the coents, 9"’:"'5

T i At colleges all ovethecountry.
and omissions, etc. from teachers of dlffer_/(‘ c g ' ' i L
Accordingly we have revised the whole ¢ntents of volume |, eome
some chapters, completely re-writtyn many chapters.iWith due
“acknowledgement and thanks/for the syggestions made availalle to us we

have added many examples solved for/irﬁstration; some exercis ave also
been added in almost all the chapters. / g
We have tried to'give this eqiiion of the book a totally ng~v look with a

new outfit in harmony with the changing trend so as to give theAtudents skills
to tackle problems of all types besides imparting them factual mathematical
concepts in clear and simple language. e ‘

We expreés our gratitude to all the teachers ani, the students who
assisted us. by pointing‘,»'out' the shortcomings, omissions, errors and
misprints, etc. in the previous issues. We believe this edifion of the book wil
be more useful to the students and the teachers alike.

We thank Mr. Ananda Krishna Shrestha of Sukupda Pustak Bhawan
for his untiring efforts in organizing many meetings of the authors for the
revision and re-writing works, and for his determination and dedication to
publish the book and bring it to the readers in time. We also thank Mr. Kiran
Shaﬁ)’? for his appreciable workmanship in computer typing, graphics,.ﬁgufe
designing and overall set Uup to bring forth the book in this get up.

Baisakh 30, 206
= The Authors
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Basic knowledge of mathemati_cs expectedffrpmca pg;; ] ﬁ?’:( 1
(Higher Secondary Level, Intermedxat.e or Prf_) icien ¥rom . Iet-ons ; h‘
remains almost the same although minor variations T u lses m’
institutions do occur. As far as the contents and exten ur re

concerned, we can, without any prejudice, claim that they can conpared

with the contents and extent of the courses of- well-known inst ion! evﬁ‘e"
outside the SAARC countries. Teaching materla_ls prgpared acc mgto'ﬂ;
prescribed courses are qualitatiyely in no way inferior to simi| maerials
published elsewhere.

Our books Basic Mathematics Vol. I and Vol. II could and Li seve, at |
least to a certain extent of satisfaction, the teachers and taught in\is rspcct L
for the last one decade. Approval of our books as Text Books%y Fgher f;;
Secondary Education Board is definitely encouragin g to us. ‘ x

oy 8
. e - \/ &

We express our sincere appreciation to HSEB for this. \l/ 5 'j

We, therefore, felt it as our responsibility to revise, rea g¢, rite

and rewrite with some additions and some omissions in orderfo meethe j;.|
requirements of the Higher Secondary Level Students of Neyal. Withphe
publication of Higher Secondary Leve] Edition’ of our ks — Bajc

Mathematics Vol. T and Vo, II, we hope that the teachers land‘taught will\e |
i volumes ¢of our books. S,

September 1, 1994 I
Bhadra 16, 2051




Higher Secondary School Curriculum
(MATHEMATICS : )

Grade : XI
(2066)
Teaching hours : 150 Full Marks : 100
Course Contents
Unit 1 Sets, Real Number System and Logic 10 hrs

Sets: Sets and set operations. Theorems based on set operations.

Real Number System: Real numbers, Field axioms, Order axioms,
Interval, Absolute value, Geometrical representation of the real numbers

Logic: Introduction, Statements, Logical connectives, Truth tables,
Basic laws of logic.

"Unit 2 Relations, Functions and Graphs 10 hrs

Relations: Ordered pairs, Cartesian product, Geometric representation
of cartesian product, Relation, Domain and range of a relation, Inverse of a
relation.

Functions: Definition, Domain and range of a function, Functions -
defined as mapping, Inverse function, Composite function, Special functions
(Identity, Constant, Absolute value, Greatest integer), Algebraic (Linear,
Quardratic and Cubic), Trigonometric, Exponential, Logarithmic functions

and their graphs.

Unit 3 Curvé Sketching 10 hrs

Odd and even functions, Periodicity of a function, Symmetry (about
x-axis, y-axis and origin) of elementary functions, Monotonocity of a
2 2
X< —a 1

function, Sketching graphs of polynomial functions (i ena ‘E+a”

x* x3), Trigonometric, Exponential, Logarithmic functions (simple cases

only)

Unit 4 Trigonometry 12 hrs

Inverse circular functions, Trigonometric equations and g_cﬂe.fal
values, Properties of a triangle (sine law, cosine law, tangent law, prOJC_’C"‘]’"
law, half angle laws), The area of a triangle, Solution of a triangle (simpl€
cases)
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Unit 5 Sequence and Series ) 10 bre
and Mathematical Induction | .
Sequence and Series: Sequence and series (Arithmetic, Geometric,
Harmonic), Properties of arithmetic, geometric anc;V1 harrrll:jor;lIc r\zeqsu'f?:eos%
A.M., G.M. and H.M. Relation among A.M., GM. a M.

infinite geometric series.

Mathematical Induction:
the squares of first n natural nun_mbqrs, Sum o
numbers, Intuition and induction, Principles of mat

Sum of first n natural numbers, Sum of
f cubes of first n natural
hematical induction

Unit 6 Matrices and Determinants 8 hrs

Matrices and operation on matrices (Review), Transpose of: a matrix
and its properties, Minors and cofactors, Adjoint of a matrix, Determinant of a
square matrix, Properties of determinants (without proof) upto 3 x 3, Inverse
matrix.

i0 hrs

Consistency of system of linear equations, Solution of a system of

linear equations by Crammer's rule, Matrix method (Row-equivalent and
Inverse) upto three variables :

Unit 7 System of Linear Equations

Unit 8 Complex Numbers 10 hrs

Definition of a complex number, Imaginary unit Algebra of
complex numbers, Geometric representation of a complex numl;er conjugate
and absolute value (modulus) of complex numbers and their pro rt,ies Square
roots of a complex number, Polar form of a complex numbell-)e Prod,uc(t] and
quotients of two complex numbers, De-Moivre’s theorem and i’ts applicati
in finding the roots of a complex number, Properties of cube roots ol;pu:gz:ymn

Unit 9 Polynomial Equations 10 h
rs

polynomial equations, Fundamental
uadratic equation, Nature of the roots of
N roots and coefficients, Formation of a
ons of roots, one or both roots common.

Unit 10 Coordinate Geometry

Polynomial function and
theorem of algebra (without proof), Q
a quadratic equation, Relation betwee
quadratic equation, Symmetric functi

10 hrs

ation of straight
parallelism and
t to a given line,

Straight Line: Review of vari
. ous fi :
lines, Angle between two straight lines, Cgrrl.dni:igg eoqfu
perpendicularity, Length of perpendicular from a given poi
Bisectors of the angles between two straight lines. pPolIn




Pair of Lines: General equation of second degree in x and y,
Condition for representing a pair of lines, Homogeneous second degree
equation in x and y, Angle between pair of lines, Bisectors of the angles
between pair of lines.

Unit 11 Circle 12 hrs

Equation of a circle in various forms (centre at origin, centre at any
point, general equation of a circle with a given diameter), Condition of
tangency of a line at a point to the circle, Tangent and normal to a circle.

! Unit 12 Limits and Continuity 10 hrs

Limits of a function, Indeterminate forms, Algebraic properties of
limits (without proof), Theorems on limits of algebraic, trigonometric
lim x" —a” lim
x—a x —a > x—0
. . ; N :
xh_!;no _31;1 = > xlf:O L—2 x— : . xh—TO log (1 + x) : tx ) Continuity of a function,
Types of discontinuity, Graphs of discontinuous function.

exponential and logarithmic functions ( sin x,

Unit 13 The Derivatives 10 hrs

Derivative of a function, Derivatives of algebraic, trigonometric,
exponential and logarithmic functions by definition (simple forms), Rules of
differentiations, Derivatives of parametric and implicit functions, Higher order
derivatives

Unit 14 Application of Derivatives 8 hrs

Geometric interpretation of derivative, Monotonocity of a function,
Interval of monotonocity, Extrema of a function, Concavity, Points of
inflection, Derivative as a rate measure

Unit 15 Antiderivatives and Its Applications 10 hrs

Antiderivative, Integration using basic integrals, Integration by
substitution and by parts method, The definite integral, The definite integral
as an area under the given curve, Area between two curves
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2.5 Inverse Image and Inverse Function......... AP« KITE TS I PO 85
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CHAPTER 4
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4.1 Review of Some Trigonometrical Functions and Their 131
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CHAPTER 1

Sets, Real Number System.

and Logic

N

1.1 Sets

In this section, we review the set and set operations. So, we give only

the definition of different types of sets and some relations which we use in | ——
other sections.

a) Set LS

The word “set” is known to carry the same meaning as the words
collection, class and aggregate. We make no attempt to define it. However a
set may be thought of as a well-defined list or collection of material objects
such as books and pens Or conceptual objects such as numbers and points.
Each object of a set is called an element or member of the set.

The collection of the vowels a, e, i, o and u of the English alphabet
constitute a set. Here each of the vowels is an element or member of the set.

b) Notations

Sets are usually denoted by capital letters suchas A, B, C, ...... X, Y,
7 and the elements of the set by the small letters such as a, b,C, ..- X, ¥ Z-

When we talk about a set, we always have to be sure whether an object
«s an element of ” or “is a member of” or “belongs to” the set. The symbol €
(epsilon) is used to denote “belongs to” or “is an element of” or “is the
member of” whereas & is used to “does not belong to™ or “is not the element
of’. The symbol = is used for implies and < for implies and implied by.

Example :

1) If A is the set of first natural numbers, then 1 € AbutOe A.
i) xz=4= x==2.
Specification of a set

. . ly the
A set can be specified or described in several way$ BOL BEY
following two ways are mainly used.
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2 HIGHER SECONDARY LEVEL

i) Tabular form o
In this method, the elements are listed without r;getntxon},l sggarite the
’ : - is method 1s known
i elements by commas an_d ?nclose them in braces { }
i\ as the roster method or listing or tabular form.
Example : A = {a, €, i, 0, u} is an example of a set 1n the tabular form.

Sometimes, a specification of a set by tabular form may be Inconviment

| or even impossible. So, in such a situation, we specify a set by stating the

Rk ii) Set builder’s form
i
]

fies. Thus if A is a set of elements

33 ' property which an element of the set satis
{ 1l satisfying the property P then
_ ‘(I A = {x : x satisfies P}
J_;; ’ H Here x represents an arbitrary element of the set A.

Example : A = {x : x is a vowel}

J.\ Special Kinds of Sets

Some special kinds of sets are defined below:

\' a) Empty set

/1 4

/ . ' - .
b ) A set having no element is called the empty set or null set or void set.
o ' ’; It is denoted by the Greek letter g (phi) or { }.

Example : M = {x : x is a male student i girl’s campus} is an empty
: n a girl’s
. pus} i

b) Finite set

4 A set containing a finite number of elements is known as a finite set

f‘ A = {x : x is a month of a year dB =
i the examples of finite sets. year) an S8 1% 3, 4 5, 6.7, B, 9) are
|

d c) Infinite set |
f A set which is not finite, is known as an infinite set

i Example: A = {x : x is an integer}; B

i = {x : x is a poi ali
b - pPoint on a line
i are the examples of infinite set. e

1.2 Relation between Sets ;

A set may have one or more ele vith another set Also
1 4 1Ll]]en[g > it
L ) S cCoOommon \ i
l>t ) two Ssets ma )’ not hd ve LICIIICIIIS COmmon 1o lhem [])t(:pcndt'"g lll)(.)n l[he,
\‘i‘ 1 S !)OSS“)”I[ICS, we hﬂVC the r()“OW. relati .(,‘ v ’ l(: e
i VAarious mg la tions b'-l\\l’(:ell th sets
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a) Subset
| A set A is said to be a subset of the set B if every element

an element of B. This relation is denoted by A C B. This is
contained in B or B contains A. Here B is also known as the super

we write as B 2 A.
Symbolically, A c B is defined as X € A=

s also an element O
t an element of A, then A 1

of A is also
read as A is
set of A and

x € B.

f set B but there is at least

1 If every element of set Al
s known as the

one element of B which 1s no
proper subset of B.

’ This relation is denoted by A C B.
A = {x : x is a letter in English alphabet}

B = (x: x is a vowel}
Then, B C A.

b) Equal sets

Two sets A and B are said to be equa
the same elements. They are denoted by A = B.

ThusifA(_;BandB_(;A,thenA:B.
dxe B=>xe A, then A = B.

1 or identical or same if they have

Alsoif xe A= XE B an

Example :
a) A = {a, e, i, 0, u)
B={x: x is a vowel}
then A=B
b) IfA={1,2,3}andB={3,2,1}thenA:B

Because in a set, the order of occurrence of the elements is immaterial.

c) Intersecting sets

Two sets A and B are said to be intersecting if they have atleast on€
element in common.
. Ex:ilmple - If A ={s, u,n} and B = {m, o, n} then A and B ar¢
intersecting sets because the element n is common.

d) Disjoint Sets

Two sets A and B are said to be disjoint if they have no eleme
common.

Example : A = {s, u, n} and B = {e, a, r, t, h} are disjoint s€ts be
there is no element common between A and B.

nts in

cause
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e) Power set

The collection or the set of all possible subsets of
power set of S. It is denoted by P(S) or 2>,
{1, 2} then its subsets are 8, {1}, {2}, {1, 2}.

any set S is called the

Example : If S =
So, the power set of S is
25 = (@, {1}, {2}, {1, 2}} .

f) Equivalent sets :

Two sets A and B are said to be equivalent if they have the same number \

of elements. They are denoted by A ~ B.
Example : A = {p, q,r} and B = {a, b, c} are the equivalent sets because
they have same number of elements.

g) Universal set
A fixed set is said to be a universal set if all the sets under discussion are
the subsets of the fixed set. The universal set is denoted by U.

Example : For the sets of people of different countries, the set of people
in the world is the universal set.

Venn Diagram
The diagrammatic representation of sets, set relations and set operations

is known as a venn diagram. It consists of a universal set U represented by a

rectan_glc, sqbsets of U by the closed curves and the elements of the sets by
the points within the closed curve.

Example : If A = {a, b,c} and B = {a, b d
diagram is presented below: P Bk taon & =B, 26 venn-

Tl ; 3 é set wit - X
i 8 operations on sets. The following are the th;f;gtil\()c‘ls g]:‘ two given sets are the
Sets.
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a) Union

The union of two sets A and B is defined as the set of all elements —
which belong to A or B or both. In symbol, we denote it by A U B and read
as ‘A union B’ or ‘A cup B’.

Symbolically, AU B = (x:xe Aorx € B}

Example :

Let A = {sun, earth}
B = {earth, moon}
Then A U B = {sun, earth} U {earth, moon}
= {sun, earth, moon}
The venn diagram of A U B is given below :

AuB

The following relations are very essential to remember that x € AU B
—x€ Aorxe Bbutxg AuUB=x¢& Aand x € B. '

b) Intersection

The intersection of two sets A and B is the set of all elements belonging
to both sets A and B. It is denoted by A m B and is read as ‘A intersection B’

or ‘AcapB’.
Symbolically, AN B ={x:x € A andx € B}
Example :
Let A = {sun, earth}, B = {earth, moon}
Then A mn B = {sun, earth) M {earth, moon} = {earth}
The venn diagram of A N B is given below:

AnB

. . e AnB
The fellowing relations are very essential to remember that x

= x€ Aandxe€ Bbutxe AnB=xg Aorx e B




belonging to B. We denote it by A — B and rea
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¢) Difference

e set of all elements of A but not

The difference of two sets A and B is th ; ¢
d as ‘A difference B'.

Symbolically, A—-B ={x:x€ Aandx & B}
Similarly, B_-A ={x:x€ Bandx & A}
Example :

Let A = {sun, earth}, B = {earth, moon}
Then A —B = {sun, earth} — {earth, moon} = {sun}
and B — A = {earth, moon} — {sun, earth} = {moon}
The venn diagram of A — B and B — A is given below:

d) Complement

The complement of a set A is the set of all elements in the universal set

U that do ’not belong to A. We denote it by 7’: and read as ‘A bar’. The
symbols A” and A€ are also used to denote the complement of A.

Symbolically, A ={x:xeUandxeg A}
={x:x€& A}

Example :

Let U = {x: x is a student of class X1}

A = {x: x is a male student of Class X1}

A =U-A = (x:xis afemale student of class X1I)

The venn diagram of the complement of a set is given below:

o Ty
gEi e

Pl
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In case of a complement of a set, the following relations are to be

remembered.

xeX = X &€ A
and X € A = xX&E A

e) Symmetric difference

The union of the differences A — B and B — A of two sets A and B is
called the symmetric difference of A and B. We denote it by A A B and read as
‘A delta B’.

Symbolically, AAB=(A-B)u (B-A)
={x:x€ A—-Borxe B-A}
Thus, x€ AAB = xe€ Aorxe Bbutx& AN B.
Example :
Let A = {sun, earth}, B = {earth, moon}
Then, A —B = {sun}, B— A = {moon}
AAB =(A-B)u@B-A)

= {sun} v {moon}

= {sun, moon}
The venn diagram of A A B is given below:

AAB=(A-B)uU (B -A)

1.4 Cardinal number of a finite set

The number of distinct elements in a finite set is known as the cardinal

zar\r;ber of the set. The cardinal number of a finite set A is denoted by n(A) or

Two sets A and B are said to have the same cardinality or cardinal

. ) L : e
number if they are equivalent (i.e. there is a one-to-one correspondan®
between them.)

Example :

IfA:{ll,b,C}ﬂndB:{[_2‘3’4’5} [henn(A)___.:;andn(B):S- . | ,,,__,,
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Some important results from venn diagram

(Cardinal number of union of two sets)

Let A and B be two

n(A N B) be the cardinal numbers of the sets
respectively.

non-empty sets. Again let n(A), n(B), n(A u B) and
A, B,AuBand AN B

y
= 1‘ Then,

é\ n(A U B)® n(A) + n(B) — n(A N B)

’ If A and B are disjoint sets then

J R AnNnB=g, so nNAnB)=0 .f
A -. for disjoint sets, n(A U B) = n(A) + n(B) |
11l Also,  n(A —B)=ng(A) =n(A) - n(A N B)
: and, n(B — A) = ng(B) = n(B) — n(A N B)
In the same way, if A, B and C are three sets, then

nNAuUBUC) =nA)+n@B) +n(C)—n(ANnB)—nB N C)

| - nm(CNA)+nANnBMNQOC)
; If A, B and C are disjoint sets, then
\ n(A v B U C) =n(A) + n(B) + n(C)
{
|
|

l Worked Out Examples
T Example 1

LetU=(1,2,3,4,56,7,8 -
C=1{3.4,5}and D = {6,7) - 9% A =1{1,2,3},B = (1, 2, 3,4, 5},

Perform the following indicated operations:

a)AUB by AnC

c)A U B
HA-C e)(A—-C)n C

NDAAD
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Solution : ' —
a AUB=1{l1,2,3}uU{l 23,4,5) ‘
= {1, 2, 3,4,5}
b) ANC={1,2,3}n{3,4,5}={(3)
| ¢ AuUB=U-(AUB)
=1{1,2,3,4,5,6,7,8,9} - {1, 2, 3, 4,5}
=1{6,7, 8,9}
d A-C={1,2,3}-({3,4,5} ={1, 2}
e) (A-O)NnC={1,2}n{3,4,5} =90
) A-D={1,2,3}-(6,7} ={1, 2, 3}
D-A={6,7}-{1,2,3}={6,7)
AAD=A-D)u(D-A)
={1,2,3} v {6,7}
=1{1,2,3,6,7}
Example 2
Given U = {1, 2, 3, suc:omosnnne , 15}, A={x:x=28},B={x:x<4}
and C={x : 4 < x < 12}, Find A n C,Bu C, (Au C) — B and

(A v B)—(AnNB).

Solution :
U= {1, 21 37 49
A={x:x=28)={8,9,10, ..., 15}

B={x:x<4}={1,2,3,4)
C={x:4<x<12}={5,6,7,...,11}
Then,
ANC =(8,9,10,..15}"{5,6,7,..., 11}
={8,9, 10, 11)
BUC ={1,2,3,4}U{5,6,7, ..., 11}
={1,2,3,4,5,6,...,10, 11}
AUC ={8,910, ..151U(5,6,7, ..., 11}
={5,6,7,8,9, ..., 14, 15} |
(AUuC)-B={56,7,8,9, ... 15} — {1, 2, 3, 4) ==
=1{5,6,7,8,9, ..., 14, 15)
AUB, ={8,9,10,...,15} U (1, 2, 3, 4) -

=1{1,2,3,4,

8,9 10, ..., 15}
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il A~B =(8.9, 10, ..., 15} N {1,234}
Rt =9
SR (AUB)—(ANB)={1,2,3,4,89,10,.... 15} =@
v =1{1,2,3,4,8,9 10, ..., 15}

Example 3
Make a list of subsets of {1, 2, 3}

Solution :
- A 1 The required subsets of the given set are
| o, (1), (2). {3}, (1,2}, {2, 3}. {1, 3} and {1,2,3}.
Example 4

LetU={1,2,3,4,56,7.8,9},A={(1,2},B= {1,2,3, 4,5} and
C = {2, 3, 4, 5}. Verify the following relations

a) AuBNO=(AUBnAUO)
) AUB=ANB
<) A-BuO=A-B)-C
Solution :
a) BNC =1{1,2,3,4,5})n {2, 3, 4,5}
={2,3,4,5}
Now, Au(BNC) ={1,2}uU {2, 3,4,5)
={1,2,3, 4,5}

Again, AUB ={1,2} U {l,2,3,4,5)
={1, 2,3, 4, 5}
and AvC ={1,2}uU({2,3,4,5)

(| ={1,2,3,4,5)
Now, (A U B) N (A U C)

| ={1,2.3,4,5) n {1, 2, 3, 4, 5)
i ={1,2,3, 4,5}

it chccAU(BhC)=(AuB)ﬁ(AuC)

b) AuwB=({(1,23,45)

AU B

=U-(AuB)

={l.,2,3;4, ___9‘__{1'2‘3‘4‘5)
={6,7, 8, 9)
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A=U-A =(3,4,5.67,8,9)
B=U-B ={6,78,9)
Now, A n B ={3,4,5,6,7,8,9} " {6, 7, 8, 9)
= (6.7, 8, 9}

Hence A U B = A mg

©) BUC=1{1,2,3,4,5} U {2,3,4,5} ={1, 2, 3,4,5)
Now, A-(BUC) ={1,2}-1{1,2,3,4,5}=¢
Again A-B ={1,2}-(1,2,3,4,5}=¢

Hence A-(BuUC)=(A—-B)-C

Example 5

In a certain village of Nepal, all people speak Nepali or Tharu or both
languages. If 90% of the people speak Nepali and 20% Tharu language, how
many speak (a) both languages b) Nepali languages only ¢) Tharu language
only.

Solution :
Let total no. of people in the village n(N U T) = 100
Then no. of people speaking Nepali language = n(N) =90
and the no. of people speaking Tharu language = n(T) =20
No. of people speaking with languages n(IN N T) = ?
a) nNUT) =nN)+n(T)—n(NNT)
100 =90+20-n(NNT)
n(NNT)=110-100= 10
. 10% of the people speak both languages
b)  no(N) = no. of people speaking Nepali language only
=n(N)-n(NNT)
=90-10= 80
80% of the people speak Nepali language only.
©  ng(T) =no. of people speaking Tharu language only
=n(N)-n(NT)
=20-10= 10
- 10%

of the people speak Thary language only.
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Example 6

If n(U) = 360, n(A) = 240, n(B) = 160, find
n(A U B) and the minimum value of n(A M B).
n(A M B) be maximum and find its value.

the maximum value of
When will the value of

Solution :
n(A U B) = n(A) +n(B) — n(A N B)
= 240 + 160 — n(A M B)
=400 — n(A N B)
Since n(A N B) =0, so n(A v B) < 400
But n(U) = 360, so n(A U B) # 360
~. the maximum value of n(A w B) = 360.
When n(A U B) is maximum, n(A M B) will be minimum.
~. min. value of n(A M B)
= n(A) + n(B) — Max. value of n(A U B)
= 240 — 160 — 360 = 40
Again, n(A N B) will be maximum when B  A.
~. the max. value of n(A " B) =n(B) = 160

Example 7

In a group of students 18 read Biology, 19 read Chemistry and 16

. 2 p > read
Physics. Six read Biology only, 9 read Chemistry only, 5 read Biology and
Chemistry only and 2 read Chemistry and Physics only.

a) How many read all three subjects?

b) How many read Biology and Physics only?
c) How many read Physics only?

d How many students are there all together?

Solution :
No. of students reading Biology n(B) =18 n(C) = 19

,;,:1 ’ =n(B) =18

) No. of students reading Chemistry A
| =@ =19 '
e No. ofﬁgiﬁdents reading Physics A
| _ 1m; nP) = 16 v

No. of students:rgading Biolog
e

No. of students reading Chemistry orilly = n'I(C) o5
=Ny =



b)

<)

d)

Sets, Real Number System and Logic

No. of students reading Biology and Ch
No. of students reading Chemistry and Physics only
No. of students reading all three subjects
=n(BNCNP)
= n(C) — ng(C) — ng(B N C) —no(C M P)
=19-9-5-2=3
No. of students reading Biology and Physics only

=ne(B M P)
=n(B) —ng(B)—ng(BNC)—n(BNCNP)
=18-6-5-3
=4
No. of students reading Physics only
= ng(P)
=nP) —ng(C N P)—ng(BNCMNP)—no(BN P)
=16-2-3-4
=7

Total no. of students
=6+5+9+2+3+4+7
=36

j EXERCISE 1.1

1.

emistry only = ng(B ™ )=
—ng(CP)=2

IfUu=1{1,2,3,4,...,9 10}, A= {1,2,3,4},B={3,5,7, 8 and

C={1, 2,7, 8}, find

a)AuB b)AnC c)(A-B)nC

DA U C e) Bu C HAUVUB)-C
LetU= {a, b, C, d, RS ioj’ k}a A = {b" C’ d" e}’B = {d9 es f: ga hy i},

C={a,e, 1,0,u}, D= {b, d, ], k}

Perform the following indicated operations

a) AUB by AnC cC)A-B
d) A-C e)(A-C)NC ) AAD

g) (A U B)-C AN B DA _B

5
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Given the sets,
U = {x : x is.a positive integer less than 12}, A = {3, 5, 7, 9}.
B={l1,2, 3,8,9},C={1,4,7, 10}, find

(AUB), (A-B)uC_C, (A-C)nB.

b) Given U = {x : x is a natural number upto 20}, A={x:x=6),
B={x:x<8} andC={x:lO<x<15},findBuC,AhB,

A—-—Cand A U B.

4. a MA={x:x=2n+1,n<5neN}jandB={x:x=3n—-2,n<
4, n¢e N},fmdAuB,Ar‘\BandB-—A.

b) If A is the set of all multiples of 3 less than 20, B is the set of
multiples of 6 less or equal to 30 and U is the set of all natural
numbers, find A N B and A — B.

<) IfU:{x:—le—2S7),A={x:xisaprimcnumber}and
B = {x : x is an odd number}, find
1) the set of elements which are either prime or odd.
ii)  the set of elements which are prime as well as odd
iii) the set of elements which are prime but not odd

" ;, 5. Let U - {a, by cs d’ e, f’ g’ h}’ A = {a! b’ c’ d}’ B = {C, d! e’ f} and
- C={d,e,f, g, h}. Verify the following relations

a) AuBNO=AuUBNAUO
il b) AnNBUO=ANBYIUMLNO

! ©) AuB:X(’\_B—
d A-BuO=A-B)NnA-0

==

] | 6. a Ifn(U)=100,n(A) =75, n(B) =40, n(A U B) = 80, find
E n(A m B)v n(A - B)’ n(A () B).
b) If n(A) =37, n(B) =50, and A C B, find n(A U B), n(A N B)

PigR 7. 32 students play basketball and 25 stu

] that 13 students play both games. Findems play volley ball. It is found

atleast one game. d the number of students playing
8 In a certain village of Ne
pal, all people speak Nepali :
If 60% of the people speak Nepali and gg% s ez:hl\?r Ne'wan sl
speak both languages? P €wari, how many

9. Of a group of 120 students, 90

tak -
If 10 students take neither of the ‘V‘?Oh?ng&c::zgjiﬁfdb?ﬁfkc Statistics.
* € both?



10.

11.

12.

13.

6.
Ta
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{ coffee, 38 drink tea and 15

In a group of 65 persons, 20 drink tea but no
take neither of the two. Find
a) how many drink tea and coffee both.
b) how many drink coffee but not tea.
In an examination, 27% of the students failed in MathemgtiCS and 31%
failed in Statistics. If 6% of the students failed in both subjects, find the
percentage of the students
a) failed in examination.
b) passed in both subjects?
In a group of students, 12 read Mathematics, 15 read -Statistics, 11 read
Physics, 4 read mathematics only, 7 read Statistics ()_nl?'. 3 read
Statistics and Physics only and 1 read mathematics and Statistics only.
a) How many read all three subjects?
b) How many read Mathematics and Physics only? |
©) How many read Physics only?
d How many students are there all together?
A survey of 500 television viewers produced the following information:
285 watch football, 195 watch hockey, 115 watch basketball, 45 watch
football and basketball, 70 watch football and hockey, 50 watch hockey
and basket ball. 50 do not watch any of the three games. How many
watch all three games? How many watch exactly one of the three games?
Answers
) {1,2,3,4,5,7, 8) b) (1,2} ©){1,2} d){5,6,9, 10}
e){1,2,3,4,5,6,9,10} f){3,4,5)
a) {b,c,d,e, f, g, h,i} b) {e} c){b,c} d){b,c,d} e)o

N {c.e.jk) g {bcdfig.h} h{bc)
1) {a,d, e, f, g h,i,j k}

a) {4, 6, 10,11}, {1, 4, 5,7, 10}, (3, 9}

b) {1,2,3,4, ..8,11, 12, 13, 14}, {6, 7, 8)

{6,7.8,9,10, 15, 16, 17, 18, 19, 20}, ¢
a) {1,3,4,5,7,9, 10, 11}, {7}, {1, 4, 10}

b) {6, 12, 18}, {3, 9, 15)

©1){1,2,3,5,7,9} ii) {3, 5, 7} iii) {2}

a) 35, 40, 20 b) 50, 37

44 8.10% 9. 52 10.a) 18 b) 12
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1.5 Laws of Algebra of Sets

Combinations of various relations and operations defined on sets give
rise to a number of interesting and useful result
fundamental that they are considered as the basic
discuss them under the following four categories.

Properties of Inclusion and Equality Relations

Theorem 1
Let A, B and C be subsets of a universal set U. Then

i) AcCcB,BgcC=AcC
ii) A=B=B=A
iii) A=B,B=C=A=C
iv) Aco—=A=g

Proof:

Let x be an element of A.
Then, x € A = Xx€B .. AcB)
o = xe€ C C..BccO
A cC

7~ A=B = AcBandBCA

= BcAand ACB
= B=A
Let x be an element of A
Then x € A = x€ B . A=B)
= x€ C .. B=0C)
. AcC
Again let y be an element of C.
Then,ye C_ = ye B ('.'C=B)‘
= yeA (. B=A)
Cca '
Since Ac Cand C c A, so, A =C,
Since gCA
By given ACﬂ..
A=gp

s. Some of them are so
laws of set algebra. We
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b) Properties of Unions =

Theorem 2
Let A, B and C be the subsets of a universal set U. Then
1) AUA=A
i) Aug=o
iii) AuU=U
iv) AUB=g=>A=¢gandB=¢
v AUB=BUA
vi) (AuUB)UC=AUBUO

Proof:
i) AUA ={x:x€ Aorx € A}
={x:x€ A}=A
i) Aug ={x:x€ Aorxec g}
={x:x€ A}=A
1) AuU ={x:x€ Aorxe U}
={x:xe U} (. AcU
=U
iv) Since, ACAuUB
= ACeg CoAUB=¢g)
But g A
A=g
Againsince, BC AUB
= BCog
But < B
A B=g

v) AUB={x:xe€ Aorxe B)
={x:xe Borxe A}
=BUA

vi) (AUB)UC={x:x€ AUuBorxe C}
={x:(xe€e Aorxe€ B)orx e C) (=
={x:x€ Aor(xe Borx e Q)} .
={x:Xx€ Aorx € BUC} | co—
=AU (BUCQC)
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c) Properties of Intersections

Theorem 3
Let A, B and C be the subsets of a universal set U. Then,
) ANA=A
1) AnNg=¢
i) ANU=A
iv) AnB=BnNnA
V) (ANB)NC=AnNnBNO)

!

i) AnNA ={x:x€ Aand x e A}
={x:x€ A}=A

i) AnNg ={x:x€ Aand x € ¢}
={x:x€9g}l=9¢0

i) AU ={x:x€ Aand x € U}
={x:x€ A} (. AcU)
=A

iv) AnB ={x:xeAandxei3}
={x:x€ Bandxe A}
=BMNA ‘

v) (ANB)NC={x:x€ AnBandx € C)
={x:(xeAandxeB)andxeC}
={x:xeAand(xeBandxeC)}

={x:xe€ AandxeBﬁC}
=ANBNQO

d) Miscellaneous Properties l
Let A, B and C be the subsets of a universal set U. Then
) S AVBNO=(AUB)N(AUC) ’
ii) Am(BuC):(AmB)u(AmC)

. i) AUA-=U
i) ANA=g

A=A



HI.

V.

Proofs:
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De-Morgan’s Law

i) AuUB=ANB

i) AnNnB=AuUuUB

i) A-BNC)=(A-B)u(A-0)

i) A—-BuUuOC=A-B)NnA-0)
iii) ANMB-O=ANnB)-(ANOC)

Li) AuBnNnOC)={x:xe Aorxe BN C}

={x:x€ Aor(x€ Band x € C)}
={x:(x€e Aorxe B)and (x e Aorx e C)}
={x:x€ AuBandxe AuC}
=(AuB) AU

i) ANnBulO={x:x€ Aandxe Bu C}

={x:x€ Aand (x€ Borx € )}

={x:(x€ Aandxe€ B)or(x€ A and x € C)}
={x:xe AnBorxe An C}
=(ANB)UANO

H.i)AuI ={x:x€AorxeX}

={x:xe U}=0

ii) ANA ={x:xcAandxe A}

iii)

={x:x€ Aandx & A}
={x:x € g}
A ={x:x65:}

={x:x€ A}=A

m.i) AU B ={x:xg AuUB)

={x:x¢ Aand x g B}

{x:xe A and x € E}

Il

= A r\_l;

19
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i) ANB ={x:x& An B}
|
1 ={x:x& Aorx & B}

‘i ={x:x€ Aorx€ B}
‘(

I\\ =AU B
L1 IV-i)A——(BmC):{x:xeAanderB('\C} i
: ‘ ={x:xeAand(x€Borx€EC)}
={x:(xe Aandx &€ B)or (x € Aand x g€ OC)}
={x:x€e A—Borxe A-C} _
=(A-B)uA-0) »
i) A-BuO={x:xe Aandx& BuUC}
={x:x€ Aand (x ¢ Band x g C)}
={x:(x€ Aandx ¢ B)and(x€ Aandx g C)}
={x:x€ A—-Bandxe A -C}
=(A-B)YNnA-C) -
iii) ANB-OC)={x:x € Aandxe€ B-C} . 4
={x:x€ Aand (x € B and x g C)}) |
={x:(x€ Aandx € B)and (x € A and x g C)}
={x:x€e AnBandxeg ANC}
=(ANB)-(ANOC)

We now summarize the above properties as the “Laws of Algebra of
sets”. The laws of algebra of sets are presented in the following form.

Let A, B and C be the subsets of a universal set U.
1. Inclusion Laws

i) AcCA

i) ACB,BCA=A=B

i) ACB,BcCcC= AcC

iv) @C A
2. Identity Laws

i) Aug=A

i) AnNnp=¢

i) AuU=U
V) ANnU=A
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3. Idempotent Laws
i) AUA=A
i) ANnA=A
4. Commutative Laws
i) AuB=BUA
ii) AnB=BMNA
5. Associative Laws
1) AuBulO=AuByuwucC
i) Am@BNMO=ANBNC
6. Distributive Laws
i) AuBnNO=AuUBNAUO
1) ANnBulO=(AnmnBuAanO
7. Complement Laws

Hh U=g¢
i) o =U
iy A=A
ivi AUA=U

v) AN X =0
8. De-Morgan’s Laws

1) AuUuB=

>| >
p)

C
w| w]

ii) ANnB=
9. Difference Laws
i) A-BuO=A-B)Nn(A-0
i) A-BNO=(A-B)U((A-0)

Worked Out Examples

Example 1
Prove that A "B c A.

Solution :

Let x be an element of A — B.

21
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Then,xe€ AN B —» xe Aandxe B
= X€E A

ANnBCA

Example 2

Prove that A —-B-Cc B

Solution :

Let x be an element of A — B
Then,x € A—B —xe Aandxe B

= X & Xandxe B

= x€ B

~A—-BCB
-Example 3

ProvethatA-—B:AmE
Solution :
A-B={x:x€ Aand x ¢ B}
={x:x€ Aandxeg}
=AN B
Example 4

If AN B =g, prove thath:.
Solution :
Let x be an element of B. Then
x€eB = x€A (. ANB=g)
= xe A
Bc A
Example 5
Provethal:AAB=(AuB)_(AﬁB)




1.

W

P

Solution :

By the deﬁnitionAAB=(A—B)U(B—y)

So,AAB={x:x€ A—-Borxe B-A] '.
={x:(x€ Aandx ¢ B)or(x € Band x€ A)}
={x:(x€ Aorxe B)and (x & Aorx & B)}
={x:x€ AUBand x ¢ A N B}
=(AuB)-(ANB)

| EXERCISE 1.2

Prove that
a)AnNnBcB b)A-BcCc A c) A—-BCAUB

If A m B =g, prove that
a)Ac B b)BAN A =B )AUB=B
If A C B, prove that

t}yfc;x b)AUB=B )ANB=A
Prove that

) B-A=Bn A

— o —
b A-B=ANnB ©)A-B=B- A

d A-(A-B)=AnB “€©A-B)nB=g
b

If A, B and C are the subsets of a fxﬁiversal set U, prove that
a) AuUBNO=AUBNAUOC

B AnBUO=ANBUMNO

If A, B and C are the subsets of a universal set U, prove that
a) (AuBY=A"nB’

b (ANBY =A"U B’ .

9 A-BuUuCO)=A-B)Nn(A-C)=(A-B)-C

G B-BNC)=(A-B)U(A-0)
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1.6 Real Number System

Number is one of the basic concepts of mathematics. Its origin goes
back to ancient times. Primitive man got this idea through the _P"OCC?; of
matching (pairing a set of pebbles with the flock of sheep by laying asi 3 a
pebble for each sheep) and considering the order of occurrence. In other words,
the set of numbers discovered or invented by human beings in the early days
of civilization are the counting number. Now, in _thls section some
acquintances with the concept of number and its extension to the system of
real numbers and their properties are presented.

Natural Numbers
The simplest and the most familiar unending chain of consecutive
numbers 1, 2, 3, ...... , 10, 11, 12, ...... 101, 102, 103, ...... are known as

the natural numbers. The natural numbers are also known as the counting
numbers. The set of natural numbers are denoted by N.

~ N=1{1,2,3,4,...,10,11, 12, ..., 101, 102, 103, ...}

Since the sum and the product of two natural numbers are again natural
numbers, so natural numbers are said to be closed under.the operation of
addition and mutliplication. ' .

For example: 2,3 € N

Then,2+3=5€ Nand23 =6 € N.

But the difference of two natural numbers ma

two Y or may not be a natural
number. So, a new number i.e. integers are developed. '

Integers

The set of natural numbers together with
are known as the set of integers. 1, 2, 3, 4, .
integers and -1, -2, -3, 4,
denoted by Z or L.

their negatives including zero
» --. are also known as the positive
...... the negative integers. The set of integers are

S Z={.,-3,-2,-1,0,1,2,3,4, ...)

The sum, difference and the .
. 2 kb product of two Integers are 2oi
a
So integers are said to be closed under the operation of additi gain integers.
and multiplication. 1uon, subtraction

For example: 2,3 € Z

2+3=5€2Z,2x3=6¢ Zand2-3=_1¢e Z
But the quotient of two intege

- p 'S may or m i
Ne€W number i.e. rational numbers are 4 ay not be an integer. So, a

devcloped,
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Rational Number

A number in the form of g where p and q are integers and q # O is known

as a rational number.
The set of rational numbers are denoted by Q.

S Q={x: ng,pandqareintegersandq;éO}
A rational number can also be expressed as a terminating decimal or a

repeating decimals.

For example: 3, -2, —% . % , 0.25, 0.666... etc are the rational numbers.

The sum, difference, product and the quotient of two rational numbers

are again rational numbers. So, rational numbers are closed under the
operation of addition, subtraction, multiplication and division.

But extraction of root of a rational number may not be a rational
number. So, again a new number known as an irrational number is developed.

Irrational Numbers

Numbers which are not rational are known as irrational. That is, a
number which cannot be expressed in the form of 2 where P and q are integers
and q # 0, is known as an irrational number. The set of irrational number is

denoted by Q (the complement of Q).
Irrational numbers also have the non-terminating and non-repeating -

3
decimals. ‘[2_, \/Z, 7, e are the examples of irrational numbers.

Real Numbers

The union of the set of rational and irrational numbers is known as the
set of real numbers. So, by the set of real numbers, we have the set of natural

pumﬁers, the set of integers, the set of rational numbers and the set of
1rrational numbers.

The set of real numbers are denoted by R. Thus the set of rational and

) ' as
irrational numbers taken together, form a new system of numbers L
the real number system.

A diagram showing the family of real numbers is presented below :

-




1.7 Field Axioms

( . ) known as the operations of addition and multiplication, satisfy the
following properties or axioms.

Addition Axiom

as the closure property. Thus, ifa, b€ Rthena + b € R.

HIGHER SECONDARY LEVEL BASIC MATHEMATICS : GRADE X1 1

Real Numbers

r ‘ l

Rational Numbers Irrational Numbers |

] \
Integers Fractions ‘ |

!
' !

Positive Integers Zero
(Natural numbers)

The family members of the real numbers have the following set relation.
NczZcQcR

Negative Integers ‘

Let R, the set of real numbers (ogether with two binary operations + and f
|

i) Closure property:
The sum of two real numbers is a real number. This property is known

ii) Commutative property:

The sum of two real numbers is the same in whatever order they are

iii) Associative property:

added. That is, ifa, b€ Rthena+b=b +a ‘
|
f
|

The sum of any two of the three real numbers with the third will be the

same. That is, if a, b, c € R then

a+(b+c)=(@+b)+c

iv) Additive identity

For every a € R, there is a real number 0O such that
a+0=0+a=a

Here 0 is known as the additive identity.

v) Additive inverse:

For every a € R, there exists —g € R such that
a+(-a)=(—-a)+a=0

Here —a is known as the additive inverse of a
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Multiplicative Axioms - == .

i) Closure property:

The product of two real numbers is a real number. That is if a, be R
then a.b € R.

ii) Commutative property:

The product of two real numbers is the same whatever in order they are
multiplied. That is

a,be R,thena.b=b.a

iii) Associative property:
The product of any two of the three real numbers multiplied by a third is
the same. That is if a, b, c € R, then

a(bc) = (ab)c
iv) Multiplicative identity
For every a € R, there exists 1 € R such that
la=a.l=a
Here 1 is known as the multiplicative identity.

v) Multiplicative inverse
For every a € R (a # 0), there exists a! € R such that
aal’=ala=1

Here a! is known as the multiplicative inverse of a.
p

vi) Distributive property
For the real numbers a, b, ¢ the product of a and b + ¢ is same as the
sum of the products ab and ac.
-That is, if a, b, c € R, then ——
a(b+c)=ab +ac =

_Tl'.le set R, together with two binary operatidns called addition (+) and
multiplication (.) and satisfying the above axioms (called field axiom)
constitute the field.

1.8 Order Axioms

Besides the field axioms, the real numbers satify the following order

axioms also.

. B . ] ct of
A real number a is positive if a > 0 and negative if a < 0. The p;o?)uthen

t‘ZO P85itiv<; numbers is positive. That is, if a, b€ R,a >0
ab > 0. -~ A i
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The axiom of trichotomy (Trichotomy property)
If @ and b are two real numbers then one and only one of the following

relations holds
a<b,a=b,a>b

The axiom of transitivity (Transitivity property)
If a, b and c are three real numbers such that a > b and b >
ie.Ifa,b,ce R,thena>b,b>c=>a>c
Also,a<band b<c=a<c
The axiom of addition (Addition property)
Let a, b and c be three real numbers.
Ifa>bthena+c>b+c
Alsoifa<bthena+c<b+c¢
The axiom of multiplication (Multiplicative property)
Let a, b and ¢ be three real numbers.
If a > b then ac > bc when ¢ >0
If @ > b then ac < bc when ¢ <0

c then a > c.

Againifa>bthen%>%whcnc>0

and ifa>bthen%<%wh'enc <0

Similarly if a < b then ac < bc if c >0
andifa<bthenac >bcifc <0

The axiom of density

If a and b are two real numbers such that a < b .
, then th
number ¢ such that ere exists a real

a<c<b. |

1.9 Representation of a number in a real line

it a) Representation of a rational number in a real line

AN The set of real numbers can be beauti
. ] autifull
points on a straight line which is called a real “)‘";eprcsemed by means of the

We first see how a number line or a real line can be

We begin with a straight line and fix : s
generally taken parallel to the base— o
pOl!.ll.O is called the origin. The di
Positive and that to the left is taken

1 point O, say, on it. The h i
i ay, it. e line is
rectig:x: ctof ahCOpy (i.e., horizontal). The
e o l_ € right of O is taken to be
tegative. A point P in the positive
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direction is then fixed. The distance of P from O or length OP is chosen as a

unit length. - —
-3 -2 -1 0 1 2 3 —

L I L
i } ¥ ¥ ¥

L M N o P Q R

<+
Y

i 1
J T

Points are laid off at equal intervals of length OP on either side of O.

We then assign the numbers 1, 2, 3, ... respectively to the points P, Q,
R,... on the positive side and the numbers -1, -2, -3, ... to the points N,
M, L, ... on the left side of O. In this way, we have set up a one—to—one
correspondence between the set.of numbers (i.e., integers or positive and
negative whole numbers including the number zero) and the set of points so
far laid off on the number line. We may further divide and subdivide each
segment by introducing more and more points.

Such points can be used to represent numbers such as
3 5 2.3, 3 1 1 51k:-3
ewe=y 1’ 21 1, 21 s 41_2,_47 14'294,

called rational numbers (i.e., ratio—numbers) or fractions.

3 2 35
1’2’ 2’

b) Representation of an irrational number in a real line
An irrational number can be represented by a point on the real line. For

example, V2 is an irrational number. We represent this irrational number in a
real line. ’

To present a point corresponding to V2 on a real line, we construct a
square OABC of unit length. Join OB. Then

OB =VOA2 + AB2

=V1+1=1V2

Now, we construct a circle with O as centre and OB as radius cutting the

real line at D and E. Then OD = OB = V2. Hence D and E represent V2 and =
=N 2 on the real line.

C B
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¢) Inequality

Suppose a and b are two real numbers. The number a 1S said to be ‘
greater than b if a — b is positive and we write it symbolically as a > b. Again
the number a is said to be less than the number b, if b — a is positive. In
symbols, we write it as

a<b. 6 s

We may sometimes write it as b > a also. Here, the symbol * > stands

for °is greater than’.

‘In case b — a = 0, we say a and b are equal. We write this as b =a.
An important property of the set of real numbers is

“If a and b are two given numbers, then one and only one of the
Jollowing order relations ~

a<b, a=b a>b
holds good. ™

This property is known as the order property of real numbers. Each of
the two relations a < b and a > b is known as an inequality.

If a is less than or equal to b, we write it as a < b, and if a is greater
than or equal to b, we write it as a = b.

Symbol Meahing

< Less than

> Greater than

< Less than or equal to

> Greater than or equal to

In a number line, a number representing a point on the left side is said
to be less than the number representing a point on the right. We may also say

that a number representing a point on the right side is gr
: : eater th
representing a point on the left. -1 an the number

~d) Dense set

f}nothcr important property of the set of real numbers is
Bertween any two given real numbers, there exists a real number.”

This property of real number is described %
“ The set of real numbers is dense.” by saying that

e) Interval

Let a and b be two numbers ;
: on the real line. .
thc:i real line between a and b is known as an inlervealjr;l?,: dd;e Setkof points on
‘:r'“ayl:looltn_ls ?fdthf:hlmcrt‘i’al' An interval is denoted by I Anail‘:te::,(:ivr:nzsytr(l)e
include the end points. S i r
of intervals 0. We get the following four different types
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i) Open-interval:

interval. It is denoted by (a, b).
Symbolically, (a, b) = {x :a <x < b}
The graph of the above open interval (a, b) is shown below:
a<x<b

S {?’z/{y
4»/.4;/, & 4;% L
v Al v ~ g

a | b

Do

ii) Closed interval:

interval. It is denoted by [a, b]
Symbolically, [a, ] = {x : a < x < b}
The graph of the closed interval [a, b] is shown below :
as<xs<b

G

iii) Left open interval:

b is known as a left open interval. It is denoted by (a, b].
Symbolically, (a, b] = {x:a<x<b}

The graph of the left open interval is shown below:
a<x=<b

G
a b

iv) Right open interval:
b is known as the right open interval. It is denoted by [a, b).

Symbolically, [a, b) = {x:a < x < b}
The graph of the right open interval [a, b) is shown below:

An interval not containing the end points a and b is known as

31

an open

An interval containing both the end’points a and b is known as a closed

An interval not containing the end point a and containing the end point

An interval containing the end point a and not containing the end point
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1.10 Absolute Value

Let x denote any real number. The absolute value (or modulus or
numerical value) of x, written as | x |, is a non-negative real number defined
by ' |

X ifx =0 ‘
lxl= & ifx<O a1
Clearly, | x | = 0. Geometrically speaking, the absolute value of x is the |
distance of the point x on the real line from the origin. 1.¢., the point O.
Moreover, the distance between any two points a and b on the real line is
la—bl=|b—al
Examples:
|-31=—~«(3)=3, 13]=3,10|=0,It|=".
Some simple properties of absolute values are discussed below:
1. Let x be any real number. Then

i) |x]|=0

ii) |x|=Zzxand|x|=—x

i) —|x|<x=<|x|
Proofs.

Letxe R

i) Ifx=0, then |x]|=0
Ifx>0, |x]=x>0
Ifx<0, |x|]=—x>0
~. forallxe R,|x|=0

il) Ifx=0, then x = —x

and |x|=x
|x|2—x

" Again if x < 0, then —x > x

But |x|=—x |
lx|=2x

iii) |x|Z2x=x<|x|

Again, |x|2—x=>x2_|x|
Combining the two results |
- | X I Sx<|x |
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2./For any two real numbers x and y,
a) Jx+yl<ix|+yl (Triangle Inequality)

b Ix—-yl=lxI—-Iyl
Proofs:
a) Ix+yl<lx|+lyl (Triangle Inequaliiy)

First Proof:
Let x+y= 0. Then

Ix+yl=x+y<|x|+lyl, (. x<|x|land y<|yl)
Let x+y < 0. Then
Ix+yl=-G+=Cx)+=<Ix|Hyl
. —x<|xland —y=|yl)

This completes the proof.
Second Proof:
For all x,y € R
=fx|2xs)x] - | ame )]
and —|yl<y<|yl .o (i)
Adding (i) and (i)
~(x|+]lyhD=sx+y=<|x|+]|y]|
= fx+y|<|x|+]¥]|
Third Proof:
|x+y 2= +y)?
= x2 + 2xy + y?
=|xP+2xy+]|y P
<|xP+2|x||lyl+|yP C. lx|zxand]|y|2¥)
=(x|+1yD?
Slx+yls|x|+]y]
b) Letx—y=z Then,x=y + z and

Ixl=ly+zl=lyl+Hzl=Ilyl+k-)l
Hence, by transposition, we get
lx=ylzlx|—1yl
3. For any two real numbers x and y,
a) lxyl=1xllyl

\}\ I'%/y 1= 1x|/Iyl.y #0
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Prbofs:
a) For x,ye R
| xy > = (xy)?
= x2y2
=|xP|yP
fxyl =1xliy]|
b) Forx,ye R,y=0)

e e

e e

| ¥ |2
) |x_| 1x1
I ly |

Al 4. ; If x € R and a be any positive real number then | x | <a= —a<x<a
{?‘ '" and conversely.

\
S

Km ,f)Prooﬁ

‘ > Forallxe R,|x|=x

Given, | x| <a

31 L xZ|x|<a

b Again forall xe R, | x| = —x
“ Given |x|<a

i.“ | s —x<|x|<a
i'l = -x<a

| . ,
il = x<a ¢)) I
|

i

il || = Xx>-a  ...... (i1)

i Combining (i) and (ii)

{ —a<x<a
f

Firstly, x < a
If x =0, then | x|=x

|x|=x<a ... (i) |
Again, —a < x |

i

Conversely i.e. If —a < x < g, then |x|<a %
1

1
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= X >-a

= -x<a
But for x <0, | x| =—x
|x|=—=x<a ...... (ii)
For all x € R, (From (i) and (ii))
|x|<a
Note : Forxe R,a>0

|x|<a=> -a<x<a

and conversely.

Worked Out Examples

Example 1

Evaluate:

a |2-75] b) 1-31-1-51
Solution:
a) |2—-5|=|—-3|=3
b) |-3|-|-5I=3-5=-2.
Example 2

Let x = 3, y = —4. Verify each of the following :

a) |x+y|s|x|[+]|y] b) |x-y|=2|x]|-|y]
Solution :
a) |x+y|=|3-4]|=|-1]=1

ad |x|+|y|=]|3|+|4]|=3+4=7
Hence | x+y|<|x|+|y]

b) lx-y|=]|3+4|=7
and |x|-|y|=]3|-|4]|=3-4=-1
Hence | x -y |>|x|-]y]|

Hence the results are verified.
Example 3
; Rewrite —1 < x —3 < 5 in the form:

aA)a<x<bh b) [a, b] c)|x—al=c-
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Solutions:

A a) 1<x—-3%<5
Adding 3 to each term, we get

1+3<x—-—3+3<5+3
or, 4<x=<38,

¥ b) Sincea<x<b= xe€ [a,b],

ef i 1<x-3<5

k = 4<x <8

= x€ [4, 8],

c) Since ~-c<x— a<c=|x—al=Zc;
1<x-3<5
= 1-3<x—-3-3<5-3
= —-2=<x—-6<2
= |x—6|<2.

|
% h Example 4
|

-tk i Let A = [-3, 2) and B = (-2, 3). Perform the indicated operations:
iR Q/g AUB » AnB o A-B
feftil '
« ]‘p i Solutions:
,zgm Q) AUB =[-3,2)U(-23)
. \;.";!‘ " ={x:-3=sx<2}Ju{x:-2<x < 3}
‘7‘3 (" ={x:-3<x<3}=[-3,3)
Ag‘ 1. 8

7 77 f/f 77 A,

b) ANB  =[-3,2)N (=2, 3)

. "

={x:-3=x<2}Nn{x:-2 <x < 3}
={x:-2<x<2)

B
A
/’ /'/' o PP
§ §777777 |
-a -2 _ - b
1 o 1 2 3

AmB
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¢ A-B=1-3,2)-(-2,3)
={x:-3<x<2})—{x:-2<x < 3}

= {X:—‘B Sx.<_—2} = [_3’ —2]‘

37

B
T A
/4”///’/\ — + + & b
-3 -2 - o 1 2 3
A-B
Example 5
Write the following with x between the inequality signs:
a) lx1<3 b) Bx+ 2| < 1.
Solutions:
a) lx] <3 = -3 <x<3.
b) IBx+2|<1 =—-1<3x+2<1
= — 3 < 3x <-1 (adding — 2 to each term)
= -—-1<x < ——% {dividing each term by 3)
Example 6
Rewrite the following by using the absolute value sign :
a) 2<x<?2 b) T <x<l1
<) —-6<x=<1
Solution :
a 2<x<2 = |x|<2
b) -T<x<l1 = —-7+3<x+3<1+3 (Adding 3 to each side)
= 4d<x+3<4
= |x+3|<4
9 6=<xx<1 = -12<2x<2 (Multiplying each side by 2)
= -12+5<2x+5<2+35 (Adding5 to each side)
= -7<2x+5=<7
= | 2x+5]|<7
Example 7 y

Solve the following inequality and draw its graph
e I 2x + 3 I < 5
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Solution :

|2x+3|<5
= S5<2x+3<5
= -5-3<2x+3-3<5-3
= -8<2x<?2
= 4d<x<l1

~. the solution is {x: 4 <x < 1}

The graph of the above inequality is shown below:

4 <x<1
-5 —4 -3 -2 -1 o 1 2

‘ .i 5 Example 8

it Solve the inequality : | 2x — 1 | = 3 and draw its graph.
Solution :

i If (2x — 1) > 0, then

b 2x-1)=3

2x—-1+1=23+1

2x =4

x =2

x € [2, o)

Again if (2x — 1) < O, then

- (2x-1)=3

2x-1<-3

2x-1+4+1<-3+1

2x < -2

x <-1

X € (—oo, -1]

bl

Lol

.. the required solution of the gi i ity i
: given inequality is {x: x < — >
T <-lorx=2}
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Example 9
Let a, b, c € R. Using the properties of real numbers
i) ifa<bprovethata—c<b-c
il) ifa<band b <c, prove that a <c.

1
iii) ifab =1 prove that b = P

Solution :
1) a<b=>b-a>0 ...... )
Now, (b—c¢)—(a—c)
=b-c—-a+c
=b-a>0  (by (i)
b—-c>a-c
ie. a—-c<b-c

i) a<b = b—-—a>0 ...... )
b<c = c—-b>0 ...... (ii) .
Now,c—a=((c-b)+(b—-a)>0 by (i) and (ii)
c>a

ie. a<c

iii) ab =1 Given
= al(ab) =al.l For a # 0, multiplicative axiom
= (@la)p =al.l Associative property
=5 1.b =al.l Multiplicative inverse
= b =al Multiplicative identity
i.e. b= 1
a
Example 10

Prove that V2 is an irrational number.

Solution :

If possible, let ‘/5 be a rational number.
Then, V2 = % where p and g are integers with no common factor and
q #*0.

= p2 = 2q2
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This shows that p? is even and hence p is even.
Let p=2r where 7 is an integer.
Then, 4R =242

or, G =2r

This shows that g2 is even and hence q is even.

~. p and g are even and have a common factor which is agamnst our
supposition.

Hence \[5 is an irrational number.
Example 11
Solve : x(x — 1) (x+3)<0
Solution:
The corresponding equation of the given inequation is

x(x—1Dx+3)=0
=-3,0,1

Let us see the following possible intervals and the sign of
x(x — 1) (x + 3) in these intervals

Interval Sign of

Xx+3 x(x — 1) (x + 3)

—oo to -3
—31t00
Oto 1 +

+ +
= +
+ +

1 to oo +

+
From the above table, the possible intervals are (===, —3] and [0, 1)

.. the required solution is x € (—oo, —3] U [0, 1]

o s

1. Evaluate:
) | -2|+4 B |=5)+]-2|—3
©) 2+ |-3|-]-5] @ |3—l—5||




2.

3.

4.

A

1.
3.
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let(x=2,y=3 (@()x=2,y= —3 verify each of the followings:

@ [x+y|<|x|+]|y] b) |lx—yl|z|x|-|y|
x | _1x1|

9 lxyl=lxl- 1y o |5 ]

Solve the following inequalities

@ x—-1>2 b) x-3<5

¢ -1<x-2<3 ed) -3<2x—-1=<5

e x2-2x>0 ) 6+5x—x2=20

- S

g)’i——”xxff <o

\294 " LetA = [—3, 1) and B = [-2, 4]. Perform the indicated operations
i)AuB i AnmB iii) A—-B iv) B—-A
b) IfA=(1,4)and B=[3,5), find AuB,An Band A —B.

Write the, following without using absolute value sign
1x]<4 b) |x-3|<2

<) |2x+1]<3 d |2x-1]|<5
Rewrite the following inequalities using abolute value sign
a) S<x<7 b)) -3=sx=<-1
©) 3 <x<4 d 4d4=x=-1
Solve the following inequalities

a |x+2|<4 b) |x—-1|=<2
© |2x+3|<1 d |x-1]>1

e |2x+1[|=3
Also, draw the graphs of the above inequalities.

Using the properties of real numbers, prove that
a) a+b=b+c=>>a=c

b) ac=bc=a=5b

<) a<b=a+c<b+c

d) a<bandc<d=a+c<b+d

€© a>bandc<0=>ac<bc

) a>bandc>0=%2>%2
C [ a4

Answers
a)6 b)4 )0 d)2
a)x>3 b)x<8 o)l<x<5

: d)-1sx=3
€) X € (~eo, 0) U (2, o) Hxe [-1, 6]

g xe (=20 D
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a) i) [-3, 4]; ii) [-2, 1); iii) [-3, =2); iv) [1, 4]

b) (-1, 5), [3, 4), (-1, 3)

aQ) 4<x<4 bl<x<5 ¢)2<x<1 d)-2=x=3 '
a)|x—-1|<6 b)|x+2|<1 o)|2x-1]|<7 d)|2x+5|<3

a) {x:-6<x<2}(ie.6<x<2)
' —H<x<2

-5 —4 -3 -2 -1 o . 2

-6 1

-1<x<3} (iie. -1 <x<3)
-1<x<3

GiZ7ZzZz;/;

—2<x=<-1}@Ge. 2=x<-1)
—2=<x<-1

-4 3 -2 -

d){x:x<00rx>2}i.e.xe(—oo,O)u(z,co)
e "<? e T xX>2
-3 2 - 2 ) : ;

o 1 4

e)(x:x<-2orx=1}ie.xe (==, =21 U [1 oo).
x<-2 |

, | | x=1

—4
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Concept of Logic

The dictionary meaning of logic is the science of reasoning. In
mathematics, we deal with various theorems and formulae. The different
procedures used in giving the proofs of various theorems and formulae are
based on sound reasoning. The study of such procedures based on sound
reasoning is known as a logic. Logic tells us the truth and the falsity of the
particular statement. Logic is the process by which we arrive at a conclusion
from the given statement with a valid reason.

In logic, we use symbols for words, statements and their relations to get
the required result. Hence, logic is known as mathematical logic or symbolic
logic.

Statements

An assertion expressed in words or symbols, which is either true or false
but not both at the same time, is known as a statement. Some examples of
statements are given below:

i) Water is essential for health.

il) 2+4=6

1ii) A quadrilateral has three sides.

(i), (ii) and (iii) are statements as (i) and (ii) are true but (iii) is false.

The sentences of the following type are not the statements because they
do not declare the truth or falsity.

a) knock at the door.

b) What is your name?

c) How beautiful your country is !

In the context of logic, statements cannot be imperative, interrogative
and exclamatory.

A sentence whose truth or falsity can be decided only after filling the
gap in the sentence or substituting the value of the variable is known as an
open sentence, otherwise it is known as closed.

All the sentences considered above ((i), (ii) and (iii)) are closed and hence
are statements. The examples of open sentences are

1) ...... is the son of Dasharath
ll) X+3=5

These are not the statements.

There are two types of statements : Simple and Compound.

Simple Statement

A statement which declares only one thing is known 2
statcment._ﬁrhat 1s, sentence that cannot be divided inte tW
sentences, is known as a simple statement.

s a Simple
o or more
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1) Laxmi Prasad Devkota is a great poct.

il) 2x3=6

(i) and (ii) are the examples of simple statements.

In mathematical logic, simple statements are denoted by th
q, T, etc.

e letters : p

Compound Statement
A. combination of two or more simple statements is known as 2
compound statement. Each simple statement 1S known as a component of thel
compound statement. The examples of compound statements are as follows. &
1) Nepal is in Asia and Mt. Everest is the highest peak in the world.
iil) 3—-2=1and5>6. r
Compound statements are constructed from simple statements by means:
of logical connectives given below in § 1.12.

Truth value and truth table

A truth or the falsity of a statement is known as its truth value. TorF
is the truth value of a statement according as it is true or false.

The truth value of a simple statement depends upon the truth or falsity |
of the given statement. But in a compound statement, its truth value depends
not only on the truth or falsity of the component statements but also on the
connectives (defined below) with which the component statements are
combined.

i
Y&
8 i
L
1)
{ ]
1 '
&1 N |
% AR
TR
£
IR
i
i
b ek
{10
Ayt
g
UL Y
A1
Al
7 M
| b
R
i L
1y:
Hisl
]
AR
Ly
|
I |
i
| { §
A E
7 T4k
Lot B
111
]

A table presenting the truth values of the component statements together
with the truth values of their compound statement, is known as the truth
table. The truth table consists of a number of rows and column. Some of the
initial columns contain the possible truth values of the component statements

a-nd then the truth values of the compound statements formed from the given
simple statements using suitable connective. givel

e AT

1.12 Logical Connectives

Compound statements are made from the simple statements by using the

words or phrase like "and”, "or", "If then®
. > > n" and ” s v
are known as logical connectives or simply conner?tivelsf aad only if" and they

5
e . T ——
e ——————e

1. Conjunction

Two simple statements combined b
to form a compound statement
statements. The symbol used for the

. ky the word "and" (or equivalent word)
1S known as conjunction of the given
" conjunction is A,

and are tw i
Symbolilz’ed by‘i) Ag. In (;a:::n:)?lgo:;:;c“?cms' g B il
true then p A g is true. Otherwise p A q ist;;:e()fp and @, if p is true and ¢ is

T
I —————r—
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Example:
p : Pabitra is an engineer, g : Sumitra is a doctor
their conjunction is "Pabitra is an engineer and Sumitra is a doctor” and this
compound statement is symbolized by p A g-
The truth table of the conjunction of the statements p and g is presented
below:

p q pArg
T T T
T F F
F T F
F F F ‘

2. Disjunction

Two simple statements combined by the word "or" (or an equivalent
word), to form a compound statement, is known as disjunction of the given
statements. The symbol used for the disjunction is v.

If p and g are the two simple statements then disjunction of p and g is
symbolized by p Vv q.
In case of disjunction of p and g, if p is true or g is true or both p and g
are true then p Vv q is true, otherwise p v ¢ is false. '
Example )
p - Ananda is smart g : Arun is handsome;

their disjunction is "Ananda is smart or Arun is handsome™ and this
compound statement is symbolized by p v q.

The truth table of the disjunction of p and g is presented below:

P q Pv4g
T T T
T F T
F T T
F i F

3. Negation

A statement which denies the given statement is known as the negation

of a given statement.

1 ; . ' . ; word

.. The negation of a given statement is obtained by inserting :l:;e ase
"Ot" in the given statement or by adding "It is not true” or "It 1S no

that” at the beginning of the given statement.
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The symbol used for the negation 1
its negation is symbolized by ~p.

In case of negation, if p is true, then
is true.

Example:
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s ~. If p is the given statement, then |

~p is false and if p is false then ~p

p: Krishna wears spectacle. Then, ~p is

spectacle.”

The truth table for the negation of a statement

The negation of the words "all”, "some", "some ... not" and "no’

p ~P
T F
F T

"some ... not”, "no", "all" and some respectively.

Example : . p : All students are laborious

4. Conditional (Implication) .

Two simple statements combined by the word "If

~p : Some students are not laborious

p is presented below:

"Krishna does not wear

arc

then" to form a

compound statement, is known as the conditional of the given statements.

The symbol used for the conditional (or implication) is =.

The conditional of the simple statements p and g is symbolized by p =

g- Here p is known as the antecedent and g, the consequent.

‘ In case of conditional, the conditional
q is false, otherwise it is true.

Example:

p : ABC is a triangle.
q : the sum of three angles is 180°,

P = q is false when p is true but

The conditional of p and g is "If ABC is a triangle then the sum of three

angles is 180°" and this statement is symbolized by p=gq
The truth table of the conditional p = q is presented below:

pP=gq

T
F
T
T.
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Biconditional (Equivalence)

Two simple statements combined with the-word "if and only if”
(abbreviated as iff) to form a compql}nd s_tatement, 1s known as a
biconditional. The symbol used for biconditional 1s <.

The biconditional of the statement p and g is symbolized by p < g
which means p = g and g = p.

In case of biconditional, p < q is true when both p and g have the same
truth value and is false when p and g have different truth values.

Example:
p : Two triangles are congruent
q : corresponding sides of two triangles are equal.

Then the biconditional of p and q is "Two triangles are congruent if and
only if their corresponding sides are equal.” i.e. p <> g. This biconditional
contains the following two cases: )

1) If two triangles are congruent then their corresponding sides are equal i.e.
pP=q.

ii) If the corresponding sides of two triangles are equal, then they are
congruent. i.e. g = p.

p<>qgissameasp=>q and g=pie. (p=>g)A(g=p)
The truth table of the biconditional of p and g is presented below

P q P=4q
T T T
T F F
T F
F F T

Following table gives the truth values of the compound statements
formed with different connectives when the different truth values of the
component statements are given.

P q PAg pPvq ~p P=>q | peg

T T T T F T T

T - F F T F F F

F T F T T T F

L _F | F F F T T T
tions

Before discussing the laws of logic we have the following defini

‘ r ma
Tautology: A compound statement which is always true. Whatever may

be the truth, values of its components, is known as a tautology-
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The statement that "It is a rainy day or it is not a rainy day"” is'g
tautology.

t which is always false, whateve

Contradiction: A compound statemen Ise
known as a contradiction.

may be the truth values of its components is
The statement that "I like coffee and 1 don't like coffee” is
contradiction.

¥

Converse: If p and ¢ are two simple statements, then the conditional
g = p is said to be the converse of the conditional p = q.
Given stateinent: If a > 0, then —a < O.

Converse: If —a < 0, then a > O.

Inverse: If p 4nd ¢ are two statements, then the conditional ~p = ~q is/
said to be the inverse of the conditional p = q. - )

Given statement: If ¢ > O then —a < 0.
Inverse: If a » O then —a £ O. -
Contrapositive: If p and g are two statements, then the conditional |
~q => ~p is said to be the contrapositive of the conditional p = q.
Given statement: If @ > 0 then —a < 0.
Contrapositive: If —a « O then a # 0.

Logically Equivalent: Two statements S; and S, are said to be

logically equivalent if both have same truth values in the colu
table. They are denoted by S; = S,. s 58 e irath

Let us see the following example. Let !
A . p be a statement. ¢ s
tautology and the contraction. . and ¢ are the

P
T
F

From the above table,
‘ pvi=t and pAc=c

1.13 Laws of Logic

The following are the laws of logic:
Let p, g and r be any three statements
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a) Law of Excluded middle
Only one statement p or ~p is true.
A statement cannot both be true and false at the same time.
b) Law of Tautology
The statement p v ~p is a tautology.
The disjunction of a statement and its negation is a tautology.
c) Law of Contradiction
The statement p A ~p is a contradiction.
The conjunction of a statement and its negation is a contradlctlon
d) Law of Involution
~(p)=p
The negation of negation of a statement is logically equivalent to a
given statement. The law is also known as the law of double negation.

e) Law of Syllogism
If p = g and g => r then p = r. That is
P=Ar@=n=p@=r)
This can be verified to be a tautology.
f) Law of Contraposition
=g =((~9) = (~p)
The conditional and its contrapositive are logically equivalent.
g) Inverse Law
-p)=(Cq@)=q=p
The inverse and the converse of a conditional are logically equivalent.

We verify some of the above laws using truth table and some of them
are left to verify.

The first law (a) is obviously true by the definition of negation of a
statement.

Verification of law (b)

To verify the law (b), we present below the truth table of p v ~p-

P ~p PN ~p \
T F T
F T T

The truth values of p v ~p are all true for different truth values of p and

~p- Hence p v ~p is a tautology.
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Similarly, we can verify law (c) easily.
Verification of law (d)
The following table gives the truth values of ~ (f-p)

P ~p ~(~p) ‘
T F T |
F T F

logically equivalenti.e. ~(~p) =p
Verification of law (f) and (g)

The following table presents the truth values of p = g, ¢ = P> ~9 = ~P.
and ~p = ~q.

p q Pp=4q q9=pr ~P ~q |~ P=~4| ~9="P
T T T T F F T T
T F F T F T T F
F T T T F F T
F F T T .} T T T T

From the above truth table, (p = g) and (~g = ~p) are logically
equivalent.

Similarly, (g = p) and (~p = ~gq) are logically equivalent. g
Besides the above laws, we have the following laws as well
1. Idempotent law:
aA)pAp=p
bpvp=p
2. Commutative law
aA)pAg=qAp
bbpvg=qvp “
3. Associative law
ApA@anN=@Ag Ar !
b)pv(qu)s(pvq)vr
4. Distributive law
APA@VNS@A V(AP
b)pv(q/\r)@(pvcl),\(p\,r)
5. De-Morgan’s law
a)~pArqg)=(~pv~q)
b)~(p v @) =(~p A ~q)
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Worked Out Examples
Example 1 o
Which of the following is a statement? Find the truth value if it 1s a
statement.
a) The earth moves round the sun. b) Study mathematics.
c) What is your mobile number? d2+6=5
Solution :

a) It is 2 declarative sentence. So, it is a statement. Its truth value is T.

b) It is an imperative sentence, so it is not a statement.
c) It is an interrogative sentence, so it is not a statement.
d) It is declarative, so it is a statement. Its truth value is F.

Example 2

Write the following statements in symbolic form:
a) Newton is a mathematician and Lekha Nath is a poet.

b) If base angles of a triangle are equal, then the triangle is an
isosceles.

Find the truth values of each of the above compound statements.
Solution :
a) p:Newton’s is a mathematician.

q : Lekha Nath is a poet.

The symbolic form of the given statement is p A g.

The truth value of p is T and that of g is T.

.. the truth value of p A g is also T.
b)  p: Base angles of a triangle are equal

q : the triangle is isosceles

The symbolic form of the given statement is p = q.

T The truth value if p is T and that of ¢ is T. So, the truth value of 7 = 4
Example 3

If  p:Chandra uses computer

g : Ram sellg mobile

€Xpress each of the following statements in words
a)p Ag b) ~g & ~@ Y D

C)~pArgq
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Solution :

a) Chandra uses computer and Ram sells mobile.
b) Ram does not sell mobile.

c)  Chandra does not use computer and Ram sells mobile. .
d) It is false that Chandra uses computer or Ram sells mobile.

Ea;:ample 4
If p:Suman is rich and g : Ramita is happy

write each of the following statements in symbolic form.
a) Suman is rich or Ramita is unhappy

b) Suman is not rich but Ramita is happy

¢) Neither Suman is rich nor Ramita is happy

Solution : ; 1
p : Suman is rich; q : Ramita is happy s
~p : Suman is not rich = ~q : Ramita is not happy

a) Suman is rich or Ramita is unhappy in symbolic form is
pv—~q

b) Suman is not rich but Ramita is happy in symbolic form is
“PArqg

(o) Neither Suman is rich nor Ramita is happy in symbolic form is
“PA~q

Example 5

Find the truth value and the negation of each of the following statements
a) 3 x2=6o0r9 isdivisible by 3.
b) Sisaprime numberand4—-1=6

Solution:

a) p:3%x2=6(T);
q : 9 is divisible by 3 (T)
y alsgltl;-sz.p 1s true and gq is true, so the given statement represented by p v ¢ \
-~ the truth value of the given statement is T.
Negation: The negation of the given statement is
“3x2+#6and9 is not divisible by 3"
p : 5 is a prime number (T):
q:4-1=6(F)
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Since p is true and q is false, so the given statement represented by p A g

is false.
-. the truth value of the given statement 1S F.

Negation: The negation of the given statement is
“5 is not a prime number or 4 — 1 # 6.”

Example 6

If the simple statements p, g, r and s are true, false, true and false
respectively, find the truth value of the compound statement (p A @ Vv(ras)

Solution :
The truth value is presented in the following table.
p q r s pAg ras (pAg) Vv (ras)
T F T F F E F
s.thetruthvalueof (pAg@) VvV (ras)=T
Example 7

Form truth table for each of the following compound statements

a)pv(~q) b) p = ((~=p) A (~q))
Solution : »
The truth tables are given below:
a) P q ~q P ~q
T T F T
T F T. T
F T F F
F F T T
b) P q ~p 4 | PA~q | p=>((=p) A (~9)
T T F F F F
T F F T F F
F T T F F T
F F T T T T
Example 8

Let p and q be any two statements, prove that
A @EArp=(@Arp)
b) ~(pve)=(-pr-~q
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Solution :

We prove the above relations using the truth values of p and g.

a) q pPAg qnrp
T T
F
T F
F F

From the above truth table, (p A @) = (g A p)

b) pvg ~-Pv g
T

From the above table,
~evag)=(-pA~q)
Example 9

Find the converse, inverse and contrapositive of each of the following
compound statements. Also, express each of them into a symbolic form:

a) Ifa>bthena—-b>0
b)  All scientists are brilliant.
Also find the negation of each of the given statement.

Solution:
a) Given statement : If a>bthena—b > 0
P:a>b and g:a-b>0
Symbolic form of the given statement is pP=gq.
Converse: If a—b>0thena>b
Symbolic form : g — P
Inverse: Ifa®* bthena—b % Q
Symbolic form: ~ P=~g
Contrapositive: Ifa—b % thena % b
Symbolic form: ~ q =

Negation of given statement-

~pP

a>banda-by g
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Re-statement of the given statement: If a person is a scientist, then
he/she is brilliant.
p : A personisa scientist

g : He/she is brilliant
Converse: If a person is brilliant then he/she is a scientist
Symbolic form: q = p ‘
Inverse: If a person is not a scientist, then he is not brilliant.
Symbolic form: ~p = ~q
Contrapositive: If a person is not brilliant then he/she is not a scientist.
Symbolic form: ~q = ~p
Negation of given statement:
Some scientists are not brilliant.

EXERCISE 1.4

|

1. Which of the following sentences are the statements? Find the truth
/ values of those sentences which are statements.
a) Kathmandu is the capital of Nepal.

b) Nepal exports oil. c) 3+5=8
d Where do you livel & e Understand logic.
f)  Oh! how beautiful the scene is? e ®©

2., Letp:demand is increasing a‘rAnd q : supply is decreasing
/ Express each of the following statements into words
a) ~p b) ~q Apng dypvgq
e)~pAg Dpv-~q g)~pA~q h) ~(p A q)
3. Express each of the following statements into symbolic form
L/ a)  p:temperature is increasing; q ;_length is expanding
Temperature is increasing and length is expanding.

b)  p: pressure is decreasing; g : volume is increasing
Pressure is decreasing or volume is increasing.

©)  p:demand is ifcreasing; q : price is increasing . )
Neither demrand is increasing nor price is decreasing (i.e. no
‘ Increasing)
d  p: Pradeep is bold; 4 - Sandeep is handsome__,_

It is false that Pradeep is bold or Sandeep is handsome.
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Construct truth tables for the following compound statements

a)(~p) A g b) (~p) v (~q) o)~ AP |
D~pvpl - @E=adA@=p DEp A= PV
5. Letp, q, r and s be four simple statements. If p is true, 4 is false, 'if»
true and s is false, find the truth values of the following compour
statements. _
aypAg b)p v (~q) c) (=p) A (~=9)
dgvEAas) e) ~(~p) DEvPATYVs)
6. If p and g are any two statements, prove that

a) p A (~p) = ¢ where c is a contradiction.
b) (@ve=(@vp)

o ~@EviEa)=-pag

d ~(~pArg=pvi(~q)

7. Find the negation of each of the following statements:
a) Light travels in a straigh. }ine.
b) Rivers can be used to produce electricity.
C) x>0 C
d Some students are weak in mathematics.
e) All teachers are labourous.

8. Find the truth value and the negation of each of the following !

* statements.
I ‘ a) 3 + 2 =3 or 6isamultiple of 5. o
Ll “W b) 8 is a prime number and 4 is even.

© -I1f3>0then4 +6=10

_ d If 2 is odd or 3 is a natural numbef then2+3=8
€) If2x3=5= 3>1 then 6 is even.

i

\

!

o

it

{ [
i

z A triangle ABC is ri i i
\ ?32.! f) Al g 1s right angled at B if and anly if AB2 + BC2 =
il
, 9. Some statements are given below:
i

| < 1.
it a) If 3 is a natural number then 3isa rational number.
i b) x2=4 whenever x =2

c) If the battery is low then the mobil
Find the i) antecedent and conseq

€ does not work well.

i uent
i1) converse, inverse and

iii) negation
of each of the given statements

contrapositive,
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If p and q be the statements, prove that
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a) pv~(pAaqQisa taugplogy

b) (pArq)=(vqisa taufology
c) ~(pvg)aqisa contradiction. »
d) Pr@dAa~(PV q) is a contradiction

Answers

a) Statement; T b) Statement; F
d) Interrogative sentence, so not a statement
e) Imperative sentence so not a statement

f) Exclamatory sentence, so not a statement
a) Demand is not increasing
b) Supply is not decreasing
c) Demand is increasing and supply is decreasing
d) Demand is increasing or supply is decreasing
e) Demand is not increasing and supply is decreasing

f) Demand is increasing or supply is not decreasing

2) Neither demand is increasing nor supply is decreasing

h) It is false that demand is increasing and supply is decreasing.

V

¢) Statement, T

ayparqg b)pvg c)-pr-—q d) ~@ v q)
a) p q ~P ~PAg
T T F F
T F F F
F T T T
F F T F
b | _» q ~p < | PV
T T F F F
T F F T T
F T T F T
| F F T T T |
P q
T T
T F
_ F T
F F
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| p q < |pv(e | -V D)
T T F T F
T F T T F
F T F F T
F F T T F ‘
T T T T -
T F F T F .
F T T £ F |
F F T T L} |
f P q ~p__|(-P)rg| Pvg |CPprp)=PVa]
T T 2 F T T
T F F F T T :
F T T T T T
F F T F F T
a) F ‘b)) T c)F d)F e)T HT
a) Light does not travel in a straight line.
b) Rivers cannot be used to produce electricity.
<) x<0
d No student is weak in mathematics.
e) Some teachers are not labourous.
a) T; 3+2#5and6isnota multiple of 5.
b) F; 8 is not a prime number or 4 is odd.
c) T, 3>0and4+6=10
d F. 2is odd or 3 is a natural number and 2 + 3 = 8
€) T; 2%X3=5=3>1and6is odd.
D T A triangle is right angled at B and AB2 + BC2 = AC2
1) Antecedent

Consequent
a) 3 is a natural number. 3 is a rational number

b)x=2 2 =a

i |
c) The battery is low, The mobile does not work well.
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ii) a) Converse: If% is a rational number then 3 is a natural

number. ;
i ~ is not a rational
Inverse: If 3 is not a natural number then 3 18

number.

Contrapositive: If% is not a rational number then 3 1s not a

natural number.
b) Converse: If x2 =4 then x =2
Inverse: If x # 2 then x2 # 4
Contrapositive: If x% # 4 then x # 2.
¢) Converse: If the mobile does not work well, then the battery
is low.
Inverse: If the battery is not low then the mobile works well.

Contrapositive: If the mobile works well then the battery is
not low.

. 1. .
iii) a) 3 is a natural number and 3 is not a rational number.

b) x=2andx2=#4
The battery is low and the mobile works well.
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A |  CHAPTER 2 .
bl Relations, Functions and Graphs

2.1 Ordered Pairs and Cartesian Products

a) Ordered Pair
A pair consists of two elements. Some examples of pair are
(Nepal, Kathmandu), {Sita, Ram}, (3, 4), {a, b}, {{a}, {a, b}}.

Two pairs such as {Nepal, Kathmandu} and { Kathmandu, Nepal} have
the same elements. So is the case with (3, 4) and (4, 3). In each case the
elements are distinct. But in the case (3, 3) the two elements are identical.
Note that we have used two types of brackets. We have used the curly brackets
{ ) or braces to denote sets. In such cases, we do not worry about the order of
occurrence of the elements; but we do not allow the same element to be’
repeated. In case, we need to account for the order in which they occur and we |
allow any element to be repeated, we shall use parentheses ( , ) with a comma
between the two elements enclosed between them. We then say that such a
pair of elements is ordered. '

A pair having one element as the first and the other as the second iS

called an ordered pair. An ordered pair having a as th :
the second element is denoted by - e first element and b as |

(a, b).

An ordered pair (a, b) is generally not the same |
Al ¢ . as the ord i -
B.ut, this will happen so when the two elements are identical erl?t?upmg(lz)ai)s‘ |
different from (4, 3); but (3, 3) is the same as (3, 3), T B, |
Two ordered pairs, (a, b) and ‘
a=cand b=d.

(c, d) are said to be equal if and only if

Examples:

1. The ordered pairs (1, 3) and

and (3, 1) are not equal. (1.3) are equal, but the ordered pairs (1, 3)

The ordered pairs (a, a) and (a, a) are equal
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b) Cartesian Product

Given two sets A and B, the set of all ordered pairs (a,
a€ A and b € B is called the Cartesian pro
by A x B. It is read “A cross B”.

In the set-builder notation, we have

AxB={(a,b):ac A,be B}.

b) such that
duct of A and B, and is denoted

Examples:
1. The Cartesian product of A ={1,2,3}and B = {2,4}is
AxB={(1,2),(1,4),(2,2),2,4,3.2), 3. D}
It is different from the Cartesian product of B = {2,4} and A = {1, 2, 3},
i,e., BxA={(2,1),(2,2),(2,3), 4, 1,4, 2), 4, 3)}.
2. The Cartesian product of A = {H, T} with itself, also known as the
Cartesian product on A is
A x A ={(H, H), (H, T), (T, H), (T, D}.

Note: 1. Ingeneral, AXB2BXA.
2. If m is the number of elements in A and n is the number of elements in
B, then the number of elements in A X B or B X A is mn.
3. If R is the set of real numbers, then the Cartesian product of R on R,

i.e. R X R or RZ is the set {(x,y): x€ R,y€ R}.
This Cartesian product is represented by the entire Cartesian
coordinate plane.

2.2 Relations

Any subset of a Cartesian product A X B of two sets A and B is called a
relation. A relation from a set A to a set B is denoted by xRy, if x € A and
y € B, or simply by R if (x, y) € R.

In particular, a relation from a set A to itself is called a relation on A.
Relations may be expressed in various ways. Here are some examples:
Examples:

1. By specifying or displaying ordered pairs:
LetA={1,2,3}and B = {1, 2, 3, 4}, then
AXB = {(L1), (1, 2), (1, 3), (1, 4), (2, D), (2, 2), (2, 3), (2, D
3, 1), 3, 2), 3. 3) G- D}
R =1, 1), (2,2), (3,3)) € A x B, is a relation from A to B-
By standard description or by using a rule or formula:
The relation R = ((1,1), (2,2), (3,3)) C A x B can be described bY
R = {(x, Y): x =y} — A x B.
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‘ A second example of this type is '
N R, = ((1,2), (1, 3), (1, 4), (2,3, (2,4, G, D} € AxB.]
LRI This can be described by

i "Q‘-‘” ' R, = {(x, y): x <y} € AXxXB.

Bl 3. The relations R and R, may be presented in the form of a table as
e shown below:

a) R
x 2|3
y 2 ' 3
b) K,

X 1 1 1 2 -2 3
y 2 3 4 3 414

4. Represented as graphs, the above relations would look like:

Y e X A
t 1 L ] e R,
R
® (3,3) 5 ® @
il ® (22 . o
| 1 ® (1.1) 1
Al
|| 2
i 1 Ll e xX v + — »
. /{ i o X X— . X
Y {l‘ Y Y
'}" | a) Domain and Range

The domain of a relation R is the
(x, ) Of 5. Tt 15 demoted b o td set of all first members of the pairs

& Symbolically,

Dom(R) = {x : (x, ») € R for some y € B)
In the above examples, the domains are
Dom(R) = {1, 2, 3)

and Dom(R,)) = {1
The range of a relation R is the se 1 ol

(x, y) of R. It is denoted by Ran(R). ¢ of all second members of the pairs
Symbolically, Ran(R) = {y : (x

» ¥) € N for some x e A
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In the above examples,
Ran(R) = {1, 2, 3} and

The above relations are shown below by drawing arro

Ran(‘ﬁl) = {21 3’ 4}
w diagrams:

A i B A & B
s B e »o |
D @S TS S e~ S > 2
Foe—-——-——-——->3

b) Inverse Relation

Since a relation is a subset of a Cartesian product, we can think of a set
formed by interchanging the first and second members of ‘a relation. This
implies that every relation from a set A to a set B has a relation from B to A.
Given a relation

R={(x,y):x€ A, ye B} C AXB,
we can define a relation of the form
{Ob.x):ye B,xe€ A} C B X A.

Such a relation is denoted by KR!, read “script R inverse”, and is called
inverse relation from B to A of R.

Examples:
1. Let A=({1,2,3} and B = {a, b} be two sets. Then,
AxB ={(,a),Q,b) 2, a), 2 b), 3, a), (3, b},
and Bx A ={(a l),(a,?2),(a 3), 1), (,2),(,3)).
a IR={(,a), (2, b)), then R! = {(a, 1), (b, 2)}. Here,
Dom(R) = {1, 2} and Ran(R) = {a, b};
but Dom(R-1) = {4, b} and Ran(R~1) = {1, 2}. ,
b) KR ={Q,a),Q,b),3, a)). then R = {(a, 1),(b, 1).(a, 3)}. Here,
Dom(R) = {1, 3} and Ran(R) = {a, b}; =
but Dom(R-!) = {a, b} and Ran(R!) = {1, 3}.
2. LetA={1,2,3}. Then, |
A X A= {(1,1),(1,2),(1.3):(2,1),(2,2),(2,3).3.1),(3,2).(3, 3)}.
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Here, the elements (1, 1), (2, 2) and (3, 3) are called the diage
elements of A X A.

IfR={(1,1).02,2),(3,3)}, then 93“: {(1,1),(2,2),(3-73)}- Here,
Dom(R) ={(1,2,3}= Ran(R).

Also, Dom(®R-1) = (1, 2, 3} and Ran(R-D = {1, 2, 3}. E
¥
W
Worked out examples ¥
' E B
Example 1 = . !
Identify which of the following pairs are equal:
a) (1,2)and(2,1) b) (1,1)and (2, 2)
C) (1,2)and (1, 2) d (3., 3) and (3, 3).
Solutions: |
a)  Unequal b) Unequal ;
©) Equal d Equal
Example 2
If the ordered pairs (x + y, 1) and (2, 2x —y) are equal, find x and y.
Solution:

Since (x + y, 1) and (2, 2x —y) are equal,
x+y=2 and 1=2x—y.

Solving the simultaneous equations, we get
x=1 and y=1.

Example 3 i
IfA={1,2,3} and B = {a, b}, find A x B. |
Here, A=(1,2,3}and B = {a, b}.

i Hence, the required Cartesian product of A and B is

1 AXB =1, 2. Q. 5),2, a), 2. b)G. a), (3, b))
Example 4

d, ¢}. Fi
a) A x (B L C) b)AX(Br\{C)el Find

©) (A X B)U (A x C)
Solutions:

Here, A = {a, b}, B = {c, q) and C = (d, e}.
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a) BuC={c,d,e}, So,
Ax(BuC)={a,b}><{c,d,e},
= {(a. o), (a, d), (a, €), (b, c), (b, D), (b, e)}.

b) BANC={d},So,
Ax(BNC)={a b} x{d)={@a d, b d}

c) AXxB ={a, b} x {c,d },
= {(a, ©), (a, d), (b, ©), (b, d)},
AxC ={a, b} x{d, e},

= {(a, d), (a, e), (b, d), (b, €)}.
Hence,
(AxXxB) UAXO)
= {(a, ©), (a, d), (b, ©), (b, D)} {(a, d), (a, €, (b, d), (b, &)}
= {(a, ©), (a, d), (a, e), (b, ©), (b, d), (b, €)}.
Example 5
Let A = {a, b}, B= {c,d) and C = {d, e¢}. Verify that
AxXxBuUO=AxXxB)UAXxXO.
Solution:
From 4(a) above, we have
AxBuUO={a,b}x{cde},
= {(a, c), (a, d), (a, €), (b, c), (b, d), (b, €)}.
From 4(c) above, we have
(AXB) UAxXO
= {(a, ¢), (a, d), (b, c), (b, d)} L {(a, d), (a, €), (b, d), (b, e)}.
= {(a, ©), (a, d), (a, €), (b, ©), (b, d), (b, €)}.
Hence, A X (BU C)=(AXxXxB) U (A xO).

Example 6

Let A ={1,2, 3,4} and B = {1, 3, 5}. Find the relation R from A to B
determined by the condition “ x < y”.

Solution:

Here, A x B = {(1, 1), (1, 3), (1, 5), (2, 1), (2, 3), (2, 5), (3, 1),
, (3.3).(3,5).4,1),4,3),4,5) }.
Then R = {(x, y): x < y} is the set
{(1, 3), (1, 5), (2, 3), (2, 5), (3,5), (4, 5)}.
Example 7

Find tl}; domain, range and inverse of the following relation:
R =1{(1,2), (2, 4), (3, 6), (4, 8)).
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Solutions:

Dom(R) = {l,. 2,3,4}, Ran(R) =(2,4,6, 8}.
Inverse of R = 9{—] = {(2, l)y (4’ 2)’ (6s 3)5 (89 4)-

| EXERCISE 2.1

Identify which of the following pairs are equal:

a) (1,3)and (3, 1) b}  (a, b) and (a, b)

¢ (1,a)and (1, x) d (x,x)and (¥, y)-

Find x and y, if ) :
© x—-2,y+1)=(,0) @ @2x-1,-3)=(,y+3).
IfA={1,2,3)and B = {a, b} find A XA, BxB and B X A.

Let A={a,b},B={b,c}and C = {c, d}. Find

a) Ax (BuUO) b) AXBMNO ,
c) AXB)UAXxXO d (AxXxB)m (A xCQO).
Let A = {a, b}, B = {c,d} and C = {d, ¢}. Verify that

) AxXxBUOC)=(AxB)U(AxCO).

b) AX(BNC)=(AXB)N (AxC).

Find the cartesian product A x B of the following sets
) A={x:x=123LB={y:y=3—x)}
b) A={x:x=0,1,2},B={y:y=x2}
' Represent the elements of A x B graphically. .
a) LetA={1,2,3.4}andB:{l,B,S}.Findth lati e
A to set B determined by the condition wIenen R from
) x>y (i) x<y
b) Let A = (1, 2, 3, 4} Find the relag isfyi :
A s 2, 3, 4}, tion on A satisfying the
condition (i) y =2x (i) x + y = 6 (Gidx+y<4qg (iv)xL;2g1
Find the domain, range and the inverse of i
the followin lati
a) Ry =1{(Q,2),(,3), 3, 4), (4, 5)) & reanas
by  R;={(1,3),(25),3,7), 4, 9))
©) Ry = {(a, b) (b, a) (b, ), (c, b), (¢, a) (a, ©))

d  Ry={(a, b) (c, b) (4, b), (e, b))

(i) y = x2
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9. a) Let A={2,3,4)and B = {2, 33_4' 6}. Finc! a relation from set A
to set B determined by the condition that x divides y. Also, find the
domain and range of the relation.

b) Let A = {3,4,5,6)} and the relation is defined as R = {(x, y) : x, y
€ A and x +y = 7}. Express R as a set of ordered pairs. Find the

domain, range and R™%.

= Answers
1. b
a)x=2,y=-1 bx=1,y=-1
c)x=3,y=-1 dDx=1,y=-6

3. AxA={1,1),00,2),1,3), 2,1, (2,2),(2.3),3, 1,3, 2). 3,3}
B x B = {(a, a), (a, b), (b, a), (b, b)}
B x A = {(a, 1), (a, 2), (a, 3), (b, 1), (b, 2), (b, 3)}

4. a) {(a, b), (a, ©), (a,d), (b, b), (b, ¢), (b, d)}
b) {(a, ), (b, ©)}
c) {(a, b), (a, ©), (a, d), (b, b), (b, ©), (b, d)}
d) {(a, <), (b, ©)} '

6. a){(1,2),(1,1),(1,0),(2,2),(2,1),(2,0), 3, 2),3, 1), 3,0}

: b) {(0, 0), (0, 1), (0, 4), (1, 0), (1, 1), (1, 4), (2, 0), (2, 1), (2, 4)}

Y {T A x B Y AxB : 7 .

4 ‘% + *
3
2
Q 3

X b & > X
(@] 1 2 3 4

YI

(a) (b)

7. DR 1, (3, D, @, 1), 4, 3)}
i) (1, 1), (1, 3), (1, 5), (2, 3), (2, 5). (3, 3), 3, 5). (4, 5))
ii1) {(1, 1))

b ) {(1,2), @, 9)

i) {(2,4), 3,3), 4, 2))

iii) ((1,.1), (1, 2), (1, 3), (2. D, (2, 2), 3, D)

) {(2, 1), (3, 1), (3, 2). (4, 1), (4, 2), (4, 3)}
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8. a) Domain (R) = {1, 2, 3,4}, Range (R)={2,3,4,5}
R-! = {(2, 1), (3, 2), (4, 3), (5, 9}
b) Domain (R) = {1, 2, 3,4}, Range (R)={3,5,7,9}
R = {(3, 1), (5, 2), (7, 3), (9, D}
©) Domain (R) = {a, b, c}, Range (R) = {a, b, c}
R-! = {(b, a), (a, b), (¢, b), (b, ©), (a, c), (¢, @)}
d Domain (R) = {a, ¢, d, €}, Range (R) = {b}
R-! = {(J, a), (b, ©), (b, d), (b, &)}
9. a) R={(2,2), (2, 9),(2,6),3,3),3,6) 4 D}
Domain (R) = {2, 3, 4}, Range (R) = {2, 3,4, 6}
b) R={(3,4), 4, 3)}
Domain (R) = {3, 4]} Range(R) = {3, 4}
R-1 = {(4, 3), 3,4}

2.3 Function

Relation, as we have seen earlier, is a very broad concept. It manifests
" itself in everyday life in various forms in a very natural way. To make it more
useful and concrete, it is necessary to refine it. For this, we begin with a |
relation R on a set A and an ordered pair (a, b) € R. A refinement of R can
be obtained by assigning only one second element 'b’' to each first element :
‘a’ of a pair (a, b). Such a refinement of the notion of relation leads us to
what is known as a function. Functions are represented in various ways.
Functions can be represented geometrically by means of graphs. In defining a
function, we may consider one or more sets. Suppose we have a function
defined from a set A to another set B or the same set A. If |

x € A,ie., A = {x:x satisfies certain property },
the letter or symbol, x is known as a variable.
the set A is called the value of the variable x. I
3}, then x is a variable and it stands for one of t
of the numbers 1, 2, 3 is a value of the variabl

In case, we have a set C consistin
C = { ¢ } is a singleton set, then the sym
constant. In other words, a constant has

Each_ member or element of ,
n particular, if x € A = {1, 2,

he members 1, 2, 3. Here each
e x.

g of only one member c, ie., if

bol ¢ stands for what is known as a
a fixed value.

i ian tion from A to B. A specia ver
::3510: Z:tr:iqtzgeelc:sinr:}a?t;?nBls']EE? t Which associates each eleml:;l o}' tll)xl:ftset X
of the concept of a relatior Lls nay therefore be visualized as a refinement
refine 3 : .n. et us first see some concrete cases of such a
ment before we give a formal definition of what is known as a function.



Example 1

present assignment is

two times the first element. >

Relations, Functions and Graphs

LetA={1,2,3}and B={2,4, 6}. From the Cartesian product
A x B ={(1,2), (1,4), (1,6), (2,2). (2,4), (2,6), (3,2), (3.4), (3,6)}.
let us make the following selection (or refinement)

{1, 2), (2, 4), 3, 6)].

This is a relation from A to B. Here each first element is uniquely
associated with a second element. The rule or relation corresponding to the

“To each first element there corresponds a unique second element that is

It may represented as a table as shown below:
Tabular form

X

1

2

3

y

2

4

6

below:

A better way of visualizing it is to use graph. In the present case, the
graphical representation consists of the above three distinct points as shown

Two other instructive representations of a function are:

Y
4 e (3, 6)
24 ==
«(1,2)
o — X
Graph

Arrow diagram

(lnput)
{1, 2 3}

= f(
éutput)
(2 4, 6}

Processing
achine

Input-Output Machine
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( - Example 2

: i Let A= {a,b,c,dyand B={x,y,z.1}. Then the Cartesian producty 5;1
g A A and B is ; :
R A x B ={(ax), (@), (@.2), @b, (5,0), (by)s (£:2): (b:1), (€.2), ()
(c52), (c.1), (d.%), (d.y), (d:2), (d:.0)}
Let us make the following selection (or refinement)

{(@5%)5(byy), (€52)5(d>2)}-

This is a refined relation from A to B. Here (_each f_'lrst e!emenﬁ
uniquely associated with a second element. But there 1s a slight dlffcren, .
There are two first elements that correspond to one second. element. The i
or relation corresponding to the present assignment is represented as a table:

shown below: : )
Tabular form

al . 1%t element a b c d
T 2nd element . Sl I z z
\ t | The following arrow diagram is much more appealing: "
anly v : : ki X
el ‘ Arrow-diagram E
i e gr
i
i !1‘ i 5
A R i
. i_:W"f ae- > x
2l .
| - '::I‘], ‘ '..» '\l”»l b e y
1| I d
2; R B
: g |' ke N H 1th :
AR ote: ere although every element is associated with a unij '
N lque second element, there i$
5 }‘l i one element of the second set B thaf is associated with no element of A -
q i A function from a set A i :
b i ) to a set B is a relation o i
i ’ each element of A with a unique element of B Fiesite fhat assttingy
1t ‘
8 In other words, a function fro '
i ‘ ’ - m a set A to a set 1 i
i that for eacha € A, 3 a unique b € B s.t. (4 b) € f. B 1s a relation f such
{ Here the symbol, “ 3 » jg « . :
i ] read ] ” 13 i
such that . there exists ” and “ s.t. " stands for

Also, a function from a b

y set A to 1e 4 gl A .
ordered pairs have the same first coordinatsgl = 15.a relation in Which no twigy
Symbolically, a function f from a set A to a set B is denoted by
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If y € B is associated with an element x of A, we write it as

y =f(x),
which is read ** y equals fof x ™. Here f (x) is known as the image of fat x or

value of fat x. ;
If b is the unique element of B corresponding to an element a of A under
the function f, a is called the pre-image of b under f and b the image of a
under f. We also write i
b = fla).
Algebraists are often found to write 'af ' instead of f (a). Quite often, we
call f (a) the value of f at a.

It is to be noted that if fis a function from A to B, then no element of
A is related to more than omne element of B; although more thanm one
element of A can be related to the same element of B. In each case, A is called
the domain of fand B its co-domain. :

The subset of B that contains only those elements of B that have pre-
images in A is often called the range of . Obviously,

range of f C B.

Thus in the function f: A — B, the set of values of x € A for which
the function is defined, is said to be the domain of the function and is denoted

by D().

-. D) = {x: x € A for which flx) is defined}

For example : If y = fix) = Vx —1 then flx) is defined for x — 1 =0 i.e.
x .= 1.

D ={x:x=1}=[1l, o)

The set of values of y € B corresponding to each x € A which runs over
the domain of the function is said to be the range of the function and is
denoted by R(f). :

SR ={x):xe DY)
For example : If y = fix) = Vx — 1
then the range of f= R(f) = {y : y = 0} = [0, o).

In the function f: A — B, A itself is the domain of f and the set of
values of Y € B which are the images of the elements of A, is the range of f
So, range is, of course a subset of B.

A func_tion is also called a mapping or in special contexts:
transformation or an operator.

The fact that y is the ima £ a function fi
indicated by ¥ is the image of an element x under

a

s also

-

’ x|—= yorx|—> fix).




)
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el In terms of the present terminology and notations, the refined relatigy
AL from A = {1, 2, 3} to B = {2, 4, 6} and defined by the following selection (g
i refinement) |

g (1,2), 2.4), 360},
| i we have the following representations:

a) Tabular Form:

x 1 2 g
1 b) Graph:
: : Y
J A L ] (3| 6)
3
e (2, 4)
ARE '
JS \:. bl i =(1.2)
(EL gnmne? '
AU
L' I
2L ! ! - !
— Al e = " i
i | ’
PRI 5] ] N ]
- Hl i»‘lﬁﬂ»): From the given graph, we can examine whether it js of the function or
L i H i not b_y a test known as the vertical line test. A vertical line is drawn to meet
% e the given graph. If the vertical line cuts the given graph at only one point it
AN is the graph of a function. If th i i i
it ‘ t raj € vertical line cuts the graph at two or more
- A4 | points, it 1s not the graph of a function.
U0 | A = < .
{ N Two other instructive representations of a function are -
j‘yi:tii 1 c) Arrow-Diagram:
|

d) Input-output Machine

. il .
o ; (Input)
H A {1, 2, 3}

1

Processing
achine

3 ' !
y=Kx)
L (Output)

— {2, 4, 6}
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: Jered earlier is also an example of a function
'l;he s(ecogdcex;;ns':t; <;;>fLSI?; y, z, t }. Here the function f from A to B
from A = {a, b, c, -

may be described by

a) Equations or Formula:
f@=x, f(B)=y, f(c)=zand f(d) =z

b) Arrow-diagram:
A B
ae® > X
be >y
Cce o Z
d ot
c) Table:
x a b c
Sfx) x y z z

Here the domain of definition of fis {a, b, ¢, d} and its range is

f(A)={x,y, z}.
Note: Here i) f(A) # B and ii) f(c) = f(d) = z.

If two functions fand g : A — B have the same domain D, they are said
to be equal iff flx) = g(x) for every x € D C A; and in such a case, we write
f=s.

Now, we have the following definitions

Function: A relation is said to be a function from set A to set B if
every element of set A associates with a unique element of set B. A function
from set A to set B is denoted by f: A — B.

Domain of the function: The set A is known as the domain of the
function. The domain of the function is denoted by dom (¥). Thus,
dom ()= {x:xe A}

Co-domain of the function: The set B is k .
the function. S Known as the co-domain of

Range of the

Ais k function: The set of values of y

Nown as the range of the function [ Tt is denot
rangem= [y:ye B,y=fix) forall x e Al

=fix) € B for every x
ed by range (). Thus,
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B with which the element x € A associates

l »
mage: The element y € the value of fat x.

L known as the image of x under f. It is also known as
’ gt Pre-image: The element x € A which associates with y € B, is knoy
as the pre-image of y under f. i
Equal function: Two functions fand g are said to be equal i.e. f=g§
domain of f = domain of g and Ax) = g(x) for all x belonging t0 the domaing
f (or domain of g).

2.4 Types of Functions
There are three types of functions that are of special importance.

a) One-one or Injective Function:

A function f from a set A to another set B i.e. f: A —> B is said to b¢ ‘
one-one (1-1) or injective if distinct elements (or pre-images) in A hav
distinct images in B.

In symbols, for any x, y € A,
: x #y= [x) #f(y);
or, equivalently, ) =Y)=>x=y.

In other words a function fis said to be one-one oOr injective if (x, ﬂx)).
o, fNEf=x=

Thus, under one-one functmn all elements of A are related to dlfferent
lements of B.

Examples:

1. The function
f:Z —>Z, where Z = (..., -3, -2,-1,0,1,2,3, . }
defined by f(x) =2x and diagrammatically represented by
=5 ~A.3 —2.eml 1

is one-one, since

fx) = f()’)=>2x'—2y=$x__y_

Note that f(Z) = (..., —4,-2,0,2, 4,
function is said to be one-one and into

2. The function f: R — R
f(x) = x3, is one-one, since
themselves different. .

-} © Z. In such a case the ]

the cubes of dlfferent real numbers are ;
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3. The function f: N — R (N is the set of natural numbers and R is the set

) of real numbers) defined by f(x) = x2, is one-one and nto, since the
squares of different natural numbers are themselves different and
AN) C R.

4. The function f: R = R (R is the set of real numbers) d_eﬁncd by
f(x) = x2, is not one-one, since f(3) =f(-3) =9. ie., the images of
two numbers 3 and —3 have the same number 9 as their image.

b) Onto or Surjective Function

A function f from a set A to another set B i.e., f: A — B is said to be
onto or surjective, if every element of B is an image of at least one
element of A ,i.e., every element of B has a pre-image or, if f(A) = B.

Sometimes such a function becomes a many-one onto function.
Examples:

1. IfA={-3,-2,-1,1,2,3}and B = {1, 4, 9), then the function
f:A— B,

defined by f (x) = x2, is onto (moreover, it is many-one onto). Here,
Sf(A)=B.

2. A special case of many-one onto or simply onto function is the function

f: A — B such that fix) =c € B for every x € A. Such a function is
cf:al]e<_i a constant function. The following figure shows a constant
unction

f:A={=3, -2, -1, 1,2,3} - B = {0}




A
]
I3

i

L1
=4

|
!
|

R

B et

A F e

el
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4. The function f:Z — N, where Z= {..., —3,—2,—- 1,0, 1, 2, 3,4,

The following arrow diagrams show functions defined on the san
A = {a, b, c}. One of them is onto and the other 1s into

Onto f(A)=8B , Into f(A)CB

and N = {1, 2, 3, 4, ... } defined by fix) = x? is not onto, since there
no x € Z s.t. f(x) = x2 = 2, although there exist several pairs of value
of x each of which has the same image. Obviously, f(Z) # N, bu
f(Z) < N. This is the case of many-one into function.

c) One-one Onto or Bijective Function

A function that is both one-one and onto (i.e., injective and surjectivl
is called a bijective function. It is also known as a one-to-one correspon
dence. '

In particular, a bijective function from a set A to itself is known as
permutation or operator on A. ”

Examples:

1. Consider two sets A = {Bramha, Vishnu 1
1 3 » L] Mah na
B = {Saraswoti, Laxmi, Parvati}. The following arro CEwor} 23

- w diagram shows#
one-to-one correspondence or a bijective function from A t;g)rB

f

Brahma e<

Vishnu e=
J

Maheswor

2.  Consider a function f: A'—_) A defined by
Sfx)=xforallxe A
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Obviously, it is well-defined and is both one-one afzd onto. That is, it is
a bijective function. This function 1s known as the identity function.

3. The functionf: N — {3} defined by
Ax)=3forallx € N,
the set of counting numbers, is obviously well defined. It is not one-
one but onto. So, it is a not a bijective function.
Worked out examples

Example 1 ‘

State whether or not each of the diagrams defines a function from
A={a b,c}toB={p, q,r}:

A B A

a)

(a) (b) (C)

Solutions:

Yes. To each element of A there corresponds one and only one element
of B.

b)  No. An element a of A corresponds with two elements p and g of B.
¢)  No. There is no element of B corresponding to the element ¢ of A.
Example 2
_ Letf(x) =x + 1 be a function defined in the closed interval —1< x < 1.
Find DfED bSO f)  DFEQ).
Solutions:
) fCED=CD+1=0
b) f(0) =0+1= 1
9 fM)=1+1=2
d) finition

S (2) is not defined since 2 does not belong to the domain of de

offie, D(f) = [-1,1]).
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1 | Example 3
4. Let the function f: R — R be defined by
gt 3 +2x  for-3/2<x<0
b f=13 - 2x for 0<x < 3/2
\]‘: , -3 — 2x for x = 3/2
i, o Find a) f(=3/2) b)) f(O) ©) fG/2) 1
i . .
A o B=LQ) o0k <32 1
FoAl (T.U.2051, HSEB 2058 |
'-i’l ' i3 Solutions: i L

'“\i My a) Since —3/2 € [-3/2, 0) or —3/2 < x < 0, we use the first formula !
| ) =3 +2% |
Hence, f(=3/12)=3+2(-3/2)=3-3=0. §

b) Since 0 €[0, 3/2) or 0 < x < 3/2, we use the second formula

fx)=3—-2x
Hence, fFO)=3-20=3.

|
l ©) Since 3/2 € [3/2, =) or 3/2 < x, we use the third formula 15’
t f(x)=-3 - 2x.
} Hence, f(3/2)=-3-—2.(3/2) =—-6.
d For 0 =< h < 3/2, we have to use the second formula.
-l IEE Hence. [T =f(0) _3 —2nh -3 -2
s h h — h
G,
‘ 1‘ mﬁ‘i =— 2.
5 { I oy Example 4 |
£111 Let A = {0, 1, 2, 3, 4, 5, 6} and a function f- i Y
RN /L f (x) = x/2. Find the range of f, 5 £ Qris Uefinediy
A Solution:

. X
€ By given, fix) =§-and A=1{0,1,23,4,s, 6)

When x =0, 1, 2, 3, 4, S, 6 the values of filx)

€. f10). (1), A(2), f(3), f(4), AS) and f(6) are 0, L 1. 3 5 5 and 31
respectively. S

- range of f= (0). ﬂl) £2), f3), f4), AS5), K6))
~amy={o. L, L3, 2.3}
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Example 5

Determin
a) f(x)=x? where { x:x= 1,2, 3}

b) Venn-diagram

e whether the functions f and g defined below are equal or not:

Solution:
The functions f and g are defined by
f(x)=x2 where {x:x=1, 2, 3} and the Venn-diagram.
Since fand g have the same domain {1, 2, 3} and assign the same image
to each element in the domain, so f = g.
Example 6
Determine whether or not each of the following functions is one-one.
a) Let A be the set of positive integers. A function f: A — A is

defined by
fO)=2x+1;
b) LetA={a,e,i,o,u}and B = {m,b, s}. A functionf: A — B is
defined by
f(a) ;
e f=m (i =b, ok =
Solutions: A

a)  Let A be the set of positive integers. A function

f:A — A defined by f(x) = 2x + 1 associates different elements in A
with different odd positive integers in A.

So, fis a one-one function as shown below:
1 2 3 4 50
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' ) ' ] image m, SO fis not
4 | b) Since f(a) =f(e)=mie.a and e have the same 1mag ot
' the one-one function.

Example 7

Let a function f: A — A be defined by fix) =
Find the range of the function. Is the function one-on

x3, where A = {-1, 0, 1}, .

Solution :

x =0, A0)=0>=0
il x=1, AH=13=1
\\u : - the range of f=R() = {-1, 0, 1}

! bk f
i ® . A e
il
RN
i e o
> ]l. i )
\‘g': it R Oe { >e 0
r\ | 1e it
Rl Since different elements of A (domain) have different images in A (co-
v | »ZW“_" domain) so fis one-one function.
= '. {utﬂ}j{.’.ﬁi Also since, flA) = A, so fis onto. Hence f is one-one and onto both.
|1
|18 , m'
H "t Example 8 :
il b Let f: R — R be defined by flix) = | x — 1 |. Show that f is neither one-
TR one nor onto function. -
| Solution :
-~ foy=1x-1]
} Consider two element 2, 0 € R.
]. Then, f2) = 1 and {0) = 1
‘,5. Since A2) =RA0) £ 2=0
il so, f is not one-one function.
For all x € R, the set of ) E
numbers. So, range of f= [0, .:) (\:/aillues Of fx) are the nom-gegative o

». f1s not onto.

Hence f is neither one-one nor onto fanction

e, onto Or both ? _ F

When x =-1, A-D=E1)?=-1 | 9



Relations, Funclions and Graphs

Example 9
Letf: N — N be defined by Ax
of natural numbers. Show that fis one-

) = 3x for all x € N where N is the set
one but not onto function.

Solution :
Let x;,x3 € N

then ﬂxl) =ﬂX2) == 3X1 = 3x7_
= X =X3

.. fis one-one function.
Again, fx) =3x

= y = 3x, where y is any element € N
I o

But, for some y € N, x € N, so fis not onto.

Example 10

Prove that a function f: R - R deﬁned by fx) = 3x — 1 is one-one and
onto (i.e. bijective).

Solution :
Let x;, x; € R. Then fix;) = 3x; — 1 and fix;) =3x; — 1
Now, fix;) =Ax3) = 3x;-1=3x,-1

= 3x; = 3x,
= X =X
.. f1is one-one.
Let y be any real number € R. Then,
f(x)=y =3x-1
or, 3x =y +1

—y+—le R forallye R.

= 5) (415

. )’ is‘the i image of—SL—

e f is onto.

Hence fis one-one and onto (i.e. bijective).
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| B ©XERCISE 2.2
{ E 1.  State whether or not each of the following diagrams defines a functiop)
| VI from A to B:
|k A B
" | -1
o
@ o
~ 7.
A B i
d = |
b g 4
r il “
Y@ AN (e) ¥ g\gs‘ M .

2. LetX = {a, b,c}and Y = {p, r, s}. Determine which of the following
relations from X to Y are functions. Give reasons for your answers:

a) R,={(a.p)a,n). /0, (s}
b) R,;={(a, p) b, nN}

o Ri={(a,s), (b, s)(c s}

d Ry={(a, p) B, p)(c, )}

e Rs={(a,p) b, ), (cs))

5 i
| Iff: A— B3wherc A and B C R, is defined by Ax) = 1 — x, find the
\1 : imagesof 1,5, -1, 2 € A.

4. Letd) fO)=x+2 i) f(x)=2|x]|+ 3x in the interval —1< x < 2

B

, ‘ Find

% a) f(-1) b)  f(0) ) A1)
_z d e) f(=2) D f@3).

i 5. i) Let the function»_f: R — R be defined by
3 + 2x for —1/2 < x < 0

fx) = 3 - 2x forO0< x < 1/2
-3 — 2x for x > 1/2.
Find a) S(1/2) b) f)
172
| @ L) =10) o sam 3

h forO< h < 1/2.
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i edb
ii) Letthe function f: R — R be defin y

4x — 2 for x =1
fx) = 2x for x < 1. _
Find af@ bf  fO d) f-D

e)_&}_l)_—_ﬂ—ll for 1 < h.

Let A={-1,0,2,4,6} and a function f: A = Ris defined by

o __x§x+l!
i) y=f(x)=m i) y=fx="_-"."7

Find the range of f.

Determine whether the functions f and g defined below are equal or not
a) fx)=x2 where A = { x:x =—-1, -2, =3}

b) Venn-diagram

A g B
! 1 e2
-2 [
3 o4
9 e6

Determine whether or not each of the following functions is one-one.
a) lLetA={—-2,—-1,0,1,2}and B = {4, 0, 1}. A function
f: A — B is defined by
- — 1
Fo) e ro=o P}
b) Let A be the set of positive integers and B the set of squares of
positive integers. A function
f: A — Bis defined by f (x) = x2;
© f:[-2,2] — R is defined by f(x) = x2
d  f:10,3] — R is defined by f (x) = x2

Ex::' ine whether the following functions are one-one, onto.
€ither.

D f:A— B defined byf(x)—x2 where A = {1, 3,3} and B
) f:N — N defined by fx) =

i) f:(-2,2) - R defined by f(x) = x2
V) f:Q— Q defined by ix) =6x + 5 Y
V) f:R — R defined by fix) = x3

th or
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x% . -
a) Letafunctionf:A —B be defined by fix) ="¢ with A = {=2, -],

0,1,2}and B = {0,—16 , 2—3— }. Find the range of f. Is the function f3
one-one and onto both ? N i .
x + ]
b) Let a function f: A —> B be defined by =51 Wllh‘
4 5 "
A=({(-1,0,1,23,4}and B = (-1,0,5,7. 1% 3}. Find the

range of f. Is the function f one-one and onto both? If not, how can:
the function be made one-one and onto both?

19
Answers

a) Yes, to each element of A there is one and only one element of B
b) Yes, to each element of A there is one and only one element of B
¢) No, there is no element of B corresponding to the element c of A
d) Yes, to each element of A there is oné and only one element of B 3

e) No, three elements of B correspond to one element of A.

f) Yes, to each element of A there is one and only one element of B.

©), (@), ()
0, -3, 2, -1
i)a) 1 b2 )3 d4

e & f) fis not defined as —2 and 3 do
not belong to the domain of definition

ii) a) -1 b0 )5 410 e & f) fis not defined as —2 and
not belong to the domain of definition. and 3 do

i)a)2 b) 3 c) 4 d) —2
ii)a)6 b2 c)0 d) -2 edh-1)

7 h
1 2 3 3 10 21 |
a){-1,0,-.,5,> = == == ‘
) { 2 3 ¥ 4 b) {09 2 k24 3 ’ 4 } v\
Since fix) = {(~1, 1), (-2, 4), (-3, 9)} = g(x), the two functions are equal 1
a) No, since f—2) = 4 = (2) does not imply -2 =2 )
b) Yes, x # y implies x2 # y2. So f is one-one :

¢) No, since f(-2) = 4 = f(2 .
one-one. f(2) does not imply —2 = 2. That is f is no! |

Yes, i i x i
d x #y implies x2 # y2. So f is one-one.

i) onto function ii)

] one-one functi .
iv) one-one and onto function v) tion iii) Neither

8 T % one-one and onto function
RN = {0.% .3 }. onto only

_ 4 5
R(f) =1{-1,0,5.5 1, 2}; No, one-one only

IR . s u

=
|
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i) onto function  ii |
: ii)  one-one functio
. n i i {
" iv)  one-one anld oznto function v)  one-one and’c);:lI e:;h it !
. a . 1 . o functio
) R() = (0,5 ,73 ). onto only n
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xz . _ :
a) Let a function f: A — B be defined by Ax) ="¢’ with A = {-2, -1,
0.1,2} and B = {0, 5 , 3 ). Find the range of f. Is the functionfi

\

one-one and onto both ?
x + 1

b) Let a function f: A — B be defined by fxX) =571 with)

4 5 .
A=(-1,01,234)andB=(-1075.7-1 2, 3). Find

range of f. Is the function f one-one and onto both? If not, how can & |
the function be made one-one and onto both? g =

Answers

a) Yes, to each element of A there is one and only on¢e element of B

b) Yes, to each element of A there is one and only one element of B
¢©) No, there is no element of B corresponding to the element € of A

d) Yes, to each element of A there is one and only one element of B

e) No, three elements of B correspond to one element of A.

f) Yes, to each element of A there is one and only one element of B.

©), (D), (&)
0, =%, 2, —1

a)l b)2 )3 dH4 e & f) fis not defined as —2 and 3 do
not belong to the domain of definition

ii) a) -1 b)0 ¢©5 d)10 e & f) fis not defined as —2
not belong to the domain of definition. and 3 do

i)a) 2 b) 3 c)—4 d) -2

ii)a)6  b)2 c)0 dy—2 e)ﬂh_h—_lz
1

»(-1.0.2.2.3y ne3.2.2

Since fix) = {(-1, 1), (-2, 4), (=3, 9)} = g(x), the two functions are equal

a) No, since —2) = 4 = [2) does not i
: : : imply -2 =
b) Yes, x # y implies x2 # 32, So f is ol;():,-one ?

©)
d

No, since f(-2) = 4 = .
e, A=2) = 4 = f(2) does not imply —2 = 2. That is f is not |

Yes, x # y implies x2 # y2. So f is one-one

R(A = (— 4 5
N ={ 1,0,5.7.1.2}:N0.0ne-oneonly
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2.5 Inverse Image and Inverse Function
The notions of inverse image of an element and inverse relation can be
easily extended to the case of a function also.

a) Inverse Image of An Element

Given a function
f:A—>B

the invers/e image of an element y € B with respect to fis defined as the set
of elements in A which have y as their image. It is usually denoted by f~'(»)

and is read “ finverse of y .
(Note that ' = 1/f)
In symbols, if a function is defined by f: A — B, then
o= (xeA:y=f(}.
Examples:

1. Letf: A — B be defined by the arrow diagram

Then, the inverse of a under f, i.e., f~'(a) = {1, 2}; f~1(d) is the null
set ¢ and f~1(c) = {3}. :

2. Let a function f: R — R be defined by f (x) = x2. Then, f-1(9) = {-3,
3}, since 9 is the image of both — 3 and 3. We further note that f-1(-1)
= ¢, since there is no real number whose square is —1.

3. Letf:Z — E, where Z is the sét of integers and E is the set of even
integers including 0, is defined by

n if n is even
fon e { 0 if n is odd.

TI‘{en the inverse image of E is the set S consisting of the even integers

It is to be noted that the inverse image may not exist at all. There ma);
be elements of the first set, which do not belong to the inverse image of
any element in the second set.
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b) Inverse Function

Let f: A — B be a one-one and onto (i.e., injective and surjective)
function. Then, since fis onto, corresponding to each element b € B, there is
at least one element a € A. But, fis one-one, and so a is the only (or unique)
element of A corresponding to the element b € B. We thus have a rule whfch
associates each element b of B with a unique element a of A, 1.€., 23 function
from B to A. We often denote such a function by £ (read "ef " inverse). In J
other words we have a function of the type: A

- f1:B— A
This function is known as the inverse function of f.

Thus if f: A — B be one-one and onto, then a function can be defined
from B to A such that every element of B associates with a unique element of
A, then the function defined from B to A is known as the inverse function of f
and is denoted by f!.

In short, when a function f: A — B is bijective, there exists a function
f-1:B —A called the inverse function of f. '

Examples:

1. Letf: A — B be a one-one and onto (i.e.; injective and surjective)
function defined by the following arrow diagram on the left side:

A B

(a) (b)

Obviously, the inverse function of f is w
. s C“-
diagram on the right represents it. SEbmec s aney

Let a function f: R — R be defined - s
and onto. Hence, f~! is defined. It r:aybge{lggn::; ;‘).yThen, i 15 one-0nd

£ =Vx .

(T.U. 2053)
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2.6 Real-valued Functions and Algebra of

Real-valued Functions
_5 R which associates each element of set A with a

f set B is called a real-valued function.
mber, the absolute value function defined

A function f: A
unique real number fAa)o
For example, if x is any real nu

by
x, ifx= 0

f(x)=|x|={_x, ifx < O

is a real-valued function. Its graph is shown below:
Y

Xl
O

In practical life, we often have to deal with two or more real-valued
functions. For simplicity, we consider only those real-valued functions that
have the same domain D. We can define several algebraic operations for such

functions as given below:

) Suppose f: D — R and g : D = R are two real-valued functions and &k
is a real number. Then, each of the functions on the left side is defined by the

formula on the right:
fF+k): DR by (F+hx)=fx)+k
IfD: D—R by UfDX) =]
(f"): D—->R by (")Xx)=(F®)
(ftg): D—>R by (fxg)x)=f(x)xgx)
(kf): D—R by &KHx)=k(f(x)
(fs): D> R by () =f(x gkx)
(ffg): D—-R by #g)X)=Ff(x)gx) &x#*0

Examples:

L. Letf: R — R be defined by Ax) = x + 3 . Then,

D) f+3)=f(xX)+3=x+3)+3=x+6
“'tarning: (f + 3)(x) =1 (x) + 3(x)

b)) FI)x) =(f(x))2 =(x+32=x2+6x+9
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letf:R—>Rand g: R——)Rbedefinedbyj{x)z’jxfl and g(x) = x2,

Then, 524 9x—3
a) (3f —2g)x) = 3f(x) —28(x) = 3(3x —1) — 2x° =
b (fg)x) =fx) g (x) =0x —1)x2 = 3x> —x2.

Warning: (f2)(x) #f (€ &))-

2.7 Composition of Functions

letf:A—>Bandg:B— C be any two fun
the two functions diagrammatically as shown below:

ctions. We can represent

k!
\J
Suppose x € A, then its image (function value) f(x) € B. B being the |
domain of g, we can find the image of f(x) € B under g, that is we can find ‘
g(Rx)) belonging to C. In other words, we can associate an €lement x € A
with a unique element g(fix)) € C. Consequently, we have a function from A *
to C. This new function is known as the composite function of f and g (not
g and f); and it is denoted by : g
(gof) , (read g oh ) or (Z(F ).
In short, if f: A— Band g : B — C be any two functions, then t.hc‘
composite function of fand g (also known as the product function or |
function of a function) is the function,
gof :A—>C (read “goh f from Ato C”)

defined by the equation (g 0 f)(x) = g(f (x)).

Schematically, the situation described above may be illustrated by the \
following diagram:

g (f(x)




Relations, Functions and Graphs

Examples
the sets of real numbers. Suppose

{. Let A, Band Cdenote o ¢:B— C

f;A——-)B

= 2 Then
fined b (x) = x — 1 and g(x) = x". ’
are define (gyoff)(x) =g(f(x) = gx — 1) = (- 1)~

2. Consider the set S = {a, b, c}. Let f and g be defined by

a b c a b.__ __,-C
f: >€< and  g: v A*
a b c a b C
Then,
a b c a b c
> < ‘ PR

ne
o
2}
R
S
(3]

Here, (g 0 f)(a) = g(Ra)) = g(b) =cand (fo g)a) =fg@)=Ra)=>b.
This illustrates the fact fOo g # g O f, in general.
That is, composite functions are not commutative.

3. Supposef: A — B and g : B — C are defined by the following diagram:

Here’ (gof )(a) = gf@)=g()=m
(8of )(b) = g(f (B)) =g(y) =m
@of Nc)=g(f(cN=g@D=r
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m\d!

Properties of Composite Functions

In what follows, we assume that the produc
exist.

t or composite functions dg

i) Iff:A—B,g:B—-C and h : C — D are given functions, then
, ho(gOf):(hOg)Of.' | “?y
functions, then g O f is onto

one.

“l : 11) Iff:A——)Bandg;B——)Candarcgiv_en
i ©or one-one according as each of fand g 1s onto or one-

. . |
; A brief sketch of the proof of each property mentioned above 18 as | )
5 e follows: ] ‘
| 1) By assumption each side of ho(gof)=(thog)of is well defined. The.‘, |
equality of the two sides can easily be seen if we note that 1
(h o(g 0 fNX) = h((g 0F ) =h € F ) 1
and ((hog)of)x)=(hog) (f) =h (g F&x) E
for any x € A.
Hence, composite function satsfies associative property. P

ii) Since fis onto, f(A) = B, and so for any x € A, f(x) € B. Since g is
onto, g(B) = C for any f(x) €B, g(f(x)) € C. But g f (X)) = (g 0.f)x)

bl Thus, (gofHNAa)=C.
’: W Proof of the second part is left as exercise.
' \h_\ l'-,;l:'.“%" u: J
Hlhamia Worked Out Examples
AR ] Example 1
| Let f: A — A be defined by the arrow diagram
b
'\
f A d A
| ; .1
4! 2 2 1
3e —e3 1

Find 2) f-1(2) b)f-1(3) ) f-1 (1) d)f-'(2,3).

:; §::((21)=l1,2} b S 3)={3)
)=1¢ & f1@3) = (1,2, 3).
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E.raml’l‘-’g <
If A= (1, 2.3},B= {4, 5, 6) and f: A — B is a function such that

A =4, A2) = 5 and A3) = 6. Write down f! : B — A as a set of ordered
.pairs.

Solution : B
1 € A corresponds withdae B (. A1) =4)

2 € A corresponds with 5seB (. f2)=5)

3 € A corresponds with 6 € B . f3)=6)
The distinct elements of A correspond with distinct elements of B.
- fis one-one.
Since each element of B has at least one pre-image in A, so fis onto.
~.  fis one-one and onto.
So, f! exists.
Since, f = {(1, 4), (2, 5), (3, 6)}, so

1 ={(@4,1),(5,2),(6,3)}

Example 3

Let a function f: R — R be defined by y = f(x) =2x -3, x € R. Find
a formula that defines the inverse function f-1.

Solution:
Let x;, x € R (domain). Then fix;) = 2x; — 3
and fxy) = 2x, — 3
Now, Sxy) = fx2)

= 2x;—-3=2x,-3
= 2x;=2x
=3 Xy} = Xp
~. fis one-one function.
Againlet ke R
Then, k=2x-3
= 2x=k+3
o ,_k+3
2

-+ fis onto function.

Hence fi
. i1s one- d . . .
function, so f- e-one and onto function. Since f is one-one and onto

1 5
ie. x = fi(y) exists and f~! : R — R so that x is the image of ¥ under f-!

€ R

Solvirg i
Wing for x in terms of y, we have
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"
x =1———; = )
or, f1( =l—;’é

which is a formula defining the inverse function. But since Y 1sfa 22’()'““"}'
variable and can be replaced by x. So, in terms of x, the inverse un is |

‘§ defined by |
Example 4
‘. Letf:R—eRbedeﬁnedbyﬂx):Zx—l . Find
a (F—3)x b) (3 .
&) GBf+4g)x) d Fe)o (x#0,3 ).
Solutions:

a) (f——3)(x)=f(x)—3=(2x—1)—3=2x—-4
b )= x))? =@@x- 1y :
9 @Gf+4g)(x)=3f()+ 4g(x) = 3(4x2 —1) + 4(3x%2 —x) = 24x2 — 4x — 3

d (fg)x)=RAx)/g x) =(4x2 —1)/(3x? —x).

Example 5

a) Letf:R—>Randg: R — R be defined by f(x) = x + 1 and g(x) =x3..'\
Find (g 0 f)(x) and (f 0 g )(x).

B b) Letf:R—> Rand g : R — R be defined by f = {(5, 2
| g = {(2, 5), (3, 6)}, find fog and gof. S ). (6, 3)} an}
Solutions:
a) (@Of)X)=gfGN=gx+1)=(x+1).
\ | . fog)x)=Rg X)) =gCH=x>+1
1,, Clearly, (g 0 f)(x) # (f0 g )(x). .
b) For fog

f=1{G,2),(6,3)} and g = {(2, 5), (3, 6))
8(2)=5,83)=6
andfi5)=2, A6)=3
Now, (fog) (2) = Ag(2)) =A5) =2
(fog) (3) =AAg(3)) =A6)=3
- fog = {(2, 2), (3, 3))
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For gof
f5)=2, fO)= 3
and g2)=5, 8B3)= 6
Now, (gof) (5) = g(f13N) = g(2)=5
(gof) (6) = g(AO)) = g3)=6
-, gof = {(5, 5. (6, 6)}

Example 6
Find the domain and the range of the follow

) y=fx)=x2-6x+6

ing functions :

b) )’=ﬂx)=x_1
xz2 —4
& y=fr=V6 - x — x?
Solution :

a) y=fix)=x2-6x+6
The given function is a polynomial of degree two in x. y is defined for
all x € R, so domain of f= dom (f) = R = (—o=, =)

Again, y=x2-6x+6

y+3=(x-3)

y =-3+ (x — 3)? -
Since (x —3)2>0soforallxe R,y >-3
~. range of f=R(f) = [-3, o)

g - Y x o1

The given function is defined for all values of x except at x = 1
-~ domain of the function =D({() =R — {1}

x -1
= x=1,
y
= x=l*ty
y

Y#0for all x D) . .«—~ —
o rangeoff:R(/):R—{O} =
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x:—4

1fx¢2,theny—x_ =x+ 2

Since x = 2 is not in the

the range of the function.

~.rangeof f=R — {4}

The function will not be defined when x — 2=0

So, for all values of x except at X = 2,y =
.. domain of the function = D(f) = R - {2}

LEVEL BASIC MATHEMATICS : G

= fix) exists.

domain of the function, SO Y =

d ﬂx)=‘16—x—x2=‘\/ %42— (—}‘:+ x + x2)

\f(;) (x M 2)

For (2) (x + ) < 0, y will be imaginary- So, y will be deﬁned,

only for (2) (x + —) =0

x* 2) (2)

5
=< <_
= -3=<xs2

-. the domain of the function = [-3, 2]

Again, y* = () (x M 2)
x*z) ()

Since (x + 5) =20forallxe R
5\2
(3) -»=0
- 22 ()
Y 2

Since y is a positive square root,
5

so, 0=< =
ys3

". the range of f = [0, 5/2]

RADE X1

‘e.x_.—:Z.

4 will not be in.
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Alternative method:

v will be imaginary-. So, v will be defined only when

If6—x-x><0,.
6-x-x220

= (.\‘+3)(2—.&’)20

The corresponding equation is
x+3)2-x=0

x=-3,2
Thus, we may have the following three intervals (—=, =31, [-3, 2] and
[2, =)
Interval \ Value of
[ x+3 | 2-x | x+3)@2-x
I |
(—o, —3] <0 i >0 <0
[-3, 2] =0 l >0 . =20
[2,¢) | >0 | =0 <0

From the above tabile, the reguired interval is [-3, 2]

~. domain of the function = [-3, 2]
The range can be obtained as in the above method.

Find a) U b)Yy N3 o) [
d)  r-1(2) e) (i, 3."5) N f' (2. 4>
D If A =1{0,1.2, 3.}.B = {10, 13 19}andf:A”Bi-rSn:
- . = ot = { ., 13,16, 6 ﬂ3) =19, W

Functio.n such that fl0) = 10, f{1) = 13, A2) = 10.
down f! : B — A us a sct of ordered pairs-

)
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b)

3. Leta functionf: R = Rbe defined by
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23 li 1} and f: X — Yisa
’)

fX={(1124),Y= {
L g1y = 1, A2 = 5 S =5 - wrin

function such that fi-1) = 5

down f!: Y — X asaset of ordered pairs.

i
1l
|

| a fx)=x+1,x€eR b) ﬂx)=2x+3’x€R | 9.
| o f=2x+5xeR & fy=x*+5x€R :
e) f(x)=3x-2,x€R : )
8 " Find a formula that defines the inverse function f =, 1'_ 1
}‘;v ; 4. Letf:R—> Rand g:R— R be defined by f(x) = 4x3 — 1 and E -
L g(x) = 3x3. Find : i
i ~a) (2f -5 b )X o (3f—-48)x) | 1
N v Jd (fg Y(x) e?. (7g )(x) (g(x) # 0). ! 2'
1 5. LeEf:R——)Randg:R——)Rbedcﬁnedby |
a) Ax)=2x+1andgx)= 3x—1 . ¢
b) fix)=3x2-4andgx)=2x-5 ' o 3
o fix)=x*—1andg(x)=x>
d fix)=x+1andgx)=x° |
Find (gof) (x) and (fog) (x). B 4
6. Letf:R-—)Randg:R——)Rbedeﬁnedby 4
a f=1{Q1,5),(2,6),3,7),(4,6)} and
- g={(5,1),(6,2),(7,3)}
find gof and fog.
b) f=1{01,2).@3,5), & 1)} and
g = {(2,3), (5, 1), (1, 3)}, !
find gof and fog. '_
7. a) Iff.R—)Rbedefincdby.ﬂX)=1 ix , (x # 1), show that

8.

o (5) =

b Iff:R — R be defi x-1
efined byf(x):x o l,(x;t-—l) show that

(fof) (4) = — %,

Find lhe dbmain and th ran W Iled n [tle
€ ra § 1 i ‘

<4
C) y:x:} b) }’=x2—1

,d) )’=_x2+4x_3
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Re onS, Funcb 1 0n$ and Grapis
= T2

s

_ 1
.c) y:‘l,\'—z f) y—x+1
_x2 - 16 h) y=Vx2 - 2x — 8

g Y=, _a
. J/lz . —Ix— 1 l
ed by Ax) =cx +d, where ¢ (# 0) and d are real

Show that f: R—R defin
nd onto. Find £!. Also show that f{f1(x))

numbers, is one to on¢€ a

=f“(f(x)) = X.

Letf:R—{2}) > R - {3} be defined by fix) =x3j 5 Show that f is
bijective. Also, find 1.
Answers

a) {2} b) {1,3,5) ©) {4} deo e){1,2,3,4,5} DO
a) {(10, 0), (13, 1), (16, 2), (19, 3)}

1 2
w{G.-1).a. 0. (z2)G 9}
a) fFlx)=x—1 b) F(x) =_(%'_3_) o) Fix) =_£x_;_5)
d) FUx) = (x - 5)173 e) f'l(x) ____(2‘_?;’_2) '
D8 -7 /B @@ - 17 ©-3 & 1232 i1

3x3

a) 6x + 2, 6x — 1 b)6x2—13,12xz—60x+71

OGP -—1%Lx6-1 d) G2+ 15 x0+1

a) gof = {(1, 1), (2, 2), (3, 3), (4, 2)}; fog = {(5, 5), (6, 6), (7. D}

b) gof = {(1, 3), (3, 1), (4, 3)}, fog = {(2, 5). (5, 2), (1, 5)}
a)D(f):R:(-oo,co),R(f):(—oo,oo)=R

b) D(f) = R = (—e°, =), R(f) = [-1, =°)

c)D(f):R:(—oo,oo), R(f)::R:(—co,oo)

&) D(f) = R = (—oo, =), R(f) = (—==, 1] &) D(f) =[2. =), R() = [0, )
DD =R —{-1}, R(H =R - {0) g)D(f):R—{4},R(f)=R—l8}
h) D(f) = (—oo, —2] U [4,-2), R(H) = [0, =)

) D() = [-7, 3], R() = [0, 5] HDWH=R - {1}, RM = {-1. 1}
x-d 10 2x
© " x -3

2.8 Some Simple Algebraic Functions and their grapPs _
ral. In both

. gene . A
n, is very & spec-iahze it

T - .
he definition of a function, as we have see e

theoret; : . . . .
ical and pracrical investigations, we often have ' ‘ften have 10

accordi . .
Ing to the situation. In other words, we

shall qut




98 HIGHER SECONDARY LEVEL BASIC MATHEMATICS : GRADE X1

. e e are ke t function, the '
consider special functions. The idenuty tuncuon,.lh;— ng:;f'::an b takon aes ‘
linear function, the quadratic function and the cubic urx]:orized a5 algEbfals
the simplest of the special functions that can b€ categ ;

functions.

a) The Identity Function:

| Let A be any set. The function f: A — p 4 :
f A defined by , | ‘e
y=f(x)=xforx€ A

is called the identity function. It is usually Y =x |
denoted by 1.

g . : —» X
If A = R, the set of real numbers, the X o)

graph of Iy is as given aside:

P e

e

v
b) The Constant Function:

Let A be any set and B = {c}. Then, the function f: A — B defined by |

y=f{x)=c forxe A i
is called the constant function. In other Y i
words, a function is said to be a constant \ y=c ifc>0
function if all its functional values are the K
same (i.e., if the range of the function is a c
singleton set). : ‘

X' —
If A = R, the set of real numbers and ¢ o\l %

is a real number, the graph of
y = f(x) = c is a straight line parallel to the

x-axis at a distance of ¢ units from the x—
axis: Y

y=c ifc<O

c) The Linear Function:

Let A and B be any two sets. Then, a
function f: A — B defined by

y=fx)=mx+c forxe A,

whe are : i
vhere m an.d ¢ are constants, is called a Y= x+1
linear function. A

If A =B = R, the set of real / 1
the function defined by numbers, X' / Y _» X
‘ (@]
E yEf=x+

is a linear function. Its graph is a struight as
shown in figure given aside: '
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d) The Quadratic Function:

Let A and B be any two sets.
y-_—f(x):ax2+bx+c forxe A,

nd c are constants, is called a quadratic function.
rs, the function defined by

Then, a function f : A — B defined by

where a, b a
If A = B =R, the set of real numbe
y=f(x)=x?

is a quadratic function. Its graph is shown as follows:

e) The Cubic Function:
Let A and B be any two scts. Then, a functionf: A — B defined by
y=f(x)=a.x3+bx2+cx+d forxe A,
where a, b, ¢ and d are constants, is called a cubic function.
If A = B = R, the set of real numbers, the function defined by
y=fx)=x>
is a cubic function. Its graph is shown below:
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\ |

f) The Polynomial Function: |
function f: A — B defined by !

‘ Let A and B be any two sets. Then, a N A forx € A
o yzf(X)=a,,x“+an-1x"_‘+""+a2x T=gie + 20 1 n(’)m' 1 T
where a, , @, _1s --- » @2 > Q1 and ag are constants, 18 called a poly ia]
function. : i | iﬁ;f
ear function, the quadratic function and the | i

‘ The constant function, the lin
1 cubic function described above ¢
polynomial function by putting n =

an be obtained as special cases of the H‘.

0,1,2and 3 respectively- 1 g i

Rational Function

A function f defined by f(x) = p_ﬁ_q(i)! where p(x) and g(x) are the |

polynomials in x and g(x) # O is known as a rational function.

3x2 — 4x

Fo le: = is a rational function.
_ r example: f{x) 3 3% + 6

Absolute Value Function
A function f(x) defined by fix) =| x | where
| x| = { x if x=z0
- —x if x <O

is known as the absolute value function. The domain of the function is the set
of real numbers R and the range is the set of non-negative real numbers. That :
is, domain of f = D(f) = R and the range of f= R(f) = [0, =°). "}

The graph of the absolute value function fix) =| x| is given below:

When x>0, y=fAx) =x Y
x 0] 1 2 3 ?
y 0 1 2 3

Again, when x <0, y = f{x)

=—x

[ x T ol 1| 213 '
Ly ol al 23] % 5 —
Greatest Integer Function v

A functi
ion fdefined by Ax) =[x ) where n<x<n + 1. n is the greatest

integer, is known as the greatest in on
! s st integer function. Th 1 ;
. The g
b e 5ot OF pecall it s (R) e ction. Th Otfi‘lm:mm oi l})\e functi
he set of rea mbers (R) and the range is the se ntegers (Z).

For example: [2] =2 [26)1=2
[0]=0, [-1.2]=-2 [-5.6]= -6
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Let us see the graph of the greatest integer function

y :ﬂ.\’) = [ X ‘
T 3exe2] T 1=x<0 | 0=x<1 | 1x<2 | 2<x<3 | 3=x<4 |

1 0 1 2 3|

¥ -3

Y
1;
| : s
T
-
1 |
X3 =2 oLﬂLﬁz s a|  ~
=
B

2.9 Elementary Transcendental Functions

Some functions of common interest are the trigonometric functions,
exponential function, logarithmic functions and the hyperbolic functions.
They are not algebraic. They are given the special name: elementary
transcendental functions.

a) Trigonometric Functions:
a circle of

the angle ©
ctions

An angle 0 is placed in the standard position together with
radius r and centre at the origin O. Suppose the terminal arm of
cuts the circle at the point P(x, y). Then the six trigonometric fun
(also called ratios) are defined by the formulae given below:

{ < i fP Y
sine of th 10 o coordinate o =

e angle O or sin e nprh OF = -

X

_ x-coordinate of P ==

cosi
ine of the angle © or cos © length of OP
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: Y  Circle radius =r |

tangent of the angle O or tan o e at (0,0) |

_ y-coordinate of P _ ¥y
= "x-coordinate of P X

cosecant of the angle 0 or cosec ©

length of OP _r
_lengid o — — = o

= y-coordinate of P

secant of the angle 0 or sec ©
___length of OP _r
= x_coordinate of P X

cotangent of the angle 6 or cot 0 v
_ x-coordinate of P _x 1 |
= y-coordinate of P Ty ‘ 1 !

es having the samel DR

it follows that the angl

From the above definition,
co-terminal angles) h

initial and terminal arms (1.e.,
cosine, tangent, etc. For examples
|

ave the same sine, !
i

sin 60° = sin(- 300%), cos 120° = éos(-240°). :

The definitions of trigonometric functions given above readily yield: i

i) sin 0° = y/r=0/r =0, cos0°=xlr=rir=1, 1
tan 0° = ylx =0/r =0, cot 0° = x/y = r/0 = (undefined), i
cosec 0° =rly =r/0 (undefined), sec 0° = rix=rir=1; |

o
|
i
|

|

|

ii) sin90° =y/r= rlr =1, cos 90° = x/r=0/r =0,

tan 90° = y/x = r/0 (undefined) and so on;
so!

sin 180° = y/r =0/r =0, cos 180° = x/r = —rir=-—1
tan 180° = y/x = 0/(—r)= 0, and so on. ‘ ’ A e |
Values of standard angles such as 30°, 45° a ily m
. ) “d 60° (o] 1y

calculatqd by r_efemng to the following figures in each of which?gebxe— ::Z;oi
y- coordinates 18 calculated by using the Pythagorean theorem;

“ The square on the hypotenuse of a right i e g} ren ©
sum of the squares on the other two sidf(;s.” ght angled triangle is.equal t0 o

iii)

a) Trigonometric ratios of 30°

o . MP 2 1 Y 1
sin 30 —OPz_r'z‘i P(X;y)
cos 30° = OM _ V32 _ V3 r 72
oP r - 2 - % 30° X }
tan 30° = - =~ _ ol . Br ™M
"\[,_grQ N3 e L2
‘ and so on. v wad
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b) Trigonomelric ratios of 45°

— — —

—————— —

c) Trigonometric ratios of 60°

and so on.

600 < MP NE R E
n =oP- r 2
s OM r2 1

cos 60 =OP = r 5
. MP _N3m2_ =
tan 60° =S r="_5"=\3

and so on.

s and Graphs 103
Y
A
P (x, )
r
2
45°
X' ol i V) » X
2
r‘..
T
Yl
Y
T P(x, ¥)
N3 ™.
2 -
60° x
b & —
(8] 2 M
Yi

The following table lists the value of each trigonometric function for
some of the most frequently encountered angles:

o | o] 20 |45 | 60" | 90- | 120°] 1357 150°| 180" | 210" [ 225" | 240°| 270" | 300" | 315°| 330" | 360°
smne|o| 1 |1 | ¥3] 1 [¥3] 1 1 o |-=1]| = Na| -1 | _¥3|_11}|_1}| ©
2 |V2 | 2 2 ([ V2| 2 2 |2 |” 2 2| 7V2| "2
cose|1]va |1 | 1] o || =t|=a| 2| val_aj_alo|r||iR]’
2 | V2 | 2 2| N2 | 2 ~ 2|~ V2 2 2 2 | =
tane| 0| 1 | 1 [ V3| = | V3| —1 1|1 o 1 1 | v3|-=| V3| 1 |_2]| 0
3 ~33 33 38

The graphs of some of the trigonometric functions are shown in the

following figures:
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—360° '
. 180° X
-180° o 7
360°
The sine graph

S N
_270°~_" \O N—__270°

The cosine graph

The téngent graph

b) Exponential Function:

A number a when multiplied by itself gi
a.a or a2 (read “ a square Or a raised to the p
called the exponent or index, a the base and a? the second power-of &

Repeated multiplication of a by itself n times yields the n'" power of

denoted by a". Here the exponent n of a is a positive integer. If nis a positive

integer, the negative n™ power or a ™ is defined by ]
a—" = 1/a", (a#0).

ves a unique number denoted
ower 27°). Here the number 2

; - 1 1
Inpartlcular,23=§§=§. |
If x is any rational number of the form p/ = 0 x P/4
interpreted as the g™ root of the p™* power of a., i.ef 74 ). a” or a8
aPi= (aP)4 (a+#0,q9+0)
In particular, for a =4, g =2 and p = 3, we have
432 = (43)12 = (64)12 = (82)12 =8
Th. - - - » ‘- -
- is is how we give meaning to expressions with rational exponent

In general, if @ # 0 and x is any rational number, the power a* (or the:!

power of a) is a real numbe i .
indices: r and satisfies the following laws of exponents &

1) am gh — am +n
i myn — : ;
A) (@™" = am™" , m and n being rational numbers.
natur i i
al question is whether the exponent ca extended to any

number. The i :
this stage thatazxsm?r;:c?\t;??aure- But, unfortunately, we cannot prove 2
real number for any real expo 0
! expone *9
We shall therefore assume that ¢* is a real numbgr for eve m] X ang . #0.
ry real x and a #™

We further assume that the laws of indices also hold in such cases. With thesed

assumptions in mind, we are now i it
" ! In a position ’
function. P to define the exponcnti®s
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For every real number a > 0, the exponential function f with base a, is

defined by the formula
y=f(x)= a*, x eR.

We may rewrite this definition in the following standard form:

Letf: R — Rbe defined by y = f(x) = a*, x €R for a given real number
a > 0. Then fis called an exponential function with base a.

Three typical examples of exponential functions are
2%, 1/2* and €%,
where e is an irrational number lying between 2 and 3. Its value to ten places
of decimal is
e=12.7182818284...)

The number e is defined as the value of — "

(-2

as n increases indefinitely (or as n becomes larger than any number N however
large it may be). In symbols, '

_ lim (1 - 13}"
e—n———>oo n

The graphs of y = f(x) =2* and y = f(x) = 1/2* are given below:

-

Y Y
1) = 1/2* 3 fx) = 2° 1

X' » X i
(@) (0 X

. For the typical case a = 1, the graph of y = f(x) = (1)* = lis a
horizontal straight line at a distance of 1 unit from the x-axis.

x ;
The graphs of y =2*and y = (%) can be obtained by plottng e

. . . z lues
pPoints with the values of x as the x-coordinates and the corresponding ¥2

of y as the y-coordinates.
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i ¢) The Logarithmic Function:
The logarithmic function may be defined i
as an inverse function. It can be proved that t ! ©
function exists (How?). The inverse of an exponennal funcu
logarithmic function.
More precisely, if y =fx)
given real aumber a > 0, then
function, is defined by

s. We define here
f an exponential
on is known as a

n several way
he inverse O

ual function for a

= a* defines an exponen
the logarithmic

its inverse, known as

x=a’orad™.

) is the logarithm of x to the base a, and is

We then say that y or fx
denoted by
log,x.

Thus, the exponential equation
x=a ord®
ame meaning as the logarithmic equation
y = log, x.

Logarithms are used for speeding up computation when the uses of
electronic calculators or computers were not so common as today. Logarithm |

| u-nw to the base 10 is known as common logarithm; and that to the base € iS |

known as natural logarithm. If the base of a logarithm is e, it is generally |

omitted. We often write

carries the s

[log,x = log x = In x |

The graphs of
y= a* and y = logax

are as follows:

Note that one is th i

) : e reflection . ‘

important particular case is of the other on the line y = x. ANY
log,a =1, since a' = a.

The graphs of 10g,0¥ and lo .
' g.x can be obtained b i : !
with the values of x as the x-coordinates and the correspgng:‘;glsi ;:: gt?;ngz

the y-coordinates.
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rties that are fundamental in many

rtain prope¢
hms possess ¢ 3 e stated and proved below:

Logarit .
g athemaucs. Some of them ar

branches of m

Theorem 1.

For any positive numbers x, y and a,

loga(xy) = logg x + 10ga ¥-

For any positive numbers x, y and a, put

Proof.
log, x = band log,y = C.
Then by definition x = a®? and y = a“.
So xy=ab.at =a’*".
Hence, log,(xy) = b + ¢ =log,x + log, y-
Theorem 2.

For any positive number a and x,
log,x? = p log,x ,
where p is any real number.
Proof. For any positive numbers a and x, put log,x =b.
Then, x = a® and so x? = (a?)? = a®P.

Hence, log,x? = bp = pb = p log, x.

Theorem 3.
For any positive numbers x, y and a,
log,(x/y) = log, x — log, y.
Proof. For any positive numbers x, y and a, put
log,x=band log,y = c.

Then by definition x = a® and y = a°.
So xby = aPla® = a¥~ %,
Hence, log,(x/y) = b -c = log, x - log, y.

Theorem 4.

For any positive numbers a, b and x,
log, x = log, b. log, x.
Proof. For any positive numbers a, b and x, put
log, x = m.
Then by definition x = b™,

Hence, log,x = log, b™ = m log, b = 108a - Jogs -
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d) Hyperbolic Functions: o ».

With the help of an exponential function, a new function 1sddcf'med 1
which is known as the hyperbolic function. _They are so named as the ]
functions are closely related to the conic section 1.€. hyperbola.

ns of exponential functions €* and e * play very |

i mbinatio - ing
Certain €O We consider the following &

important roles in pure and applied mathematics.
six combinations:

i)

trigonometric functio

six combinations are re
functions. They are defined as follows:

x__ p—X e + e * _‘
a) € 28 b) 2 b,
ex—e* e+ e’ !
e =5 i i |
%) e+ e~ 9 ex—e* # )
2 2 4 i
) e D e+ e *’ A |

These functions have properties
ns. Trigonometric

somewhat similar to those of |
functions are related to circle and
hence they are also known as circular functions. In the same way, the above |
Jated to a hyperbola; and hence the name hyperbolic |

. s - e*— e~ |
a) Hyperbolic sine of x sinh x = S D
b) Hyperbolic cosine of x cosh x =—e—x—'—3—e—: 4
: i |
- I |
© Hyperbolic tangent of x tanh x = il il g
e* + e~
d  Hyperbolic cotangent of x : cotla m e
e*— e
€) Hyperbolic cosecant of x cosech x = ::
er— e*
D Hyperbolic secant of x sech x = 2
eX+ e’

We list below some of the basic i iti ‘
as k.
Eanchions: ic identities and formulae related to these L

a) coshzx —sinh?x=1 I
b) tanh?x+ sech2x =1 I
- ©) coth? x —cosech?x = 1
= d sinh(—x) = — sinh x
e) cosh(—x) = cosh x
f) sinh 2x = 2 sinh x cosh x
g) cosh (x + y) = cosh x cosh y + sinh x sinh y 5
h) sinh(x+Yy)= sinh x cosh y + cosh x sinh y

cosh (x — y) = cosh x cosh y — sinh x sinh y



Relations, Functions and Grapbs

hnique of proving the above results, we

g i ation of the tec
As an illustr o hase

consider the first one. From defimton, W
X + e~ 2 (ex = 8—1)2
. _fefr e (="
cosh? x — sinh? x = ( 5 >

eX + e * + e"—.—e"‘) (e"+ e X —e* + e-x)
=( 2 2
= gé _z_e__’i — —X — 0=1
’(2)(2)"‘“"” ¢

Worked out examples

Example 1
a) Prove that : cosh 2x =2 cosh?x — 1
b) Prove that :

tanh 2x = 2 tanh x

1 + tanh? x °

Solution :
2x —2x
a) cosh 2x =—e—;—e——

_8214-2-{'8"2"-—2
- 2
(e + e %) — 2

= 2
e* + e \?
-2 (= ) -1

=2 cosh?x—1

2 -2 - _
b) Here tanh 2x _E—e * (e*+ e )(e* — )
e2x + e72* ~ (eX—e)? + (eX+ e%)?

2

2(e*—e™)
(eZ+ e™)

(ex _ e-x)_l
(e* + e™)?
2 tanh x

1 + tanh? x ~

\

\9)
—+
x

Q

1 +

Prove that log, N a3Va2 =2
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Solution :

‘- L g ‘10ga'\’ 03\’ a: = 103(1\} al.a ! |

| = log,V at ' - ‘

l_vl‘l" y i » = loga a2 | I

11 , : .

i =2 log.a .
=2%x1=2

Example 3

Prove that
a) log, (x*y?2) = 3 log.x + 2 logay + log,

b) log a?/bc + log b2 /ca + log c?lab =0
@ logKa -; 5\= 32- (log a + log b), if a2 + b% = Tab.

Solutions:

a) log, (x3y2z) = logex®y? + 10g.z
= logx? + log,y? + log,z |
= 3 log,x + 2 log,y + log,z

b) Here, log a?/bc + log b2 /ca + log c2 /ab
= log (a? /bc)(b2 Ica)(c? lab)

iy s v ¥
lOgbcca.ab '1/‘/0 "\\lo"
7 :
=log L =0 (a"= D oo v\
c¢) Here, a2 + b2 =7ab or a? + b?+ 2ab = 9ab. @ ‘ 0220 1
So, (a+ b2 /32 =ab TN ;
Taking log of both sides, we get }
logl(a + b)2/32] = log ab. :
or, 2logla+b)3=loga+logh
a+b 1
or, leg-—— =35 (log a + log b)
Example 4 '
_ 1 +x “
If fix) = log 7777 (=1 <x < 1), show that fla) + flb) = f(la::b |

I’
i
1]

(|a|<l,|b|<l)
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Solution :

1 +x
Since, filx) = log 1 — x
+ b

1
1 +a _
so flay=log 7 _, andf(b)-logl_b

l+a 1 +5b
Now.ﬂa)+f(b)=log1 ~a + log L — b

1+a 1 + b
log —a 1 -—0b

l1+a+b+ab

=log1-—a—b+ab
= 1o (1 +ab)+(a+b)
= 1981 + ab) — (a + b)
a+b
! *1+ap
=1log a+b
1 =1+ ab
a+ b
_f(1+ab
Example 5

If x = log,bc, y = log,ca, z = log.ab, prove that

1 +1 +1
x+1 y+1 z+1

=1

Solution :
x + 1 =logbc + log,a = log,abc

_ 1
~ logapea

(. logga . log,b = 1)

1

Similarly, y+ 1 =
logabcc

]
Tog, b oc 2=

x+ 1 y+1 z+1

= logabca + 1Ogabcb + lOgab‘Ac

= logapcabe
=1

Now,
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| EXERCISE 2.4 | i

| Prove that : 4 :

iy a)  log, (xy3/z2) = log.x + 3 10g8aY =2 loga4z , ] o

" b)  logdRx+ 3{ log, x — 10ga ¥) = 1084 (2X /y?) E i
| c) log,w?— 2 log, Jx = log, x \060\\_

W= x ‘
1§ (log™a)2 — (log b)? = log (ab). log (a/b)

g log(l+2+3)=logl+ log 2 +log 3 |
h) xlogy—]ogz.ylogz—logx_Zlogx-—logy=1

. ; 2 -1 —
D) (yzyosy-loez . (zr)lEToloEx . (xy)lor iy =1

i) loga\ja aVa?=1 » 4

e |

1 —x 2ab _ i

2. Ifflx) =log T~ (-1 < x < 1), show that f(m) = 2f(ab) !

where | ab | < 1. A~ !

3. If x = logy, a, y = logs, 2a and z = log,, 3a, prove that y

v xyz +1 = 2yz \
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log x log y log z

, , prove that x*yYzz = 1.
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1.

Let A = {a, b, c} and B = {x, y, z}. Find A x B. Determi i i

1} an » ¥» 2} - rmine (i) a relation |

?—om 'A to B which is not a function (ii) relations from A to (B) which are |
unctions. I

A function fis defined on the set of integers as follows :
I + x : 1 .
fx) = 2x — 1 : 2
3x -10: 4
| a)  Find the domain of f
il b)  Find the range of f

c) State whether fis a one-one or not

x < 2
x < 4
x < 6

IA A IA

What is the fundamental difference between a relation and a function ?

Is f={(L, 1), (2,3), (3,5), (4 7)) a function 2 If it is defined by
fix) = ax + b, what values should be assigned to a and b ? _



Relations, Functions and Graphbs

Let A = }. Define a function f: A — B such
that it is
(i) One-one and Onto

(i) into function

(iii) Onto function only.

Show these functions by diagram. Find the domain and the range of
each. :

What do you mean by a function ? Distinguish between the range
and the domain of a function. Let A = {=1.,22,0,'1, 2} and a function

2
f: A — B be defined by fx) =£2— . Find the range of f. Is the function
' (T.U. 2049)

{a, b, c} and B = {m, n. P

one-one ?
Let a function f:A — B be defined by  f(x) =xx ;_— ; with
A={-1,01,2,3,4}and B={-2,1,-1/2,0, 172, 1/4, 2/5}. Find the
range of f. Is the function f one-one and onto both ? If not, how can you
make it one-one and onto both ? (T.U. 2050, 2058 S)

Let a function f: A — B be defined by Ax) = ) ;:_ = with
A=(-1,0,1,2, 3,4} and B = {—1, 0, 1, 1/3, 1/2, 3/5, 2/3}. Find the
range of f. Is the function f one-one and onto both ? If not, how can you
make it one-one and onto both ? (T.U. 2051)
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